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PREFACE 


Objection is sometimes raised to the methods of practical mathematics, 
on the ground that mathematics is not an experimental science. This 
is truej but mathematics is built up from a system of conventions 
which are not arbitrary, but chosen with reference to experience. 
Thus it is both logically and educationally necessary that the beginner 
in any branch of mathematics should have the corresponding part of 
his experience clearly realized and defined. 

This has been recognized m the now generally accepted view that 
the study of geometry should begin with a course of experimental 
measurement. It is the object of the treatment followed in this book 
to extend the same method to some other branches of mathematics 
with special reference to the needs of the technical student. 

In the chapters on trigonometry, for instance, while results are 
nowhere given without proof, the deductive treatment is, as far as 
possible, accompanied at every step by graphic or arithmetical verifica- 
tion, to enable the student to realise clearly his own experience of 
space, and to see that he is not dealing with an arbitrary system of 
symbols alone. Everyone has in his own mind the fundamental notion 
of a rate of increase from which the differential calculus took its rise, 
and this should be clearly defined before proceeding to the analytical 
process of differentiation. Accordingly the subject has been arranged 
so that, after a course in plotting to fix the notion of the function 
of a variable clearly in the student’s mind, he is introduced to 
the methods of differentiation by a chapter on rates of increase 
treated by arithmetical and graphic methods. It is only after such 
a course that most students are ripe for the analytical methods of 
differentiation. It too often happens that a student who begins with 
these acquires merely a fatal facility in differentiation, regarding it 
as a mechanical juggling with symbols, but having no conception 
of its relation to experience. This intuitional direct vision method 
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is intended, not to take the place of, but to prepare the way for a 
more rigorous analytical study of the subject 

In the same way, the study of definite integration is preceded by 
a chapter in which various practical problems on integration are treated 
entirely by graphic and intuitional methods, so as to stimulate the 
interest of the student, and to lead him to feel the necessity for 
analytical methods of integration. 

The logical order of a mathematical subject may not be the 
same as the best educational order, or as the order of its historical 
development. 

The most natural method of advance is by a series of successive 
approximations to logical rigour, and, in fact, this is the way in which 
the subject has actually grown up. It is scarcely twenty years since 
some of the most fundamental positions of the calculus, such as the 
criterion for the existence of a definite integral, were completely 
established, yet no one would maintain that the great body of analysis 
which existed before that time was valueless, because its foundations 
were not yet truly laid. The process by which the science itself w'as 
formed is also the most natural for the mind of the student. 

The fundamental laws of vector algebra are each given in connection 
with some application to mechanics or 'geometry. 

The chapters on solid co-ordinate geometry deal with some parts 
of the subject which bear on the student’s study of practical solid 
geometry. 

A large number of the more technical examples presuppose some 
knowledge of mechanics or electricity. It is not intended that any 
one student should work through them all, but that each student should 
select those examples which interest him most. 


F. M. SAXELBY. 


May, 



PREFACE TO THE FIFTH EDITION 


In this Edition a number of sections have been re-written, and 
new sections on Hyperbolic Functions (§ 121b), the Resolution of 
Compound Periodic Oscillations into their Simple Components (§ 139a), 
and the Tabulation of Definite Integrals (§ 133a), as well as many 
examples, have been added. 

The treatment of Indefinite Integrals in Chapter XXVI 11 . and 
• of Differential Equations in Chapter XXIX. has been amplified, so 
as to make the book suitable for a first course in the Calculus. The 
course of mathematical development during the last few years makes 
it still more evident that some direct intuitional method is most 
appropriate for the beginner in the Calculus. The demands which 
a rigorous treatment make upon the student^s knowledge are be- 
coming more exacting. For example, it is found that a knowledge 
of the Theory of Sets of Points is necessary to a rigorous treatment 
of integration, and this is quite out of reach of the beginner, even if 
he intends to specialise in the study of mathematics. Much more is 
it out of the question for the student whose chief interest is in 
applied science. While the value and importance of rigorous treat- 
ment are becoming more evident, it is at the same time becoming 
more evident that such treatment must be postponed to an advanced 
stage in the student's course, and is indeed only possible to the 
mathematical specialist 


F. M. SAXELBY 


August, 1911 

PREFACE TO THE SIXTH EDITION 

In this Edition a Chapter on Complex Numbers and a number of 
fresh examples have been added, and the section on Hyperbolic 
Functions has been extended. 


July, 1919. 




CONTENTS 


CHAPTER PAGE 

I . Logarithms » 

II. Trigonometry— Measurement of Angles— Trigonometrical 

Ratios of One Angle 8 

III. Solution of Triangles 24 

IV. The Addition Formul.® 40 

V. Use of Formulae 48 

VI. Miscellaneous Equations and Identities 65 

VII. Plotting of Functions . 78 

VIII. Determination op the Laws followed by the Results of 

Experiments 137 

IX. Determination of Mean Values and Areas 161 

X. Rate of Increase 170 

XI. Differentiation 188 

XII. Differentiation of a Product, Quotient, and Function 

OF A Function 210 

XIII. Calculation of Small Corrections 218 

XIV. Expansion of certain Functions in Series 221 

XV. Maxima and Minima 227 

XVI. Indefinite Integrals 236 

XVI I. Definite Integrals— Graphic Method 240 

XVIII. Definite Integrals . 2.69 

XIX. Mean Values by Integration ,276 

XX. Vector Algebra— Addition of Vectors 284 

XXL Multiplication of Vectors 296 

XXII. Solid Geometry— Points and Straight Lines 317 

XXIII. Solid Geometry— Planes >33° 



X 


Contents 


chapter 

XXIV. 

XXV. 

XXVI. 

XXVII. 

XXVIII. 

XXIX. 

XXX. 


Volumes of Solids « • » • 

Centres of Gravity 

Moments of Inertia 

Partial Differentiation 

Miscellaneous Methods of Integration . . . 

Some Differential Equations of Applied Physics 

Complex Numbers 

Examination Papers 

Answers to the Examples 

Mathematical Tables 


336 

347 

364 

372 

381 

390 

410 

422 

453 

480 



SUGGESTED COURSE OF READING 


This course is adapted to the sylkbus of the Board of Education, 
For the Lower Examination students should read through the follow- 
ing course : — 

Logarithms and introduction • to trigonometry, including solution of 
right-angled triangles : Chapters L, II., III., §§ 22, 23, 28, 29, 30. 

Use of formulae and equations ; Chapters V., VI. 

Use of squared paper : Chapters VII., VIIL, IX. 

Rates of increase and differentiation: Chapters X., XL, §§ 99-106, 
XIV., XV. 

Graphic methods of integration : Chapter XVI 1 . 

Addition of vectors : Chapter XX. 

Solid geometry of points and straight lines: Chapters XXII., XXI II., 
§§ 191-192. 

Determination of volumes and centres of gravity by graphic methods ; 
Chapters XXIV. §§ 197-199, 201, XXV,, omitting examples CVIL, 
CX. 

For the Higher Examination students will require the whole of the 
book. 




PRACTICAL MATHEMATICS 


CHAPTER I 


LOGARITHMS 


1. As numerical computation plays an important part in the methods used 
in this book, the student should have a thorough working knowledge of the 
use of four-%ure logarithms, and, if he has not such a knowledge, should 
work carefully through this chapter. 

It is assumed that the student is familiar with the proofs of the following 
laws of indices, where m and n are positive whole numbers : — 

y. + ” ; e.g. X = jH* 

^ ^ ^ - n , g ^ X 


2. Eractional and negative Indices.— The student already knows that 
x^-xyxyx\x^-xyxyxyxyxyxyx\ and, in general, when 
^ is a positive whole number o^^xyxyxyx. . . to « factors. 

The question now arises : What meaning is to be given to expressions 

1 ii 

such as x^f X , x^^i etc., and, in general, to x^ when n is negative or a 
fraction ? 

x^ cannot have the same meaning when « is a fraction as it has when n 
is a positive whole number, but we choose a meaning such that jit", when n is 
a fraction, shall satisfy the same laws of indices as are already known to hold 
good for the case when « is a positive whole number. 

The product of two integral powers of x is obtained by adding the indices, 

1 ./• i 1 1 1 1 i i 

and if x obeys the same rule we must have x y x - x " = x 

Therefore is a quantity which gives x as the product when multiplied by 
itself, i.e . — 

^ = ^Jx 

xKx 


Similarly 


i i 

X X X X 


and 

In general 
so also 



x<^ = l/x 

= x^ X X jc^ = 


i.e, x^ is the cube of the square root of x, and, in general, x"^ is the 
power of the root of x 

B 
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If negative powers obey the same index law of multiplication as positive 
powers, we must have 


X 


and 


2 "{" 3 

^ JL 


X 


and in general 


x'“p = 


JL 


z.e, a negative power is equal to the reciprocal of the corresponding 
positive power. 

Note in particular that 

X x + ^ 

• 0 I 

=: X X ~ — I 
X 

whatever the value of x ; i.e. the zero power of any quantity is equal to 
unity. 


Examples.— I. 

t ^ X ?. 1 ,i 1 

1 . Write down liic values of 4", 9*", 16 , 27* , 144", 961“, 729 . 

a 4 

2 . Write down the values of 4^'®, 8i' , 27*^, 

3 . Write down the values of 2~‘^, 2 >~\ 5 ~“> 27”^, I25'~ii, 4913”*^. 

-t ih 

4 . Find the values of iO“~b 10 2, iqO, io“, 10^, 10 ", 10^. 


3. liOgarithms. — Definition: If 9 ' = a* then oris called the logarithm of 
y to the base a. This is denoted by the abbreviation log«/. In words, the 
logarithm of a number to any base is the index of the power of the base 
which is equal to that number. 

The statements / = and x = log« y are two dilTerent ways of expressing 
the same fact ; we know that 100 = lo'** ; this fact may also be expressed 
by saying that 2 is the logarithm of 100 to the base 10. 

In the same way, we know that 

8 = 2''*; i,e, 3 = loga 8 
2 = 42 ; i.e. I =: log. 2 

0*1 = — ~ =100 ii ; zx. -.} = logioo O’i 
1002 

and so on. 


Examples. - 11. 

Write down the values of the following quantities : — 

1 . log4 2. 2 . logo 3 - 3 . log, 20 3. 4 . lo|q« 512. 

6. logioo 10,000,000. 6. logg 7 . logjoO'i. 8. logio t* 

9 . log^ 3*162. 10. Iog,o3*’^2. 11. log^o 0*3162. 

4. The three laws of indices given in § r may be expressed in logarithmic 
form. 

I. The logarithm of the product of two numbers is the sum of 
their logarithms. 
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If a and b be the two numbers, and 

log* a m, loga: b - n 
then a = and b 
and ab = 

i.e, by the definition of a logarithm 

log* ab — m n — log* a + log* b 

Thus, if we have table of logarithms to any base, we can substitute 
addition for multiplication. 

Example.— We know from tables that log^o 2*53 = 0*4031, and logj^ 3*64 = 
0*5611 

logio 2*53 X 3*64 = 0*4031 + 0*5611 = 0*9642 
and from the tables we find that this is the logarithm of 9*208 to base 10 
/, the product 2*53 x 3*64 = 9*208 

II. The logarithm of the quotient of two numbers is the difference 
of their logarithms. 

With the same notation as before, we have 

d 

j-^ = 

i.e. logo: I = - « = log* a - log* h 

Thus we can substitute subtraction for division. 


Example.— T o find 2 -^ we have 
2-S3 

logio III = logio 3 64 - logy 2-53 
= 0*5611 — 0*4031 
= 0*1580 

We find from the tables that 0*1580 is the logarithm of 1*439 base 10 


2*53 


1*439 


III. The logarithm of the power of a number is equal to 
n times the logarithm of the number. 

Let m = log* then a ^ 
and 

/.<f. log* (n:”) = mn — n X log* a 

This law enables us to perform many arithmetical operations which could 
not easily be performed by direct arithmetical methods. 


Example .— find the value a/ {2-^3?'^. 

We know that logio 2*53 = 0*4031 

logio ( 2 *S 3 P’® = 1*3 X logio (2 *53) 

= i '3 X 0*4031 = 0*5240 

From the tables we find that 0*5240 is the logarithm of 3*342 to base 10. 
conclude that (2*53)^'® — 3*342. 
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6. TJse of Tables. — Tables of log-arithms to base lo are given at the 
end of the book. Some explanation is necessary as to the arrangement and 
use of these tables. 

The integral part of the logarithm of a number to base lo may be found 
by considering the two integral powers of lo between which the number lies ,* 
thus, 343*2 lies between io‘^ and io\ and therefore its logarithm lies between 
2 and 3 ; 0*00342 lies between 0*01 and o oot, i,e. between 10-2 and io~ 3 ; 
and therefore its logarithm lies between — 2 and — 3. 

The decimal part of the logarithm of a number is given in the tables. 

Thus, to find log 343*2, we find the first two figures, 34, on the left-hand 
side of the tables ; the next figure, 3, is found at the top. In the horizontal 
line opposite to 34, and in the column under 3, we find 5353. This is the 
decimal part of log 343. To account for the next figure, 2, we notice that in 
the table of differences, at the right-hand side of the tables, the difference 
for 2 in the horizontal line opposite to 34 is given as 3. 

This must be added to the value 5353 already found to correspond to 343. 
Thus we find that the decimal part of logio 343*2 is 0*5356. We have seen 
above that logio 343*2 lies between 2 and 3, and therefore log 343*2 = 2-5356. 

It will be noticed that the arrangement is somewhat different in the part 
of the tables corresponding to numbers whose first significant figure is i. 

The logarithms here increase so rapidly with the numbers that two sets 
of differences are required for the interval between two numbers whose 
second significant figures differ by i. 

Thus to find log 126*3, we know as before that the integral part is 2. To 
find the decimal part, we get as before the value 1004 corresponding lo 126. 

The difference for 3 must now be souglit in the hori/ontal line opposite 
to the value 1004 already found ; this difference is 10, and therefore the 
decimal part of the logarithm is 0*1014, and log 126*3 ~ 2*1014. 

To find the decimal part of log 125*3 on the other hand, we should look 
for the difference for 3 in the upper line opposite to 0969, which corresponds 
to the first 3 sigmificant figures, 125, of the number whose logarithm is to be 
found. This difference is ii, and thus we get log 125-3 = 2-0980. 

Since 10® = i, logjo 1=0, and therefore the logarithm of any number 
less thp I is negative. This is true for logarithms to any base whatever. 

It is found convenient to keep the decimal part of all the log.'u-lthms 
positive, and to restrict the negative sign to the integral part. I'hiis, if the 
logarithm of a number is — 0*3, wc write it 17, i.e. - i + 0*7 ; if a logarithm 
is ~ 3*7, we write it 4*3, t,e. — 4 + 0-3. 

This device enables us to use the same tables for all iuimi>crs, whether 
greater or less than i. For any number less than i may be obtained from 
a number greater than i having the same digits by dividing by 10 an e.xact 
number of times. 

This is equivalent to subtracting a whole numb(;r from the logarithm 
without altering the positive decimal part of the logariihm. 

Thus 0*03432 is obtained from 343*2 by dividing by io‘h 

/. log 0-03432 ~ log 3 )3-2 - log 
2-5356 - 4 
== 2-5356 

Note that the decimal part of the logarithm is unaltered. 'Fluis tlie 
logarithm of 0*03433 could be found directly from the tallies by first finding 
as before the decimal part of the logarithm of 3432, and prefixing Uie integer 
2, because 0*03432 lies between and lo"". 

Example.— log o*oi 594 from the tables. 

In the horizontal line oi-posite lo 15, and in the column under 9, we find 2014. 

The difference for the next figure 4 in the horizontal line opposite to 2014 is li. 
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Adding this to 2014, we get 2025 as the decimal part of log o'«H594. Since the 
number lies between o'l and o*or, its logarithm lies between i and 2. 

log o'oi594 = 2*2025 

8. Antilogaritlims. — When the logarithm of a number is given and 
we wish to find the number, we may of course use the table of logarithms, 
but it is more expeditious to make use of a separate table of antilogarithms. 
This table gives the number corresponding to any given logarithm to base 
10. The arrangement is similar to that of the table of logarithms. 

Example. — The logarithm of a certain number is found to be 2*0361 .* to find the 
number. 

We find, by using the table of antilogarilhms in the same way as we used the 
table of logarithms, that the antilogarithm of 0*0361 is 1086. These are the signifi- 
cant figures of the result, but we do not yet know the position of the decimal point. 
This is found by considering the integral part of the logarithm. Since the logarithm 
is made up of 2 and a positive decimal, it lies between i and 2, and therefore the 
number lies between 0*1 and o*oi, i.e. the number is 0*01086. 

7 . Napierian Logarithms. — Logarithms to base 10 are used for 
numerical calculations, but the student will also meet with logarithms to 
base <?, where ^ is a quantity defined by means of the series . 

. , II I . 

I 4* I 4* X 4- 4“ • • • 

1x2 1x2x31x2x3x4 

It can be shown that, however many terms of this series are taken, the 
sum is never greater than a definite limiting value ^ = 2*718 .. ., and that 
the sum may be made as nearly equal to e as we please by taking a suffi- 
cient number of terms of the series. The quantity e is accordingly defined 
as the limit of the sum of the series. 

I + I -f — ^ ? 4 . -4- , . . 

1X2 IX2X3^IX2X3X4 

as the number of terms is indefinitely increased. The quantity e will be 
more fully treated in Chapter XXIX., when the student is in a better 
position to understand the theory of the subject. 

Such logarithms are variously called natural, Napierian, or hyperbolic 
logarithms. The reason for the occurrence of this base will appear to the 
student at a later stage in his work. 

The logarithm of a number to base e is obtained from its logarithm to 
base 10 by multiplying by 2*3026. 

To verify this from the tables, let / be the logarithm of a number w to base 
10. Then, by the definition of a logarithm, n — 10^. 

We find from the tables that 

logio = logio 2*718 = 0*4343 

* 1 
and 10 = ^"-^343 
*0 substituting n = 

i.e. logc n = 2-;^o26f = 2*3026 logjo n 

Examples. — III. 

Find from the tables the values of the following logarithms to base 10 

1 . Log 200, log 20, log 2, log 0*0002. 

2. Log 7837, log 7837, log 78-37, log 7-837, log o 7837, log 0-07837, 
log 0-007837. 
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3 . Log 2*156 X 10®, log 2*156 X to-*, log 2*156 X iO”L 

4 . Log 3*142, log 0*2965, log 46*72, log 7*864, log 11*32, log 11*72, log 0*01568, 
log 0*002374. 

6. Find the numbers which have the follovdng logarithms to base 10 .* — 

3*1562, 2*3010, 1*4771, 0*5631, t*27S9, 3*3648, 2*7649. 

6. Find the values of the following logarithms 

Loge 2*31, log* S*86, 

8 . The methods... of working ivith logarithms and of arranging the work 
will be understoodTrom the following examples 

Example \\ y ,— Evaluate 1*362 x 23*54 x 13*05. 

log 1*362 = 0*1342 
log 23*54= 1*3718 
log 13*05 = 1*1155 


adding, log 1*362 x 23*54 X 13*05 = 2*6215 = log 4 iS *3 
/, the required product = 418*3 


31*35 X 0*003621 

Example 

log 31 ‘35 = L'4962 
log 0*003621 = 3*5588 


log 2*534 = 0*4038 
log 76*52 =^.£:^S38 


adding, log 31 *35 X 0*003621 = 1*0550 

2*2876 


log 2*534 X 76*52 = 2*2876 


subtracting, log = 47674 = log 0*0005853 


31*35 X 0*003621 _ 
2*534 X 76*52 

Example (3 ). — Evaluate (o*o 326 )^' 2 . 

log 0*0326 : 


0*0005853 


2*5132 

KZ 


1*2 X 0*5132== 0*6158 

X*2 X #= -2*4 


log (0*0326)^*^ = 2*2158 = log 0*01644 

/. (0*0326)^'^ = 0*01644 


In the above we have to multiply a number which is i)artly positive and partly 
negative by a positive number. We multiply the two parts separately, and add the 
results with their proper signs. 


Example (4 ). — Evaluate (0*0314)"*'^'*. 

Consider a negative power as the reciprocal of the corrc;*[>onding positive power, 

= po-3iV- 

log (0-0314) = 2-4969 
2-1 


••0435 

-4-2 


log (o-03i4)« = 4-8435 
log I = 0*0 


log ( 0 * 03 I 4)-*1 = 3*1565 = log 1434 
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The value of log (0*03 14)*’^^ in the last line is obtained by subtracting log 
(0*0314)2"^ from log I. 

Example Evaluate Vi32‘5. 

Vi32‘S = {i32'S)^ 
log 132*5 = 2“ 1222 

log (i32*s)J J log 132*5 = 0*7074 = log s*o9S 

^132*5 = 5*098 

Example (6 ). — Evaluate Vo 'o 1325. 

log 0*01325 = 2*J222 
log Vo*OI325 = J(2*I222) 

= j(3 + 1*1222) 

= 1*3741^ log 0*2367 
Vo‘^1325 = 0*2367 * /■ 

Here we have to divide 2 by +3. As we wish to keep the decimal part of the 
quotient positive, we write 3 4- i for 2, so that the negative part can be divided 
exactly by 3. , 

In working with four-figure logarithms it is found that the results are 
more likely to be accurate, especially in long calculations, if all , logarithms 
are set down in vertical columns, as in the above examples. * ' * 


Examples. — IV. 

Evaluate the following expressions to as close a degree of accuracy as the use of 
four-figure tables will permit : — 

2 . 0*013640 X i53‘27. 3 . 225 * 85 .x 179. 
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1 . 0*035621 X 25780. 

4 . 1362 X 0*0251. 

7 53 46'257 
• 1386497 

10 , 0*0352 X 125 X 0*000561. 

12 Q ’^^39 X 52100 X 0*0253 
0*00035 X 1*0264 

le. V3^ 


2*006 

0*00345* 

462*17 ^ 

1*12534 


'6. 


152*056*41 


15 . ^ 3615 - 
19 . V 2 i* 7 . 

23 . V25‘i2* 

27. (1*34)°'°®- 
30 . ( o * i 854 )- ooo 3 . 
33 . (0*065 1 
36. (1*333)“®'®. 

39 . (0*036) - 0 - 023 . 
42 . (log« 2*963)-2-2 

45 . (o‘I 043 )“ 1 ‘ 25 , 

48 . ‘ 356200 

V67 X 21 


20. a/tij. 
24 


13 . V251. 

17 . Vo*o3^iS. 

21 . V25Tir 

25 . 2138 . 


0*0005649 
9 ^2*36 X 21 *5 

^ 

II 0*00 65 X 136 
0*01324 X 0*005621 

V5 'o 742. 


14 . 


V2*SI2. 

28 . ( o * o 35 i )-2'6. 

31 . (o*oi 625 )- 25 s. 

34 . 73 615 . 

37 . (25*6i)-i*ffi. 

40 . (o* 32655 )“ 2 ' 3 '*i». 
43 . (o* 246 i)i« 8 io 1 ‘-* 64 . 

46 . 6 X (1*052) 

49 . 25*63 X 0*00036 


62. 


( 0 * 0125)3 X logio 29 * 3 * 

341 X 4/0*036x252*^ 
(1*03)® X logic 15*71 


18 . ^0*00651. 

22 . 

26 . (0*059)1**. 

29 . (o*i 754 )-- 2 - 3 ^ 
82 . (o*o532)i--i. 
35 . 12-6-8. 

38 . (i' 305 )~ 2 - 36 . 

41 . ( 0 * 2543 )~ 0 ' 625 ^ 

44 . (0*3489)6-616. 

47 

• ■ 

50. 1357 X (o-2i) « 
logic 31-3 ■ 

63. 55X»yo o 62 iX 5 f 3 Sr 
0*0035 X (20*o6p^' 


61 . 59*32 X (logic 261)*. 



CHAPTER II 


rmGOJVOMEny-MEASUJ^Mf£NT OF ANGLES--- 
TRIGONOMETRICAL RATIOS OF ONE ANGLE 


9 . Measurement of Angles. — Draw two straight lines OX and OY at right 
angles. If XO and YO are produced to X' and Y' they divide the plane in 
which they lie into four quadrants, XOY YOX', X'OY', Y'OX. 


Suppose the straight line OP starts 



rom the position OX, and moves so 
that P describes a circle about 0 
as centre in a direction opposite to 
that of the motion of the Linds of 
a clock, then the line OP is said 
to generate the angle XOP as it 
passes round. 

The angle XOY is divided into 
90 equal parts, called degrees, and 
for any position of P the angle XOP 
is measured by the number of de- 
grees through which OP has turned. 

One degree is divided into 60 
minutes, and one minute into 60 
seconds. 

The quadrants are numbered, 
the I St, 2nd, 3rd, and 4th, after the 
order in which OP passes through 
them. 


Fig. jl When OP is in the 2nd quadrant 

YOX' it makes an obtuse angle with 
OX ; when OP is in the 3rd quadrant X'OY' the angle XOP is still 
measured in the same direction, passing through OY. 

Similarly, when OP is in the 4th quadrant, XOP means the angle l^etween 
OX and OP traced out in a counter-clockwise direction tlirough OY and 
OX', and not the acute angle between OX and OP. 

When OP comes again to its original position OX, it may go on revolving 
round 0 in the same direction, so that it may generate an angle as large as 
we please: e.g. an angle of 750° is one which is formed when the line OP 
starts at OX, and makes two complete revolutions, and then turns through 
30° in addition. 


10 . Positive and Negative Angles.— If the line OP revolves in a 
counter-clockwise direction as in the last §, the angle which it generates is 
said to be positive. If OP starts from the position OX, and revolves through 
the positions OY', OX', OY, in the same direction as the hands of a clock, it 
is said to generate a negative angle. 

A negative angle may contain any number of degrees ; e,g an angle of 
- 135° is formed when OP revolves through the 4th quadrant XOY' and 
halfway through the 3rd, Y'OX', in a clockwise direction. 
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Similarly — looo® = - ii X 90® — 10°, and therefore an angle of — 1000® 
is formed when OP turns through ii right angles in a clockwise direction, 
and then continues to revolve through 10® in addition. Thus the generating 
line of an angle of — 1000° is in the ist quadrant. 


11 . — Circular Measure of Angles. — Angles may also be measured in 
circular measure. When P moves a distance 
XP equal to the radius OX along the circum- 
ference of the circle XYX\ the angle XOP 
which OP generates is called a radian. 

It can be proved that when P moves 
completely round the circle XYX' to its first 
position X, the whole circumference traced 
out by P is equal to 

27r . OX = 2ir . XP 

where tt is equal to 3*1416 . . . 

And since the angle XOP is proportional 
to the arc XP, 

OP generates an angle which = 2ir. XOP 

= 2rr radians 
360® = 2w radians 

and I radian = = 



27r 


= 57-2958® 


We shall usually find it sufficiently accurate to take i radian equal 

to 57-3® 

It is useful to remember the following values : — 

2 right angles = 180® = w radians ; 

I right angle = 90® = ~ radians ; 

60° = ~ radians j 30® = ^ radians ; 45® = - radians. 


The values in radians of angles from o® to 90® are given in the tables, 


Example (i). — To express 125° in radians^ 

We have 57*3® = i radian 
121; 

125° = = 2’i 8 radians 

Using the tables, we have 

125® = 90° + 35® = 1*5708 + 0*6109 = 2*1817 radians 
Similarly, to convert radians to degrees multiply by 57*3, or use the tables. 


Example (2). — A flywheel of T'yft. radhis is revolving at 120 revolutions per 
minute^ what is the speed of a point on its rim ? 

Any radius of the wheel turns through 120 revolutions per minute = 2 revolutions 
per second = radians per second. 

By the definition of a radian we know that when the radius turns through one 
radian its extremity moves through a distance equal to the radius, i,e. through 2*5 
feet. 

Therefore, in one second a point on the rim of the wheel travels through 
4ir X 2*5 = 31*42 feet per second, and the speed of a point on the rim is 31*42 feet 
per second. 
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Examples. — V, 

1 . Draw figures to show the following angles, and express them in radians 

152°, 205°, -270°, 300®, -840®, 1350°. 

2 . Draw a figure to show angles of i, 2, 3, 4, and 5 radians. 

3 . Make a protractor to measure angles less than two right angles correct to 
0*1 radian. 

4 . Draw figures to show angles of 1*3 and 2*9 radians, and express them in 
degrees. 

6. Find the length of the arc which subtends an angle of 41® at the centre of a 
circle of ii-ft. radius. 

6. A flywheel of 3-ft. radius is revolving at 260 revolutions per minute : what is 
the speed of a point on the rim ? 

7 . The earth moves roi^pd the sun once a year in a circle (approximately) of 
92*8 X 10® miles radius : find its velocity in miles per second. 

8 . The earth revolves round its axis once in 24 hours : through what decimal of 
a radian does it revolve in one second ? Find the speed, in feet per second, of a point 
on the equator. Radius of earth = 39^3 rniles. 

9 . The armature of a dynamo is i foot in diameter, and is revolving at 1100 
revolutions per minute. What is the speed of a point on the outside of the armature ? 

10 . Through what angles do the large and small hands of a clock respectively 
turn between II.15 a.m. and 2.30 p.m. ; and between 3.44 a.m. and 7.31 p.m. ? 

11 . What are the angles, measured in a positive direction from the minute to the 
hour-hand of a clock, at the following times : 3.7, 6.10, 7.15, 9.25 ? 

12 . Co-ordinates of a Point. — If a point is supposed free to move about 
on a surface, we require to know two quantities before we can determine its 
position ; e,g* to fix the position of a point on the earth’s surface we specify 

its latitude and longitude, i.e, its 
distances measured in degrees 
from the equator and the meridian 
of (Irccnwich. 

In the same way the position 
of a point on a plane is fixed when 
its distances from two straight 
lines in the plane are known. 

From any position of the point 
P in § 9 draw PN perpendicular to 
the axis X'OX. 

Let X = ON mca.suied from O to N 
andj/ = NP measured from N to P 

I'hen X and taken with tlicir 
proper signs, are called the rec- 
tangular co-ordinates of the point 
P, j/ is called the ordinate and x 
the abscissa of the point P. 

The signs are chosen as fol- 
lows : — 

Fics. % X is positive when measured 

from left to right in the direction 
X'OX, and negative when measured from right to left in the direction XOX', 

y is positive when measured upwards in the direction Y'OY, and negative 
when measured downwards in the direction YOY'. 

Thus, when P is in the first quadrant, 

X = ON and is positive, - NP and is positive 




Trigonometry 


TI 


When P is in the second quadrant, 

X is negative, y is positive 

When P is in the third quadrant, 

X is negative, y is negative 

When P is in the fourth quadrant, 

X is positive, y is negative 

P is described as the point {x^y) ; e,g, the point (2, 3) is the point whose 
abscissa is 2 and ordinate 3. 

Polar Co-ordinates. — The position of the point P is also determined if 
we know the length r of the line OP and the angle XOP = which it 
generates in passing from OX to its position OP. These are called the 
polar co-ordinates of the point P. 

Q is measured positively in a counter-clockwise direction from OX to OP, 
and r is measured from O to P and taken positive in all four quadrants. 

P is described as the point (r, B) ; eg, the point (2, 25°) is the point for 
which r = 2 and B = 25°. 


Examples. — VI. 

1 . Draw a figure to show the positions of the points whose rectangular co-ordinates 
are given as follows : (2, 3) ; (5, 2) ; (3, l) ; (-3, 2) ; (-5, -3) ; (-4, 3) ; (2, -3) ; 
(i* 3 » - 3 * 2 ); (“ 4 * 3 » “" 3 ‘ 4 )- 

2 . Show in a figure the positions of the points whose polar co-ordinates are given 
as follows I (I, 15®) ; (2, 30®) ; (2, 64®) ; (2, no®) ; (2, 220®) ; (2, 300®); (2, -60®) ; 
(2, —100®}. 

3 . Find by measurement from your figure the polar co-ordinates of the first 
6 points in Example I . 

4 . Find by measurement the rectangular co-ordinates of the first 6 points in 
Example 2. 


13 . Trigonometrical Ratios of an Acute Angle. — Let 0 be any acute 
angle NOP, let ON = and NP = j^be the rectangular co-ordinates of P, 
and let OP = r. Then the trigonometrical ratios of the angle 6 are defined 
as follows : — 


NP y 

sme 0, written sin e = = - 

ijK r 

• . • . , ON ;r 

cosine B written cos B ~ = - 

» OP r 

. . , NP y 

tangent 6, written tan B = ^ 

OP r 

cosecant 9. written cosec B = = - 

’ NP y 

OP r 

secant 0, written sec 9 = = - 

’ ON X 

ON X 

cotangent 0 , written cot 9 = — = ~ 



Example (r). — Find by a graphic method the smCy cosine^ and tangent of 35®. 

This is most conveniently done on squared paper. The student should draw the 
figure on a large scale, and verify the measurements for himself. 

Take two axes, OX and OY, at right angles, and set off the angle XOP = 35® 
by means of a protractor. 
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With centre O and radius equal to unit length on some convenient scale, cut off 
OP, and draw PN perpendicular to OX. 

Then we have 


»in 3S° = OP = = ° S74 

ON 

cos 35® = Qp = ON = 0-819 


tan 35° 


_ ^ = Q’574 
“ON 0*819 


= 0*700 


Note that when, as in this example, we take OP as the unit of length, the sine 
and cosine of B are equal to the rectangular co-ordinates y and :i" of the point P. 

Note. — The notation sin-^ x is used to denote an angle whose sine is x^ e.g. 35®, 
or 0’6l radian is a value of sin-^ 0*574. Similarly, cos-^ x and tan"^ x denote angles 
whose cosine and tangent are equal to x. 


Example (2). — Find the acute angle whose tangent is equal to 0*8. 
Here we require to find the angle 6 , so that we may have 


NP 


ON 


, = 0*8 


The student should draw the figure for himself. 

Using squared paper, set off on the axis of x the length ON equal to unity on 
some convenient scale. On the ordinate passing through N set off NP equal to 0*8 
on the same scale. Join OP. Then NOP is the required angle. We find by 
measurement that the angle NOP = 38*7°. 


Examples. — VII. 

1 . Set off on the axis of x, ON^ = i, ONo = 2, ON3 = 3. Draw any straight 
line OP in the first quadrant. Erect ordinates N^Pj, N2P2, N3P3, meeting OP in 

fq p N.>P« N..P 

Pi, Pg, and P3. Find by measurement the values of ■Qp^ oV** 

fsj p N«P« N P 12 3 

compare them. Also measure C)N*’ compare. 

What do you infer from this experiment with respect to the sine and tangent of 
an angle ? 

2 . Find by construction the values of sin 25®, cos 40®, tan 65®, sin 44®, tan 45®, 
cos 75®. 

8. Find by construction the values of the following acute angles in degrees : 
sin~^ 0*39, sin-^ 0*89, cos~i o'6, cos”^ 0*85, tau~^ 0*4, tair-^ 0*7, tan" ^ 1*73, tan™*^ 5. 


14 . Trigonometrical Katios of an Angle greater than a Bight 
Angle, — When the angle NOP is greater than a right angle, its trigono- 
metrical ratios are defined in the same way as in § 13, but it is also 
necessary to take account of their signs. 

We shall consider the signs of the trigonometrical ratios when the 
generating line, OP, of the angle B lies in each of the four quadrants (Fig, 3). 

When OP is in the first quadrant, jr,^, and r are all positive, and liiere- 
fore the ratios of the angle XOP are all positive. 

When OP is in the second quadrant, we have 

x- negative, j' positive, and r positive 

In what follows, ON, NP, and OP represent the ^inmerical values of tlie 
lengths of the lines indicated without taking account of direction. 
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y + NP 

sm0=*^ = -p^=4-sin POX 
- jr - ON 

cos 0 = -^ = = ~ cos POX 

r + OP 

y 4- NP 

tan 0 = ^ = tan POX 

X — ON 


When OP is in the third quadrant, we have 

X negative, negative, and r positive 


sin 


0 =^ = 


NP 


+ OP 


- sin X'OP 


cos 0 = ~ = = - cos X'OP 

r + OP 

V - NP 

tan 0 = ^ = — ^ = + tan X'OP 
X — ON 


When OP is in the fourth quadrant, we have 

X positive, y negative, and r positive 

. ^ y ~ NP . 

= ~ ®'“ 

y* W 

^ = r = 

V - NP 

tan 0 = -^ = — = - tan POX 
X 4- ON 


We have here expressed the ratios of the angle 0 when the generating 
line OP is in any quadrant in terms of the ratios of an acute angle. 

Example. — To co?istruct an angle in the third quadrafit whose sine is — /y, and to 
find by measurement its cosine a?id ta?tge?it. 

This is most easily done on squared paper. 

Take two axis, OX and OY, at right 
angles. We require to find a point for which 
y= -5, and r = 13. 

Take a point M on the axis of y, such that 
OM = -5, and draw MP parallel to XOX'. 

Then all points for which y z= — 5 lie on the 
straight line MP. 

To make r = 13, with centre O and radius 
13, describe a circle cutting MP at P in the 
third quadrant. Join OP. 

'Ihen XOP is the required angle in the 
third quadrant whose sine is 

To find the cosine and tangent of the angle XOP, draw PN perpendicular 
to OX'. 

Then, by measurement, the value of x for the point P = ON = —12 
and cos XOP ~ 

^ 1 o 

tan XOP 

X -13 12 
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Examples. — VIII. 

1 . Construct an angle of 40®. Find by measurement its sine, cosine, and tangent. 

Construct an angle of 140®. Find by measurement its sine, cosine, and tangent. 

3 . Construct an angle of 220°, and find its sine, cosine, and tangent. 

4 . Construct an angle of 310°, and find its sine, cosine, and tangent. 

5 . Construct an acute angle whose sine is and find its cosine and tangent. 

6. Construct an angle in the second quadrant whose sine is and find by 
measurement its cosine and tangent. 

7 . Construct an angle in the third quadrant whose sine is — and find its cosine 

and tangent. ^ . . 

8. Construct an angle in the fourth quadrant whose sine is — and find its cosine 

and tangent. 


15 . To find the Sine, Cosine, and Tangent of any Angle from the 
Tables.—The results of the last paragraph give us the method of finding 
the trigonometrical ratios of an angle of any size from tables which give 
the values of these ratios for angles between 0° and 90°. 

Draw a figure showing how the angle 
y is generated, and thus find in what quad- 

^ . rant the generating line OP lies ; then 

look up in the tables the numerical values 
of the sine, cosine, and tangent for the 
acute angle which OP makes with X'OX, 
and before these place the proper signs 
\ X. found in the last paragraph. 

Example (i). — To pid f?vni the tables the 
values of sin 242® and tan 242°. 

In the figure, OP is in the third quadrant. 

O -NP 
sm 242® 


r 

N:' - 



Fig. & 


tan 242 


_ • sin NOP = 

OP 

: — 0*8829 from the tables 
— NP 

~ ~ 1*8807 


sin 62® 


Example {2). — Find the value of cos ( — 200®}. 

Y 
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The generating line OP is in the second quadrant 

-ON 

cos (— 200°) = Qp = — COS PON 
=r — COS 20° = — 0*9397 
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When we require to find a trigonometrical ratio of an angle which lies 
between two consecutive angles in the tables, we assume that a small change 
in the ratio is proportional to the change in the angle, and proceed as 
follows : — 

Example (i). — To find sin from the tables. 

We find from the tables 

sin i6° = 0*2756 
sin 15° = 0*2588 


difference for i° = o*oi68 
difference for 0*8° = 0*8 X o’oi68 = 0*0134 

Adding this to sin 15°, we get 

sin 15*8° = 0*2722 


Example (2 ). — To find cos 221*4°, 

We have cos 221*4° == —cos 41*4°. 

From the tables 

cos 41° = 0*7547 
cos 42° = 0*7431 


Difference for 1° = o‘oii6 
/. difference for 0*4° = 0*00464 

Since the cosine of an angle decreases as the angle increases, this difference must be 
subtracted from cos 41°. 

We get cos 41*4° = 0*75006 
cos 221*4° = — 0*7502 

A graphic method of finding the ratios of an angle which lies between two given 
values, by means of squared paper, will be given in Chapter VII. 


Example (3 ). — To find the a?tgle between 0° and 90° whose si?ie is 0*6070. 
We find from the tables 

sin 38° = 0*6157 
sin 37° = o*6oi8 


Difference for 1° = 0*0139 

Thus the required angle lies between 37° and 38°. 

Let the required angle = 37° + 
Then sin (37° + a:°) =: 0*6070 
sin 37° = 0*6018 


Difference for — 0*0052 
, X _ 0*0052 


' 0*374 


I 0*0139 
the required angle is 37*37°. 
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from o to 0*5 sec., so as to show a complete oscillation of N, and plot the curve as 
before. 

To find the equation of this curve we note that OP turns through 4vr/ radians in 
time t starting from OPj. 

at time /, angle AOP = AOPi 4 - PiOP 
= 59 ° + 4 ^^ 

= (12*566/ -h 1*030) radians 
and s = ON = PM = OP sin AOP 
= 5 sin (12*566/ “h 1*03) 


Similarly, any equation of the form 

j = sin {qt 4* a) 

represents the simple periodic motion of the projection of P on a vertical diameter, 
when 

a = the radius OP = the amplitude of the motion, 
q = the angular velocity of OP ; 

a = the angle which OP makes with the horizontal diameter when / = o. 

The ratio which the angle qt — PiOP in Fig. 61, through which OP has turned 
at any instant since / = o, bears to the angle air, through which it turns in a whole 
revolution, is called the phase of the vibration when the lime = / seconds. 

The angle BOPi between the revolving arm OP, at the instant when / = o, and 
the axis, along which the periodic motion takes place, is called the epoch of the 
vibration. 


Examples. — XLIII. 

Plot the following curves between / = o and / = 27 r : — 

I. ^/ = 2 sin /. 2. j ^ sin 2/. 3 . 7 J sin 3/. 

4 . i sin 4/. 6. ^ J sin 5/. 

6. A crank, i ft. long, starts in a horizontal position, and rotates in a counter- 
clockwise direction in a vertical plane at the rate of 1*2043 radians per second, so that 
the projection of the moving end of the crank on a vertical line oscillates with a 
simple periodic motion. Construct a curve to show the distance of the projection 
from the centre of its path at any time. Write down the equation to this curve. 

7 . Construct the corresponding curve when the crank in the last example starts in 
the same position, and rotates at the same rate in a clockwise direction. Write down 
the equation to this curve. 

8. A crank, 6 ins. long, starts at an angle of 45® with the horizontal, and turns 
through 30® per second in a counter-clockwise direction in a vertical plane. Construct 
a curve to represent the sinq)le periodic motion of the projection of the free end of 
the crank on a vertical line. Write down the eejuation of this curve. Construct the 
corresponding curve whem the same crank starts m the same position, and rotates in a 
clockwise direction. Write down its equation. 

9 . A crank 9 ins. long starts in a po.sition making an angle of 13® with the axis of 
and rotates in a counter-clockwise direction at the rate of 10 revolutions a minute. 

Draw a curve to show the motion of the projection of the end of the crank on Oy. 
Write down the equation of this curve. 

10 . A straight line OP of length i *8 ins. starts in a po.sition such that .rOP = —42®, 
and rotates in a counter-clockwise direction about O at the rate of 1200 revolutions 
per minute. M is the projection of P on Ox. Construct a curve to show the value 
sol OM at any time /, and write down the equation connecting .$■ and /, 

Plot curves to represent the following motions : — 

II . X = 2*5 sin (I* r 17/ — 0*7156). 12 . .f = 4*2 sin (1*2217 - 0*4363/). 

18 . X = 2*5 sin (1*885 1-4661/). 14 . x = 1*5 .sin (200/ 4 1*5). 
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to r, so that sin 0 = ^ is approaching the value i, so also x is getting more 
and more nearly equal to o, and cos ^ — is approaching the value o. 

y 

Next consider the value of tan d = 


Suppose jK = I and x = then tan e = 1,000,000 

I jOOOjOOO 

Suppose = I and x = , then tan 6 = 10,000,000 

10.000. 000’ ’ ’ 

Suppose y = i and x = ^ , then tan 9 = 100,000,000 

100.000. 000’ ’ ’ 

and so on. 

Thus by taking x small enough, and consequently 9 sufficiently near to 
90®, we can make tan 9 greater than any number that can be thought of. A 
quantity which is greater than any number that can be thought of is said to 
be infinite, and is denoted by the sign 00 . 

We thus get the results 

sin 90® = I, cos 90® = o, tan 90® = 00 

111 , Ratios of 180®. 


Y 



X 


As OP approaches OX' — 

and 9 approaches the value 180® 

andj/ » „ o 

as before we get 

sin 180° = o, cos i8o® = = - 1, tan 180® = o 

IV. Ratios of 270®. 

As OP approaches OY', and 9 approaches the value 270® 

X approaches the value o 
and/ „ » 

— f 

and we get sin 270® = ~ - = — i, cos 270® = o 
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By proceeding as in the case of 90° we get, if we suppose OP to approach 
O Y' from the third quadrant, tan 270° = 4- 00 . 

We may here notice that if we suppose OP to approach OY from the 

Y 



Y* 

FiO. la. 


second quadrant in finding the value of tan 90°, the value of x is negative, 
and we get tan 90° = - 00 . 

Thus the tangent of an angle gradually increases from o to 00 as the angle 
increases from o to a right angle, and then makes a sudden change to —00 
as the angle passes through the value 90° 

So also the tangent changes from +00 to ~oo as the angle passes through 
the value 270°. 


Examples.— -IX. 


Draw figures to show the angles in the following examples, and find from the 
tables the sine, cosine, and tangent of each : — 


1. 175°, 210°, 320°, 400°. 

*59^ 294°, 516°. 

6. 23°, 123°, 233° 312°, 383° 

7. -730^ ~i6o° -250°, -403°. 


2. 163°, 213°, 310°, 505°, 1200°. 
4 . 163°, 210°, 100°, 200°, 300°. 
e. 113°, 211°, 265^*, 293° 310° 

8. -131°, -283°, -791° 


Find the values of the following : — 

9 . Sin 267°, CO.S 267°, tan 267°. 10 . Sin 133*3°, cos 133*3°, Ian 133*3°. 

11 . Sin 22i'4° cos 221*4°, Ian 221*4°. 12 . Sin 311 "2°, cos 311*2°, tan 311*2°, 

13 . Sin 121*2°, sin 212*6°, sin ( — 82°). 

14 . Give the values in degrees, correct to one-tenth of a degree, of the following 

sin-i 0*2147, sin-i 0*8634 0*3859, tan“i x*2985. 

15 . Find the values of the following expressions ; the angles arc given in 
radians i — 

tan 5 ^, sin 2*53, cos $, cos 3*42, sin (-1*571), cot (-2*34) 
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16 . Find the values of cos ( 3 jp — i) for the cases where = i radian, and 
A 7 = 5 radians respectively. 

17 . Find the value of sin {ct g)^ where c = 600^ t =. o‘i, -“0*1745, 
angle + g) is expressed in radians. 

18 . Find the value of sin [ct - 1 -^) where c = 400, f = o*oi, g = 1*1170. 

19 . Construct angles of 2 and 3 radians, and find from the tables their sines, cosines, 
and tangents. 


18 . Complementary Angles.- 
they are said to be complemen- 
tary angles, and each is called 
the complement of the other. 

To find the relation between 
the ratios of an angle and of its 
complement. 

Let XOP = 0 be any acute 
angle. Then in the figure 

NOP 4 - OPN = 90® 

and OPN is the complement 
of a. 

Accordingly we shall get the 
values of the ratios of the com- 
plement of a by interchanging x 


“If the sum of two angles is a right angle 
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and y in the values of the ratios of 6 given in the definitions on p. u. 


sin (90° - a) = sin OPN = - = cos a 
r 

cos (90® - a) = cos OPN = “ = sin a 
tan (90° - a) = tan OPN = ^ = cot a 
sec (90° -- a) = sec OPN = ^ = cosec 9 
These results may be expressed in the statement— 


Any ratio of an angle is equal to the co-ratio of its complement. 

'Hiis property of complementary angles is made use of in the tables. 
Each angle between 0° and 45° on the left-hand side is opposite to its 
complement on the right-hand side, so that the column for any ratio of 
angles from 0° to 45° will also serve for the co-ratio of angles from 45° to 90"^ • 
e.g. the column of sines for angles from 0° to 45° is the same as the column 
of cosines for angles from 45® to 90° thus 0*4848 stands as sin 29° and also 
as cos 61°. 

This property of complementary angles may also be proved for angles of 
any size. As an example the student should prove it for the case of angles 
between 90° and 180° ^ 


19 , Supplementary Angles.—If the sum of two angles is 180® they are 
said to be supplementary angles, and each angle is called the supplement of 
the other. 

To find the relation between the ratios of an angle and of its supplement 
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If OP generates an angle 9 ^ the supplement of 9 which is equal to i8o°-- <9, 
will be generated by a straight line OQ, rotating, first from OX to Ox’ 



Fig. 14. 


through an angle of 180® in a positive direction and then backwards through 
an angle X'OQ = 0 in a negative direction, so that XOQ is the supplement 
oie. 

Thus, as OP starts from OX to generate the angle OQ starts at the 
same instant from OX', and the two lines rotate round O in opposite 
directions at the same rate, crossing each other at OY and OY'. 

It follows that whatever the value of 9 the values of y and r arc the same 
for the two points P and Q, while the values of x are niiraerically equal, but 
of opposite sign. 


y. sin (r8o° - 9 ) = 


cos (180® - 0) = 
tan (180° — = 


MQ ^ NP _ ^ 
OQ OP " ' 
OM _ _ ON 
OQ OP 
MQ _ NP 


OM 


ON 


: « tan 


Note in particular that — 

The sine of an angle is the same^as the sine of its supplement ; 

The cosine of an angle is equal in numerical magnitude but opposite in 
sign to the cosine of its supplement. 


20, Formulas connecting the KatioB of an Anglo. 

From the definitions of the trigonometrical ratios we get the following 
relations : — 


see 0 = - 

X 


i=z 

X cos 9 


(I) 
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cosec B 


cot 0 


sin 6 
cos 0 


r _ I _ I 
y y sin ^ 
r 

I _ I 

y y~ taiT^ 

X 


y 



r 


2 X 

( 2 ) 

(3) 

(4) 


Example (i). — To verify from the tables that cot 56 ® = — - ^^5 

Examples in the verification of these formulse arc given in order to fix them in the 
mind of the student. The details of the calculation should be set down in full, as in 
this example, so that the student may obtain a knowledge of the limits of accuracy in 
working with four>figure tables. 

From the tables we get tan 56° = 1*4826. 

log 1*4826 = 0*1711 
log I = 0*0 

~ ~ 

The tables give cot 56® = 0*6745 

within the limits of accuracy of the tables. 


sin 

Example (2). — Verify from the tables that 6 = 3 ^°* 

V / jj' cos 31® 

From the tables 

sin 31° = 0*5150 ; log 0*5150 = £‘7118 
cos 31° = 0*8572 ; log 0*8572 = 1*9331 


log ^4^ “ o’6oo8 

From the tables tan 31® = 0*6009 


• sin 31® 
** cos 31° 


= tan 31 ® 


Example ( 3 ). — To find the angle whose tangent is 82*7 correct to one-tenth of a 
degree. 

The angle is evidently between 89® and 90®, but cannot be found directly from the 
tables since tan 90° = 00 , 

We know, however, that, if at® be the required angle, 

tan ( 90 ® — x*®) = cot jp = — = 0 * 0 I 2 S 

' tan X 

The tangent of a small angle is very nearly proportional to the angle, and 
therefore we may find the tangent of (90® “ jt®) from the tables. 
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We have tan i° = 0*0175 

#** 90° — = 0*69® 

^ 0*0175 ^ 

.% ^ = 89*3° 

21 . In Fig. 13, p. 19, we have by elementary geometry, since ONP is a 
right angle, 

^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 

Dividing by we get 

4 r« y 

= 5 


cos^ & + sin^ 0=1 


Dividing (5) by we get 




T 4- tan^ 0 = sec^ 9 . 

Dividing (5) hy we get 


( 6 ) 


( 7 ) 




r* 


^^2 i ^ 

cot^ 0 + I = cosec^ ^ . o , . (8) 

Example (i). — 71 ? verify the formula (6) for the case when 9 “ 40'’. 

We find from the tables 

sin 40° = 0*6428 ; cos 40® = 0*7660 

/. sin^ 9 + cos- e = (0-6428)* 4- (0-7660)* 

= 0*4130 4- 0-5866 
= 0*9996 

= I to an accuracy of 0*05 % 

By means of these formulae, if one ratio of an angle is given, all tlie others ran 
be found. 

Example (2). — Given sin 6=0*2 ; fntf cos 6 attd tan 6 . We shall assume that $ 
is less than 90°. 

We have by (6) sin* 6 -i- cos* 6=1 

A cos* 6 = 1— .sin* 6 = I ~ (0-2)* :.= I — (V04 = 0-96 

cos 6 = V'96 = 0*98 

, , „ sin 6 0*2 

and tan 6= ,, = 0-204 


We may also proceed as follows :~ 



cos 6 0-98 

Draw the trinnglo OPN Sf» that OP 
= r = I, and PN ™ 0*2, to any con- 
venient scale, and ONP is a right angle. 

Tlicn sin NOP =0*2 
NOP = B 
and since x' -1 4'* = ;•* 

ji " r ' — j'* = I -- 0'04 = 0-96 
.r - 0-98 

and cos 6 = 0*98 


tan 0 = 4 = 


0*98 


• 0*204 
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If tan B is given in the first instance, vse may find sec 0 from the formula (7) ; 
cos 0 is then given by (i), and sin 6 by (4). 

Examples.— X. 

1. Verify from the tables that sin^ 0 + cos- 0 = i for the case when $ = 49®. 

2 . Verify by numerical calculation that = tan 23®. 

•' cos 23^ 

3 . Verify that i + tan® 25® = sec® 25®. 

4 . Verify that cot 55® = 

5 . Verify that i + cot® 0 = cosec® 0 for the case when 0 = 25®. 

6. The sine of an angle is 0*3 ; construct the angle, and find its cosine and 
tangent. 

7 . The cosine of an angle is 0*25 ; find its sine and tangent. 

8. The tangent of an angle is 2 ; find its sine and cosine, 

9 . Sin 0 = 0*5341 ; find cos 0 and tan 0. 

10 . Cos 0 = 0*4746 j find sin 0 and tan 0 . 

11 . Sec 0 = 7*9604 j find sin 0, cos 0, and tan 0. 

12 . Construct an angle whose tangent is |, and find its sine and cosine. 

13 . Sin 0 = 0*350 : find cos 0 and tan 0. 

14 . Construct an angle whose sine is and find its cosine and tangent. 

15 . Construct an angle whose tangent is ff, and find its sine and cosine. 

16 . Construct an angle whose secant is and find its sine, cosine, and tangent. 

17 . Construct an angle whose cosine is and find its sine and tangent. 

18 . Construct an angle whose tangent is and find its cosine and sine. 

19 . Construct an angle whose cotangent is and find its sine and cosine. 

20 . If tan ^ = p find sin <(> and cos 

z 

21 . If JT® + y + a® = r®, and cos ^ find sin 0 and tan 0 in terms of x, and s. 



CHAPTER III 


SOLUTION OF TRIANGLES 


22. A triangle may be considered as made up of three sides and three 
angles. These are called the six parts of the triangle. When any three 
of the six parts are given, one given part being 
a side, the triangle can be constructed and the 
remaining parts found. The process of finding 
the remaining parts when three are given is 
sometimes spoken of as solving the triangle. 

We use A, B, C to denote the angles of the 
triangle ABC, and c to denote the sides 
opposite to the angles denoted by the correspond- 
ing letters ; thus a denotes the side BC opposite 
to the angle A. 



23 . Solution of Right-angled Triangles.— If it is known that one of 
the angles, C, is a right angle, this part of the triangle is known, and we 
require to know two other parts, one of which must be a side, in order to 

solve the triangle. 

1. Let one of the angles, and one of the 
sides containing the right angle, be given as 
A, a. 

Then we have 

A + B + C = and C = 90® 

A + B =: 90'^, and B = 90*^ - A 

Thus B is determined. 



Also = cot A, and b = a cot A 
a 

Thus b is determined. 

To find c we have = sin A, and c = ^ and c is determined. 

^ sin M 

Example.—/,^/ a = 27 ft., B = 54°. Solve the triangle. 

We have A + B = 90° ; A = 90° - B = 36° 
h _ 

- = Ian B ; .•./- = « tan B = 27 tan 54° = 27 x [-376 = 3715 ft, 

Also - = sin A ; .*. ; = \ — 4- eq ft 

c ’ sm A 0-588 '*■ “• 

A = 36®, b = 3-715 ft., f = 4'59 ft. 

The student .should draw the triangle ABC to scale from the given data, and find 
the values of r, and A by measurement. 
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II. Let one of the angles and the hypotenuse be given as A, e 
Then, as before, B = 90° — A. 

- = cos A b c cos A 

c 

- = sm A , . a c sin A 
c 

Thus B, and a are determined. 

Example. — Let c = 3*4 ft., B = 29®. Solve the triangle. 

We have A = 90® — B = 6i® 

05 = r cos B = ^ cos 29° = 3*4 x 0*8746 = 2*975 
^ = <r sin B = f sin 29® = 3*4 X 0*4848 = 1*649 fL 
A = 61®, a = 2*975 ^ = 1*^49 ft* 

The student should verify these results by construction and measurement. 

III. Let the two sides containing the right angle be given as b. 

Then tan ^ = I" 

B = 90® - A 

— = Sin A, and c = — r 

c sin A 

or iT = 

Thus A, B, and c are determined. 

Example. — Let a = 3*4 //., b = 2*6 ft. Solve the triangle, 

tan A = I = H = 1-307 = tan 52-5® 

A = 52-5° ; B = 90® - 52-5® = 37- 5® 

f =./«* + - 5 " = V3’4“ + 2-6“ = 4-28 ft. 

A = 52-5® B = 37-5°, f = 4-28 ft. 

Verify by construction and measurement. 

IV. Let the hypotenuse and one other side be given as a. 

Then sin A = — 
c 

B = 90® ~ A 

— = sin B b - c sin B 

or ^2 + ^2 ™ gL ^ _ js 

Thus A, B, and b are determined. 

Example.— Z tf/ e - 5*4 b = 2*6 ft. Solve the triangle. 

We have sin B = - = ~ = 0*4815 sin 28*8®, and .*. B = 28*8® 
c 54 

^ = 9 0° - 28 *8® = 61*2® 
a = = ^29*16 — 6*76 = 4*73 ft. 

B = 28*8®, A = 61*2®, d: = 4*73 ft. 

Verify by construction and measurement. 
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Examples. — XI. 


ABC is a triangle having a right angle at C. Solve the triangle, having given the 
following data. In each case verify your result by construction and measurement. 


1 . A = 32® ; « = 1*7 ft. 

3. B = 49® ; r = 2*7 ft. 

5 . ^=55 ins . ; c = 167 ins. 


5, A=: 56°; ^ = 3*8 ft. 

4 . ^ = 3*4 ins. ; « = 2*7 ins. 

6. <3 = 32 ins. ; c = 98 ins. 


24. The Sides of a Triangle are Proportional to the Sines of the 
Opposite Angles. 




In the triangle ABC draw AN perpendicular to BC or BC produced 
Then in both figures 


sin B 


AN 


sin C = 


AN 

if 


AN 

, j. . j. ^ sin B __ c h 

dividing we get . _ == = - 

® ^ sin C AN <r 

f 


Similarly, by dropping a perpendicular from B on AC, wc may prove 
that 

sin C _ 

sin A a 

, . , sin A a 

and similarly ; „ = - 
sm B b 

Thus the sides of a triangle are proportional to the sines of the opposite 
angles ; or 

^ ^ . . fn 

$m A sin B sin C • • • ® • v 


Example . — To verify the formula /. nwnerically. 

Let b — = 3. With any point A as centre, describe two circles of radii 

3 and 2. Draw any straight line DE to cut the circles la B ami C respectively. 
Join AB and AC. 

Measure the angles at B and C, and calculate the ratio *’1” Compare this 

sin C ^ 

b 2 

with the ratio - = 

^ 3 . . 

Then draw the straight lino DE in another position, so that it still cuts the two 

. 1 . sin B b 

circles. Find as before, and compare with the ratio ■ 

sm C * ^ C 
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In an actual case it was found 

B = 34® ; C = 56*40 
/. ^ = sin 34*" _ 0^5592 _ Q.g 

sin C sin 56*4® 0*8329 ‘ 

while - = I = 0*666 . , , 
c ^ 

Similarly, by drawing DE in other positions, so that B and C are on the re- 


A 



spcctivc circles, and therefore b and c have always the same values, we find that 
is always equal to within the limits of experimental error in drawing. 

This formula may be used in the following cases of solution of triangles. 


25 . I. Given two angles and a side as B, C, b. 

Since A + B 4- C = 180®, A = 180° - B + C, and is determined. 

We now know all three angles. 

To find c we have 

^ sin C ^ ^sin C 

7“snr3 

and can be calculated, since all quantities on the right-hand side of this 
equation are knowm. 

To find a we have 

a sin A ^ ^ sin A 

^ “ sin B ’ ‘ sin B 

We have now expressed A, c, and in terms of known quantities- 


Example. — In the triangle ABC give?i, B = 49®, C = 63®, b = 36*3. Find A, 
r, and a. 

In this and subsequent examples the logarithmic working has been shown in full, 
as an example to the student of how his work should be set down. 

Since A -J- B -f C = rSo® 

A = 180® - (B -i- C) = 180® ~ (49® + 63®) = 68® 
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To find a we have 


log 36-3 = 1-5599 
10^0*9272= 1*9672 


To find c wc have 

sin C 
^ sin B 


1*5271 

log 0*7547 = rS778 
log a = 1*6493 = 

» 0 tz 44*6 


log 44*60 


log 36 3 = 1-5593 
log 0-8910 = 1-9499 

1-5098 

log 0-7547 = 1-8778 

log <r = 1-6320 = log 42-85 
Thus the required values are • * S5 

^ = 42-S5, a = 44-6 

ialu.y;aSVKfea::r^^^^^ ‘-g'e frou, the given values, and find the 

•konid “ eoi„p„i-d ,i,h ,k. 

». H. “''“••‘■■W— kd.,. 

Draw AB eoual to th,. ’ 7 “* 

A Make the S 

V value or 

IHf -‘-ecion. C, is on the 

° ’■J' '•"•Mon »o P-occdU „. ._ 

~'-J9 D 

sin B = J /. sin C = ~ 
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Since c, and sin B are known, this gives sin C. Since angles in both 
the first and second cjuadrants have their sines positive, this value of sin C 
may correspond to either of two values of C, one the acute angle ACB, and 
the other its supplement, AC^B. 

In Fig. 20, for example, we should find from the tables the value of ACB 
corresponding to the value of sin C, but the angle AC^B, which is the 
supplement of ACB, has the same sign, and is a possible solution. The 
figure will always show what values to take. 

Taking first the acute angle ACB as the value of C, we now have 

A = 180° - (B + C) 

The side BC may now be found from the formula 

sin A ^ b sin A 

b = irnlT ^ “ sin B 

We have now found all the parts of the triangle ABC. 

Similarly, taking the obtuse angle AC^B as the value of C, we may solve 
the triangle AC^B. 


Example (i).— /« the triangle ABC, given b = 5*631, c = 4732, B = 47°, 
find C. 



By construction we find that there is only one possible solution. 


, sin C 
We have — — ^ 
sin B 


e 

1 


• -in c _ ^ sin B _ 473 2 x 07314 
’ ■ b 5‘631 

log 4732 = o; 675 i 
log 07314= I '8641 


0*5392 
log 5*631 = 0*7506 


log sin C = 1*7886 
sin C = 0'6 i46 
sin 37® = 0*6018 


log 0*6146 

sin 38® = 0*6157 
sin 37° = 0'6oiS 


difference = 0*0128 


difference for i® = 0*0139 


c = (37 + = 37'9° 


Verify by construction and mcasureuient. 
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Example (2). — Given a = 25*2, b = 31*6, A = 2.'^^ find B and G. 
By construction we see that there are two possible solutions. 


sin B ___ 
We have — x 
sin A 

sin B = 


a 

b sin A 


: 31 '^ X 0^3 907 
25*2 



log 31*6 = 1*4997 
log 0-3907 = 1*5919 

1*0916 
log 25*2 = 1*4014 

log sin B = 1*6902 = log 0*4900 
sin B = 0*4900 = sin 29*3° 
and B = 29*3® 

This is the angle CBA = CB^B in the figure. 

/. CB’A = 180° — CB^B = 180® — 29*3° 150*7® 

and the possible values of B are 29*3® and 150*7®. 

If B = 29*3®, C = iSo® - (A + B) = 127*7® = ACB 
If B = 150*7®, C = iSo® -- (A + B) = 6*3® = ACB* 

Compare these results with the values found by construction and measurement. 


ExAMri.KS.— XU, 

Solve the triangle ABC completely when the following data arc given 

1. A = 28”, B = 3SS f = 6. 2. A = sS", B .= 7,V’, b . . 3-42 

3 . A = 75°, B = 4.5°, b = 5462 y<ls. 4 . A = 85°, B ;= 4:!“, a = 4 -t>S' 

Given — 

6. = S'63I, c = 4732, B = 47°, find C. 

0. f = 351 ft, b -- 432 ft, B = 39“, fmii A and C. 

7 . « = 125-2, b = 131-6, A - 23'“, lind B and C. 

8. a = 29-1, b = 30-2, A =r 26°, find B and C. 

9 . a = 12-2, b = 16-1, A = 39“, find B and C. 

10 . a - z-A,Ti, b = 2-689, A = 21°, find B, C, and c. 
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11 . a = 3*21, b — 2-65, B = 31®, find A, O, and c. 

12 . a = 256 ft., A = 64®, B = 31®, find b and 

13 . ^ = 3, ^ = 4, A = 32°, find B, G, and c. 

Solve the triangles in which 

14 . a = 2-561, c = 3*261, A = 41®. 

15 . A = 120®, C = 29°, ^ = 252 yds. 

16 . a = 35*6, b = 47*2, B = 55®. 

Given — 

17 . a = 2*71, c = 3*75, C = 64®, find b and A. 

18 . a = 2*1, ^ = 3*4, A = 32°, find B and C. 

19 . b — 4'6 i , c = 3*74, C = 41®, find A and B. 


27. 4::® = _ 2ab cos C. 

In the triangle^ ABC let two sides a and and the angle C between them, 
be given. To find the remaining side c. 

Draw BN perpendicular to AC. 1^ 

1. Let the angles A and C be acute. 

Then, since BN A is a right angle, 

AB2 = BN2 + NA2 = BN2 + (AC ~ CN)2 
= BN2 + CN2 + AC2 - 2AC . CN 
= BC2 4. AC2 - 2AC . CN 

But AB = c : BC = a : AC = b 



CN ^ 

and - cos C 

oLf 


; /. CN = cos C 

/. substituting ^2 = ^2 4. ^2 _ ^ab cos C 
11. Let the angle C be obtuse. 


(II.) 



AB2 = BN2 4- AN2 = BN2 4- (AC 4- CN)® 

= BC® 4- AC® 4’ 2AC . CN 

But CN = a cos BCN = a cos (180° - C) = -« cos C (§ 19). 
substituting = a® 4- — 2ab cos C 

A simpler proof of this formula will be given in Chapter XXL, on 
Vector Algebra. Similarly, we may prove that 

^2 ~ ^2 4. ^2 _ 2bc cos A 
and b^^ = 4* ~ 2ca cos B 


If the three sides of a triangle are given, we may use these formulas to 
find the angles ; e.g. from 1. we have 


cos C = 


g® 4“ <^® — c® 
2 ab 
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Example (i ). — Given a = 3'4I2, b = 2'73S, C — ^^,finde. 

^2 ~ ^2 _j_ ^2 _ 2ab cos C 

= (3-412)= + (2-735)" - 2 X 3‘4'2 X 2-735 X 0-5736 


log 3-412 = o'533" 
2 


log 2-735 = 0'4370 
2 


log (3-412)" = 1-0662 = log n-6s log (2-735)“ = o‘S740 = los 7-482 

log 3-412 = 0*5331 
log 2*735 = 0*4370 
log 2 X 0*5736 = log 1*1472 = 0*0596 

log 2(3:3 cos C = 1*0297 = log 10*71 

/. = 11*65 + 7'482 - 1071 = 8*422 

C = vs* 422 
log S*422 =0*9254 
log V8-422 = 0*4627 = log 2*902 
c = 2*902 

Compare this with the value obtained by construction and measurement. 

Example {2),— Given a = 10, 3 = 5, r = 5'S6, find the angles. 

"We have + 3* - 2 ab cos C 

^ 10= + 5=" - 5;86’ 

cos C — 2^^ 2.10.5 


= !;22±?5„rJ4'34 = ^ 2^0 


/. C = 25° 

To find B when C has been found, it is better to use the sine formula 1., as it is 
more suitable for calculation with logarithms. 

L sin B _ 3 
We have . ^ — 

sm C c 

. ^ 3 sin C 5 X 0*4226 

B = -y -=> ■ 

= = 0*3606 = sin 21*1® 

B =21*1® 

A = iSo® - (B + C) = 180® 40-1'^ = 133-9° 

the required angles arc 

A= i 33'9% B = 2r'i® 0 = 25® 

Compare with the values obtained hy construction and mcasurmnent, and find the 

percentage errors. ^ , . v n i 

Note ihat the error of the graphic method is often considerable with small angles, 

especially with angles less than 30®, 


Examples.— XIII. 

1 . a =: 3*2, 3 = 4*31, C = 56® ; find e. 

2. = 3, ^ = 5, C = 42® ; find e, A, and B. 

8. a = I’S, 3 = 4*5, C = 157*5 ; find A and <f. 
4. a = 3*412, 3 = 2*735, C = 55® ; find c. 
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5, = 2793, b = 3746, C = 71® ; find c, 

0. a = 4*356, b = 6*231, C = 42®; find c, 

T, a = 5*634, c = 2*718, B = 69® ; find b. 

8. b = 346*1 ft., ^ = 200 ft., A = 60® ; find a, 

9 . b = 2*31, c = 4*32, A = 37° ; find a. 

10. a = 5*62, b = 3*71, C = 65® ; find c. 

11. b = 322 yds., c = 254 yds., A = 53® ; find a. 

12 . ^ = 331 yds., ^ = 567 yds., A = 76® ; find a. 

13 . « = 5, <5 = 4, C = 59° ; find B and A. 

14 . = 3*6, <5 = 2*5, f = 4*9 ; find the angles. 

15 . ^z = 5, ^ = 7, £ = g ; find A. 

16 . a = yds., b = 62 yds., C = 72® ; find r. 

17 . a = 2, ^ = 3, <; = 4 ; find the angles, 

18 . a = S‘32, 3 = 3*74, ^ = 4*36 ; find the angles. 

19 . a = 31 ft., ^ = 42 ft., C = 62° ; find 


28. Area of a Triangle. — To find the area of a triangle in terms of any 
two sides and the angle between them. 

Let aj <5, and C be given. g 

Draw BN perpendicular to AC. 

BN 

Then — = sin C, and BN = ^ sin C* 
a ’ 

Area of triangle = J (base x height) 

= i.^. BN 

= . a sin C = ^ ab sin C 

Similarly it can be proved that 



Area of triangle = ^b^ sin A = sin B 

— (product of two sides into sine of 

angle between them) . . . . (III.) 


Example.—/^ triangU ABC, given a = 22*3 ins.^ b = 35*6 ins.^ c = 49 °. 
find the area. 

Area = ^ab sin C = ^ X 22*3 x 35*6 sin 49® 

= iri5 X 35*6 X 0*7547 
log 1115 = 1*0472 
log 3 S‘ 6 = 1*5514 
log 07547 = 1*8778 


log {^ab sin C) = 2*4764 = log 299*5 
/, Area = 299*5 square inches 


29. Given three sides of a triangle, to find its area. 

We have area = ^ ab sin C 

^2 ^ ^2 _ ^2 


The relation cos C = 


2ab 


gives cos C in terms of the sides. 


From this we find sin C = ~ cos^C, and substitute in the formula for 

the area. 


Example. — To find the area ofi a triangle whose sides <2, <5, and c are 4, 3, and 
2 ins. in length respectively . 
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+ 1 6 + 9-4 = 

cos C - 24 

sin C = Vi - cos'“ C = = °’ 484 « 

/, area = sin C 

= 1.4.3. 0*4841 = 2*9046 sq. ins. 

Verify by construction and measurement. 


It may also be proved that the area of a triangle is equal io 
^s{s -- a) {s - b)(s - c) 

<35 + ^ Hh ^ 


where s = 


We shall here show that this formula is equivalent to the preceding. 

a + l) + c ^ _b + c- a 
We have s — a ^ — ^ 


c a — b _ 

similarly s — b ^ , .y — rr — 


CL b — C 


^s(s - a)(s-b)ls - <r) = l,J{a->rb + c){.a-\rb-c){a-b + cX-a + b + c) 
= I 2C^a^ + -- ^4 \yy 

multiplying out 

= I + b'^ + + 2<2 “//“ - 'ib'K^ - zc-a^) 

= labAji - cos^ C ~ lab sin C 
= area of triangle ABC, as already proved 


Example . — In the example^ p. 33 ? h-ave 

a 4, /; = 3, r = 2 

a-i-b-^rc^ 

s ^ “45 

2 

- rti = 0*5 ; j ^ = 1*5 ; j ^ = 2*5 

area = aIs(s - frllJ - b){s - c) 

= n/ 4‘5 X o'5 X 1*5 X 2*5 
= i n/9'x S X 3 X I = = 2*9046 

which agrees with the value found in the above c.x:imple. 


Examples. “-XIV. 

Find the area of the triangle ABC, when the following data are given : - 

1. (2 = 3572 ft., b = 4621 ft., C = 59^. 

2 . a = 2784 ft., b = 36S5 ft., C ™ 82®. 

3 . r = 31*6 ft, a = 21*25 ft., B r“ i(P. 

4 . = 331 yds., c = 567 yds., A 76*^. 

6. ^ = 562 ft., b = 343 ft., C rr 65®. 

0 . = 51 yds., b- 62 yds., C - 72®. 

7 . = 5 ft., ^ = 7 ft., c = 9 ft. 



Solution of Triangles 


35 


8 . « = 3*5 ft., b = 27 ft., c = 4-3 ft. 

Q. a = 2*5 ft., b = 3*8 ft., c = 2*3 ft. ; find B and the area. 

10. a = 4*32 ft., b ~ 671 ft., c = 9*32 ft. ; find C and the area. 

11 . a—iit.y b> = S ft., c = 2*5 ft. ; find the three angles and the area. 

12. = 5 ft., b = 6 ft., ^- = 7 ft. ; find A and the area. 

13 . Prove the relation 

sin A _ sin B _ sin C 
a b c 

by means of the formula III., for the area of a triangle. * 


SO. Miscellaneous Problems on Solution of Triangles. 

Definition. — The elevation of an object which is higher than the 
eye of the observer, is the inclination to the horizontal of the straight 
line joining the eye of the observer to the object. 

If we suppose a telescope to be first horizontal, and then to be turned in 
a vertical plane till the top of a hill can be seen through it, the angle through 
which it is turned is the elevation of the top of the hill. 

The depression of an object which is lower than the eye of the 
observer is the inclination to the horizontal of the straight line 
joining the eye of the observer to the object. 

If a telescope is placed in a horizontal position on the top of a hill and 
then turned downwards in a vertical plane till some object below can be 
seen through it, the angle through which the telescope is turned is the 
depression of that object. 

Example (i). — A and B are two points hi the same ko7'izontal plane^ a7id in the 
same straight Une^ with the foot of a tower ^ CD. From B the elevatiofi of the top C of 
the tower is 23® ; from A it is 39®. AB = 507?. Fhid the height of the tower and its 
distance from A. 



I*I2IO 
= 44’6 ft. 

x-hy. 1*2349 = 55*1 ft. 

height of tower = 44*6 ft. Distance from A = 55*1 ft. 

In problems on the solution of triangles, the student should, whenever possible, 
verify his results by construction to scale. 


Example (2). — Fi'om the deck of a ship the elevation of the top of a mountahi U 
46°, a?id from the masthead it is 44®. The snast is 120 ft. high. Find the height of the 
mountain above the deck. 

In the figure, AB is the mast ; E is the top of the mountain j D is a point at the 
level of the deck vertically under E. 
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Let ED = A, AD = x. 



Example (3). — 2 Vie area of the cross-section of a rectangular prism is 92*30 
sq, ins. What is the area of a section making; an 
angle of 25° with the cross-section I 

(Board of Education Examination, 1904.) 

, . Let ABCD be tlie cross-section, ABEF the 

I® / section whose area is required. 



area ABEF 
irei^ABCD ' 


.% area ABEF 


AB . BE . 
' AB . Bi C 
. 92*30 ^ 

■ cos 25® 


BE 

BC’ 


cos EBC 


0*9063 


" = loi’S sq. ins. 


Fig. 


In a similar way it may be shown that, for a prism 
of any shape, 


area of cross-section 
area of any section A 


= cos (angle between A and cross-section) 


Exam ples. — XV. 

1 , A ladder, 35 ft. long, is resting against a wall. 'J'he foot of the ladder is 
found by measurement to ])e 6 ft. 3 ins. from the wall. What is the height of the 
top of the ladder above tlic ground ? 

2 . A vertical cliff is 452 ft. high. From the lop of the clilT the depression of a 
boat at sea is lS°. What is the distance of the boat from the foot of the cliff ? 

3 , From a boat T250 ft. from the base of a vertical cliff, the elevation of the top 
of a cliff is oli.scrved to be 15®. Find the height of the cliff. 

4 . The shadow of a tree is 37 ft. long when the elevation of the sun is 39°. 
What is the height of the tree? 

6. From a point A the elevation of the top of a chimney is 27*^. From B it is 
14°. BA = 120 ft., and is horizontal, in the .same straight line with the foot of the 
chimney. Find the height of the chimney. 

6. From a poiirt A on the bank of a siver, a post further down the stream on the 
opposite side is seen in a direction making an angle of 58*^ with the bank. From a 
point B, 72 ft. up the stream, the post is seen in a diiftclion mukin.g an angle of 35® 
with the bank. The banks are straight ami paralhd. Find the width of the river. 

7 . k'rom the lower windows of a building, which are 15 ft. above th(‘ ground, the 
elevation of a. balloon is 56”; from an upp(‘r wiiuhiw, 92 ft, above the first, the 
elevation is 48*^. What is the height of the balloon above the fpiumd ? 

8. ( tbservations to find tin; heigjit of a mountain are taken at two points, A and 
B, 3521 ft. apart, at tin; same level, arnl in llu; ‘;:nnc vttrtical plane with the top ; the 
elevation of the lop at A is 54'"', un<l at B y]'\ Find the heigjit of the mountain. 

9 . From a mileston<‘ on a straight n)ad g.oing. fo>m hk to W., a distant church 
tower is seen in a direction 10'’ W. of N, F'lom the next mile.stonc it is .seen in a 
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direction 15® E. of N. Find the shortest distance from the church to the road, and 
the distance from the church to the first milestone. 

10 . There is a district in which the surface of the ground may be regarded as a 
sloping plane ; its actual area is 3*246 sq. miles. It is shown on the map as an area 
of 2*875 sq. miles. At what angle is it inclined to the horizontal? 

(Board of Education Examination, 1904.) 


31 . Example (i). — From a telegraph post A, a house appears to he 35° W. of N. 
From the next telegraph post B, the house appears to he 20° W'. of N. If the line BA 
is 88 yds, long in a direction 10° W, of N,, find the distance of 
the house from A. 

H N 


Let C be the position of the house. We require to find AC. 
In the triangle ABC we have the side AB equal to 88 yds. 
We shall find the angles ACB and CBA, and then solve the 
triangle by the formula (I), p. 26. 


We have ABC = 20® — 10® = 10® 

CAB = 155® 

BOA = 180® - CAB - ABC 
= iSo® — 1 55° - 10® = £5® 
C^ _ sin ^BC _ sin 10® 

AB sin ^CA sin 15® 


CA: 


AB sin 10® 


sin 15® 

log 88 = £*9445 
log 0-1736 = 1*2395 


X 0-1736 
0*2588 


£*1840 
log 0*2588 = 1*4130 


log AC = 1*7710 = log 59*02 
.% AC = 59*02 yds. 



Fig. 28. 


Example (2). — At a point C the elerjation of the top of 
D on the side of a hill, in the same vertical pla^ie as C and 
the tower, the elevatio 7 i of the top is 72°. The slope of the 
hill from C throtigh D to the foot of the tower is 20® to 
the horizontal^ afid the distance CD is 52 ft. Find the 
height of the tower. 


Let AB be the tower of height h. 

Then the angle CAB = 90® — 51® = 39® 
the angle DAB = 90® 72® =18® 


CB _ sin CAB _ sin 39® ^ 
"X sin BCA sin 31°' 

DB _ sin DAB _ si n 18° _ 
h sin BDA sin 52° ' 


A CB = 
DB = 


h sin 39° 
sin 31° 
h sin 1 8® 
sin 52® 


a tower fr 51®. At a point 



But we have CB — DB = CD = 52 ft. 


• ^ sin 18® _ 

sin 31® sin 52® 

• >& Z= 52 

** • 5 n 3^ ]_ sm i § 
sin 31® sin 52® 


0*6293 _ 0*3090 
0*5150 0*7880 


52 


0*829 



3 ^ 
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log 0*6293 = £7989 
log 0*5150 = 1*7118 


log 0*3090 = I ‘4900 
log 0*7880 = 1*8965 


0*0871 

= log I *2220 

0*3922 


0*8298 

log 52 = £7160 
log 0*8298 = 1*9190 


‘j '5935 
= log 0*3922 


log /l ^ 1 *7970 = log 62*66 
/l ~ 62*66 ft. 


E::ample (3). — The top P of a hill is ohsented from two points A and B, 2150 ft, 

apart. The elevation of P at A iz 30°. The 
afigles PAB and PBA are 71° a?id 62° re- 
spectively. Find the height of the hill above the 
In^el of A. 

In the triangle APB we have given two 
angles and the base AB ; by the sine formula 
wc can find the side AP ; from this and the 
angle PAN we find the height PN r= h. 

Tlie angle APB = 180° — 71° —62®= 47°. 
In the triangle APB 



Fig. 


AP^ 

AB 

AP = 


sin PBA 
sin APB 
AB sin PBA 
sin APB 


Also in (he triangle APN 


, 2150 X sin 62® 
sin 47° 


h 

AP ' 


AP sin 30’ 


sin PAN 
2150 . 


sin 30” 


sin 62® . sin 30® 
sin 47® 

_ 2150 X 0*8829 X 0*5 _ 2150 X 0*/t4i5 
0*7314 0*7314 

log 2150 rr. 3-3324 
log 0*4415 1*6449 


2*9773 

log 0*7314 r.= 1*8641 


log h rz 3*1132 = log 1298 
/. h — 1298 ft. 


Examples. ' XVL 

1 , From a milestone on a straight roa<l n<^ing from S. to N., the direction of a 
clmrch tower appears to be 48® \V, of N. I-rom the next milestone the tower is seen 
in a direction 63® W, of S, Find the distance of the church tower from the first 
milestone, and the shortest distance between the church tower and the road. 

If the elev.ition of the top of the tower fiom the first milestone is 2®. find its 
Mp.Iit, 

2 , A tower, PQ, stands on a hill which is inclined to the horiKontal at an angle 
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of i6°. At two points, A and B, on the side of the hill, and in the same vertical 
plane as the top of the tower, the elevations of the top of the tower are 65° and 79°, 
AB = 121 ft. Find the height of the tower. 

3 . A tree stands on the top of a hill which has a uniform slope of 9° to the 
horizontal. At points A and B on the hill, in the same vertical plane as the tree, 
the elevations of the top of the tree are found to be 62® and 72*^ respectively. 
AB = 13*2 ft. Find the height of the tree. 

4 . Observations to find the height of a mountain are taken at two stations, A and 
B, 3521 ft. apart. The elevation of the top P at A is 54®. The angles PAB and 
PBA are 65° and 41° respectively. Find the height of the mountain. 

6. Find the height in a similar case to that of the last example, when AB 
= 7251 ft., elevation of P at A is 43°, PAB = 35°, PBA = 49°. 

6. Find the height when AB = 4635 ft., elevation of P at A is 38°, PAB = 65®, 
PBA = 82®. 

7 . Find the height when AB = 5321 ft., elevation of P at A is 45®, PAB = 67®, 
PBA = 73®. 

8. Find the height when AB = I32I ft., elevation of P at A is 46°, PAB = 61®, 
PBA = 75®. 

9 . In a survey it is required to continue a straight line, AB, past an obstacle ; a 
line, BD, 100 yds. long is measured at right angles to AB. From D the lines DP 
and DQ are set oflf so that BDP = 46®, BDQ = 59°. Find the lengths of DP and 
DQ, so that PQ may be in the same straight line with AB. 

10 . Slieve Donard is seen from Skiddaw in a direction 16® S. of W., and from 
Snowdon in a direction 46® W. of N. If the distance in a straight line from Skiddaw 
to Snowdon is 118 miles in a direction 18® W. of S., find the distance from Skiddaw 
to Slieve Donard, and from Snowdon to Slieve Donard. 

11 . A base line AB is measured in a direction N. to S., and found to be 125 yds, 
long. A church tower appears in a direction 60® W. of S. from A, and 70° W. of 
N. from B. Find the distance of the church tower from B. 

12 . A is a pier-head, L is a lighthouse, AL is known to be 2*5 miles in a direction 
due N. A ship sails from A to C in a north-easterly direction. At C the lighthouse 
appears in a direction 80° W. of N. How far has the ship sailed from A to C ? 

13 . A hexagonal steel bar measures i inch “across the flats.’’ Find the area 
of an oblique section of the bar by a plane making an angle of 70° with its length. 



CHAPTER IV 
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32 . Sine of the Sum of Two Angles.— It is a common mistake of beginners 
to think that the sine of the sum of two angles is equal to the sum of their 
sines. It is, of course, obvious from the geometrical definition of a sine that 
this is not so. Also, taking a numerical example, we find from the tables 
that 


sin 10° = 0-1736, sin 30° = 0-5000 
/. sin 10° + sin 30° = 0 6736, while sin 40° = 0-6428 

We require then to find an expression for sin (A + B) when the 
trigonometrical ratios of A and B are given. 

33 . To prove that sin (A + B) = sin A cos B + cos A sin B. 

Let A and B be any acute angles, 
rt Construct the angles ROP and ROQ 

equal to A and B respectively on opposite 
sides of the straight line OR. 

Draw PRQ perpendicular to OR. 

Let OP = /, OR = r, OQ = q. 

Then A OPQ A OPR + A ORQ 
i pq sin (A + B) = ^ pr sin A + .1 rq sin B 

sin (A + B) - - sin A + sin B 

<! P 

= sin A cos B + cos A sin B (i) 



34 . To prove that sin (A - B) - sin A cos B - cos A sin B. 

Let A and B be acute angles, A being 
greater than B. Construct the angles ROP 
and ROQ equal to A and B respectively on 
the same side of the straight line OR. 

Draw PQR perpendicular to OR. 

Let OP = OQ = j', OR = r. 



Then A OPQ : 
f/ir/sin (A - B) 


AOPR- AOQR 
iyirsin A - i 7?- sin B 


f' f 

sin (A - B) = ■ ■ sin A - 7- sin B 

^ ^ q p 

= sin A cos B“Cos A sin B (2) 


cos (A + B) = cos A COB B — sin A sin B . 
cos (A — B) = 008 A cos B + sin A sin B . 


(3) 

(4) 


85 . 
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Let A and B be acute angles. Then the complement of A will also be 

acute, and in the formulae for sin (A + B) we may write the complement 

(90® ~ A) instead of A. We get 

sin (90® — A + B) = sin (90® — A) cos B + cos (90® - A) sin B 
sin {90° — (A - B)} = cos A cos B + sin A sin B 
that is, cos (A — B) = cos A cos B 4- sin A sin B 

since any trigonometrical ratio of an angle is equal to the co-ratio of its 
complement. Similarly 

sin (90° — A — B) = sin (90® — A) cos B — cos (90® — A) sin B 
that is, cos (A + B) = cos A cos B — sin A sin B 

Note that these formulae have not yet been proved for any values of the 
angles A and B, but only for the case when the angles A and B are acute. 
A general proof for any values of A and B will be given in Chapter XXL, 
on Vector Algebra. 


Example. — 7 > verify the for7nula for sin (A — B) for the case when A = 83°, 
B = 39®, hy computation frotn the tables^ 

sin (A — B) = sin A cos B — cos A sin B 

When A = 83°, B ^ 39°, this becomes 

sin 44® = sin 83® cos 39® — cos 83® sin 39° 

= 0*9925 X 0-7771 — 0-1219 X 0*6293 
= 0*7713 — 0-0767 = 0-6946 

log 0*9925 n: 2-9967 log 0*1219 = I -0860 

log 0*7771 = 1*8905 log 0-6293 = 179^9 

log 0*7713 = 1*8872 log 0*0767 = 2*8849 

From the tables we find sin 44® = 0*6947. 


38 . Tan (A + B) = 


tan A + tan B 
I ~ tan A tan B* 


We have 


tan (A 4* B) = 


sin (A -h B) 
cos (A 4 B) 


sin A cos B 4 cos A sin B 
cos A cos B -- sin A sin B 


Dividing the numerator and denominator of this fraction by cos A cos B, 
we get 


tan (A 4 B) = 


sin A ^ sin B 
cos A cos B 
— ^ sin B 

cos A * cos B 


tan A 4 tan B 


I — tan A tan B 


(5) 
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Similarly tan (A ~ B) = 


sin (A ~ B) 
cos (A — B) 


sin A cos B — cos A sin B 
cos A cos B + sin A sin B 


sin A __ sjn B 
cos A cos B 
j sin A sin B 
cos A * cos B 


tan A — tan B 
I + tan A tan B 


( 6 ) 


87. The following 
in mechanics : — 


examples are important in 


the study of oscillations 


Example (i). — Let x = a sin pt + o cos pt for any value of i where h, and p are 
cofistant numbers ; show that this is the same as x ^ (K sm {pt 4“ £') if the values of A 
and g are properly chosen. 

(Board of Education Examination, 1 901.) 


We have A sin {pt 4- ^) = A cos g sin // + A sin g cos pt. 

To make this the same as a sin pt + b cos pt for any value of we must choose A 
and g^ so that 

A cos ^ ; A sin = 3 

Construct a right-angled triangle whose base is a and* 
height b. 

Let its hypotenuse be equal to A, and the angle at the 
base be equal to g. Then, evidently 

= A cos gy ^ == A sin g 

Therefore A and g have been cliosen to satisfy 
the condition (i), and, with these values of A and gy 
a sin pt 4~ b cos pi is the same as A sin (// + g) for .any 
value of /. 

To calculate A and g we have 



A = ; tan g ^ - 


KxAMpr.E (2), — To express jr = 3 sin 4/ 4* 7 4 -** form A sift (4/' +g). 

We have A = a /9 4* 49 = 7'6i6 
tan g = =r: tan 66*8'^ 

g = 66*8'^ = 1*166 radians 
.r = 7'6i6 sin ( 4 / + ri 66 ) 

Similarly, if 


;r — 3 sin 4/ — 7 cos 4/ 

w'c liavc A = 7‘6i 6 ; tan _ 7. m — tan 66-S*^ 

/. if we take the numerically smallest angle which has its tang, cut equal 

- = - I'lCO 


to 


and a - 7*616 sin (4/ — 1*166) 

The reason for expressing the angle {pt 4- g) in radians will appear at a later stage. 
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Examples,— XVII. 

The student should work through the following examples in verification, in order 
to fix the formulae of this chapter in his memory, and also to gain a knowledge of the 
degree of accuracy attainable in working with four-figure tables, 

1. Verify from the tables the formulae for sin (A + B) and sin (A — B), when 
A = 6o°, B = 30°. 

2 . Verify the formula for cos (A + B) for the case when A = i5°, 6 = 31°. 

3 . Verify the formula for sin (A — B) for the case when A = 37°, B = 34°. 

4 . Verify the formula for cos (A ~ B) for the case A = 42°, B = 43°. 

5 . Verify the formula for tan (A + B) when A = 12°, B = 15°, 

6. Given tan (A + B) = 2, tan A = 0*5 ; find tan B. 

7 . Given sin A = §, sin B = | ; find sin (A + B). 

8. Given sin A = cos B = ; find sin (A + B) and cos (A + B). Also 

construct the angles A, B, and A -f B ; measure their sines and cosines, and verify 

from the measured values. 

9 . Given tan A = |, tan B = ; find tan (A + B). 

10 . Given sin A = cos B = ^ ; find cos (A ~ B). 

11 . Given cos A = sin B = ; find sin (A + B) and tan (A + B). 

12 . Given sin A = f-|, tan B = ; find cos (A + B). 

13 . Express 2 sin 2/ -f 3 cos 2/ in the form A sin (2jf -f g), expressing the angle g 
in radians. 

14 . Express 3 sin 2/ — 2 cos 2/ in the form A sin { 2 ^ + g). 

15 . Express 45 sin -f 28 cos {2Trn^) in the form A sin (2ir«/ + 

16 . Express 35 sin ^ — 12 cos in the form A sin ( ” + g\ 

P P \ P J 

17 . Given tan (A — B) = 0*0893, ^.nd tan A = 0*4 ; find the angle B to the 
nearest degree. 

18 . If tan B — -j — , find Wj, having given that mi = tan ^ 


38. To prove 


sin 2A = 2 sin A cos A 
cos 2A = cos^ A — sin^ A 


tan 2A = 


2 tan A 
1 — tan^ A 


If in the equation 


sin (A + B) = sin A cos B + cos A sin B 


we put B = A, we get 

sin (A -f- A) = sin A cos A + cos A sin A 
or sin 2 A = 2 sin A cos A 


(7) 


If in the equation 

cos (A “f B) = cos A cos B -- sin A sin B 

we put B = A, w^e get 

cos (A + A) = cos A cos A — sin A sin A 
or cos 2A = cos^ A - sin^ A , , , , ^ 

This gives cos 2 A in terms of cos A and sin A. 


( 8 ) 
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To find cos 2A in terms of cos A only, we have 
sin^ A = I - cos^ A 

.% cos 2 A = cos^ A — (i cos^ A) = 2 cos^ A - I 
To find cos 2 A in terms of sin A, we have 
cos^ A = I “ sin^ A 

cos 2A = (i — sin^ A) - sin^ A = i - 2 sin- A 


If in the relation 


tan (A + B) 


tan A 4 - tan B 
I — tan A, tan B 


we put B = A, we get 


„ 2 tan A 

tan 2 A = : » 

I - tan- A 


. (9) 


• (10) 


(II) 


If in the relation 

cos 2A = 2 cos*'^ A — I = I — 2 sin- A 
we write ^ for A, we get 

A A 

cos A = 2 cos- 1 = 1-2 sili’-^ • C « . (12) 

2 2 ^ ^ 

These equations enable us to find the cosine or sine of the half of an 
angle when the cosine of that angle is given. 

Example (i). — To fi?id the sine and cosine of 80®, hazing ^iven the sine and cosine 
of 40®. 


sin 40° = 0*6428 ; cos 40° = 0*7660 
sin 80® = 2 sin 40° cos 40° = 2 X 0*6428 x 0*7660 = 0*9847 

From the tables sin 80® = 0*9848. 

cos 80® = 2 cos^ 40® — I = 2(0*7660)® — I = t'i 73 S — I = 0*1735 
By the tables cos 80° = 0*1736. 


Example (2 ). — Given tan 45® = l, find tan 90®. 


tan 90® = tan (2 x 45®) = 
which agrees with § 17. 


2 tan 45® 
1'— ""tiiiri 45® 


o 


00 


Examples.— XVITL 

1 . Calculate the values of the sine and cosine of 60° by the formulae of this 
paragraph, having given sin 30® = 0*500, cos 30® = 0*866. 

2 . Calculate the values of the sine and cosine of 56®, having given sin 28® 
= 0*4695, cos 28® = 0*8829, and compare your results with the tables. 

3 . Given cos A = 0*4, calculate cos 2A. 

4 . Given cos A = 0*3, calculate sin 2A. 

5 . Given sin A = |, find sin 2 A, cos 2 A, tan 2 A. Verify your result by con- 
structing the angles A and 2A, and finding the sine and cosine of 2A by measurement. 
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6. Given tan A = , calculate tan aA, and verify by construction and 

measurement. 

7 . Given tan A = 0*25, calculate tan 2A. 

8. Given sin 45° =: -i, calculate cos 90®. 

/V 2 

9. Given sin A = 0*85, calculate cos 2A and sin 2A, and verify by construction. 

10 . Given sin A = f , calculate sin 2A, cos 2A, and tan 2A. 

11 . Given cos A =07, find sin 2 A and cos 2A. 

12 . Express a cos (27r«/) 4 * 3 cos {^.Trnt) in terms of cos {'Zvfti). 

13 . Given cos 66° = 0*4067, calculate cos 33° and sin 33° by formula (12), and 
compare with the tables. 

14 . If A is an acute angle, and cos A = 0*28, calculate cos — . 

A 

15 . If A is an acute angle, and cos A = 0*68, calculate sin — . 

A A 

16 . If sin A = f|, and A is acute, calculate sin — and cos and verify by 
construction and measurement. 


39 . To express the Sum or Difference of two Sines or Cosines as 
a Product. — The following results have been proved : — 

sin (A + B) = sin A cos B + cos A sin B 

sin (A - B) = sin A cos B — cos A sin B 

cos (A -b B) = cos A cos B — sin A sin B 

cos (A - 8) = cos A cos B -f sin A sin B 


By addition and subtraction we get 

sin (A + B) 4* sin (A ~ B) = 2 sin A cos B 

sin (A 4- B) — sin (A ~ B) = 2 cos A sin B 

cos (A + B) 4 - cos (A — B) = 2 cos A cos B 

cos (A + B) - cos (A - B) = —2 sin A sin B 

LetA + B = P,A-B = Q 

P 4 - O 

Then 2A = P 4- Q , A = 

P - O 

2B = P - Q, B = 


And the above formulis become 


.P + O P -0 

sin P + sm Q = 2 sin . cos ^ 

2 2 

• P 4 -Q P-Q 

sm P - sin Q = 2 cos — . sin — 

2 2 

p Q p Q 

cos P + cos Q = 2 cos ^ . cos 

2 2 

cos P - cos Q = - 2 sin ~ — — . sin 

2 2 


These formulas are important, and should be remembered. 

They may be expressed in words as follows : — 

Sum of two sines = twice sin (half-sum) • cos (half-difference) . (13) 

Difference of two sines = twice cos (half-sum) • sin (half-difference) . (14) 

Sum of two cosines = twice cos (half-sum) • cos (half-difference) . (15) 

Difference of two cosines = - twice sin (half-sum) • sin (half-difference) (16) 
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Note. —In finding the difference in the above formulae it is understood that the 
two angles are taken in the same order on both sides of the equation j e.g, if we put 
cos P before cos Q in finding the difference of two cosines in formula (i6), we must 
also put P before Q in finding the sine of half the difference. 


Example . — To express sin 15® — sin 11° as a proih^ct. 


sm 15° — sm II” = 2 cos 


1 5^ + 15° 


= 2 cos 13” sin 2° 


2 


To verify this we have, substituting the values from the tables, 

sin 15® — sin 11° = 0*2588 — 0*1908 = o*o6So 
2 cos 13® sin 2® = 2 X 0*9744 X 0*0349 = o*o68o 


Example . — To express cos 11° — cos as a prodtici. 

cos XI® — cos 17® = — 2 sin - * — til sin ^ ^ -i — 

22 

= — 2 sin 14® sin ( — 3®) 

= 2 sin 14® sin 3° 


To verify we have, from the tables, 

cos II® — cos 17° = 0*9816 — 0*9563 = 0*0253 
2 sin 14® sin 3® = 2 X 0*2419 x 0*0523 = 0*0253 


Examples. — XIX. 

Express the following as products, and verify by the tables : — 

1 . Sin 65® + sin 58®. 2 . Sin 74® — sin 46®. 3 . Sin 45° — sin 77®. 

i. Cos 16° — cos 54®. 6. Cos 47® — cos 19®. 6. Cos 3<}® + cos 27®. 

7 . Cos 155® + cos 20®. 8. Cos 200® — cos 135®. 9 . Sin 210® — sin 135°. 

10 . Sin 300® 4 - sin 200®. 11 . Cos 400® — cos 200®. 

12 . Prove that cos 105® + cos 15® = cos 45®. 

13 . Prove that sin 45® + sin 15® = cos 15®. 

14 . Prove that sin 3A -f -^in 5A = 2 sin 4A cos A. 

15 . Prove that cos 3A = cos A — 2 sin A sin 2A, and verify from the tables for 
the case when A = 20°. 


40. To express the Product of Two Sines or Gobi nos as a Sum or 
Difference. — Reversing the equations obtained in the last paragraph, we 

2 sin A cos B = sin (A 4- B) + sin (A — B) 

2 cos A sin B = sin (A 4- B) - sin (A ~ B) 

2 cos A cos B = cos (A 4- B) 4- cos (A — B) 

2 sin A sin B = cos (A — B) — cos (A 4* B) 

These relations may be expressed in words as follows 

Twice the product of a sine and cosine = sin (sum) + sin (difference) (17) 
Twice the product of two cosines = cos (sum) 4- cos (dirfcrence) (18) 
Twice the product of two sines = cos (differem e) — cos (sum) (19) 

Note that the first of these statements includes the two ecjuations above, 
giving 2 sin A cos B, and 2 cos A sin B, if it is understood that in fmding the 
difference A — B or B — A, we take the angles in the same order as that 
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in which they occur on the left-hand side of the equation. — sin (A — B) in 
the second equation above is then equal to sin (B — A) ; i,e. it is equal to 
the sine of the difference between the two angles. 

Example. — To exp7‘ess sin 31° 45® <2 sum or difference, 

, By {17) sin 31® cos 45® = Hsin (31° + 45®) + sin (31® - 45®)} 

= ^(sin 76® — sin 14®) 

To verify this we find, from the tables, 

sin 31® cos 45® = 0*5150 K 0*7071 = 0*3642 
|{sin 76° — sin 14®}= ^(0*9703 — 0*2419) = 0*3642 


Examples. — XX. 

Express each of the following as a sum or difference, and verify by the tables. 

I . Sin 45® cos 31®. 2 . Sin 50® sin 30®. 3 . Sin 25® sin 45°. 

* 4 . Cos 25® cos 54°. 5 . Cos 62® cos 35°. 6. Sin 15° cos 54®. 

7 . Sin 123° cos 54®. 8. Cos 142® sin 80®. 9 . Sin 115® sin 170®. 

10 . Cos 200® cos 300®. 

II . Express as a sum or difference a sin // . ^ sin ^ pt • 

12 . Express sin 2.T:7it sin 4- g) as a sum or diference, and verify numerically 
for the case « = 10, ^ = o*oi, g - 0*3491 radian. 



CHAPTER V 


USE OF FORMULJi 

41 . It is one of the objects of an exact scienre ' 

between different physical quantities by means of lonn’ii 
of the practical work of applied science consists in 
formulae. In carrying out any particular calculation v.o . . - 
the degree of accuracy with which the data are ifnni ; 
accuracy in the result needed for the purpose in It. m i 
meaningless to carry out a calculation to more sii;nils -ist ’ 
accuracy of the data will warrant, while it is a waste n! in- 
to more figures than are needed. It is a common fatiH i i 
possibly making large errors in the rnagnitutle oi a o* 
solicitous about carrying out the calculation to a Iaii;e nun 
figures. 

In engineering calculations an accuracy to thiee mi * 
figures, such as can be obtained with a good lo im h siitlr o.V, 
found sufficient. 

As accurate numerical working is extremely itnpfti fan* a 
a number of examples in the evaluation of more compli! air ; i 
in this chapter. 

The degree of accuracy aimed at is that which ran hr ,r 
table of four-figure logarithms. 

Example (i),—CaRuMc the value of 

w = ■"} 

Having given that = lo, w, = 3, « -■ q-q, p.. .ojhi, 

we have W = 3000 X lu-'- 

O’l ' •' ( 

log 10 = I 

log 10“ » = 0-9 = log 7-943 
log lo"’' = o-i - log ;-2S9 
log 3 = 0-4771 

log 3»-i =- 0-0^771 rr- log rnfi 
/. W = 30000 X 7-943 

= 238290 X 0-143 .14": n 

Example (2 ). — Calculate the value of at *' sin {nt ( (.) 

•when a = 5,h-44,t=: 0-005, « lofio, 1 ,, 

The angle is measured in radians. 

ae-*‘ = S X (2-718) 
log 2-718= 0-4343 

— 0-22 

log (2-7 iS)-“'* 2 =- o'095ss = 1-90445 1„ , ,, 
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ae ~^^ = 5 X 0*8025 = 4*0125 
}!2/ 4-^ = (5 4- 1*2217) radians 

= (5 X S 7'3 + 70) degrees by tables 
= 356 ' 5 ® 

Hn {fu ■ hg ) = sin (356*5°) = ~ sin 3 * 5 ° 

= —0*06105 
log 4*0125 =^*6033 
log 0*06105 = 2*7857 

log (4*0125 X 0*06105) = 1*3890 = log 0*2449 
sin 4- ^) = — 0*245 
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The student who has not had much practice with logarithms will find that 
he is particularly prone to make arithmetical mistakes in working from 
complicated formulae of this kind where logarithms occur in the formula 
itself. The only way to ensure accuracy is to set out every step of the 
working clearly, so as to show every figure used in the calculation and the 
reason for its appearance. This process may seem long, but it will be found 
to save time in the long run. 


42. Variation. — If we examine the graduations on a spring balance we 
find that they are situated at equal distances apart. If we alter the weight 
so that it is multiplied by any number w, then the extension of the spring, as 
measured from its length when no weight is attached, is multiplied by the 
same number n. We describe this connection between the two variable 
quantities by saying that the extension varies as the weight. We may 
express this fact by means of a formula. Suppose we find that the divisions 
representing successive pounds are J inch apart, then, if e be the number 
expressing the extension of the spring in inches when siipi)orting a weight 
W lbs., it is evident that e is always numerically equal to JW ; t.e. the 
equation e = -JW expresses the fact that e varies as W. 

In general, if A varies as li, we may write A = /’B where k is a constant 
quantity, which does not change as A and B vary ; in the above example the 
constant k is Simple variation such as this is the simplest way in which 
two variable quantities can be connected together, but there are, of course, 
many other possible modes of connection. 

If we enclose a portion of a gas^ in a tube and change the pressure to 
which it is subjected, while keeping its temperature constant, we find that, if 
the pressure be changed so that its value is multiplied by any number then 
the volume is changed so_ that its value is divided by the same number n. 
We describe this connection by saying that the volume varies inversely as 
the pressure. 

It may be expressed in a formula by writing V = —, for, if we put wB for 


P in this equation, V becomes 

Similarly, if a variable quantity A depends on two variable quantities B 
and C, in such a way that A = kV>i% we say that A varies jointly as P> and C, 

or, if A = we say tliat A varies directly as B and inversely as C. 


The sign oc is used to denote the words ** varies as,” thus “ A to B 
means “ A varies as B.” 


Example (i). — 7'he volume of a gas varies inversely as the pressure and direetly as 
the absolute temperature. If a certain t/uantity tf a gas measurrs 500 c.c, at temperature 
ipp C., and pressure 754 //////., what is its volume at pressure 784 mm, and terriperatnre 
Z(f C. 

The absolute temperature T is obtained by adding 2737 to the temperature 
Centigrade. 

RT 

We assume v = where R is some constant 

/ 

When T = 2867, and p = 754, we have v == 500 

^ R X 2867 
substituting 500 = — 

R ^ .7il 
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when T =r 3027, and / = 784 

„ X 3027 _ 500 X 7 5 4 X 3027 
^ ” 784 ' 2S67 X 784 

= 508 cc. 


Example (2). — In any class of turbine P is the power of the waterfall^ H the 
height of the fall, and n the rate of revolution. It is known that for any particular 
class of turbines of all sizes n oc IP P-®’®. 

In the list of a particular maker I take a turbine at random for a fall of 6 ft.., 
100 H.P., 50 revolutions per minute. By means of this / find that I can calculate n for 
all the other turbines on the list. 

Find nfor a fall of 20 ft. and 75 H.P. 

(Board of Education Examination, 1901,) 


We have ^ P-o-'J ‘ 

When H = 6 and P = roo, u = 50 

50 = k. 6^*26 IOO-0-6 ^ A . 61 -- 2-5 
^ 10 

when H = 20 and P = 75 we have 
_ i lA-!f _ 500 X 20^'25 
" ” ^ ^ 61-25 X ^75 


SV3 

loq 

’ V 3 


( 3 ‘ 333 )’'’‘ 


log 3'333 = 0-5228 
log j3'333)*'“ = i log 3'333 = 0-6535 
log V3 = ^ log 3 = i{0‘477i) = 0-23855 

log = 0-4149 = log 2-599 

\/3 

« = 260 to 3 significant figures 


Examples. — XXI. 

1 . The weight of a cylinder of metal varies as its length and the square of its 
diameter. A cylinder lo ins. long and 4 ins. in diameter weighs 30 lbs. ; find the 
weight of a cylinder of the same metal 12 ins. long and 6 ins. in diameter. 

2 . The weight of a sphere varies as the cube of its diameter. If a sphere of 
diameter 5 ins. w'eighs 16 lbs., find the diameter of a sphere which weighs 50 lbs. 

3 . The electrical resistance of a wdre varies as its length, and inversely as the area 
of its cross-section. The resistance of 1000 yards of No. 7 copper wire of cross- 
section 15*659 sq. mm. is 1*0056 ohms ; find the resistance of l mile of No. 10 wire 
of cross-section 8*301 sq. mm. 

4 . The force between two magnetic poles varies jointly as their strengths, and 
inversely as the square of the distance between them. If two poles of strengths 6 and 
10 units repel one another wdth a force of 2*4 dynes when placed 5 cm. apart, with 
what force wdll two poles of strengths, 5 *tnd 12, repel one another when placed 
7 cm. apart? 

6. The heat produced in a conductor of resistance R when a current of strength C 
passes through it for a time t, varies directly as (i) the square of the current, (2} the 
resistance, (3) the time. A current of 5 amps, was sent through a wire of 10 ohms 
resistance for two minutes, and the heat developed was found lo be 12,500 units. How 
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much heat is developed when a current of 7 amps, passes through a resistance of 
6 ohms for 3 minutes? How much heat is developed when i amp. passes through 
I ohm for I second? 

6. If a number of sources of light give the same intensity of illumination at any 
point, the candle power of any source varies as the square of its distance from that 
point. A photometer screen is placed between a standard lamp of two-candle 
power and a lamp A whose candle-power is required, so that the intensity of the 
illumination is the same on both sides of the screen. If the screen is 121 cm. from 
the standard lamp, and 354 cm. from A, what is the candle-power of A ? 

7 . The resistance F lbs. of the air to the flight of a bullet of diameter d inches at 
velocity v ft. per sec. may be taken to vary as {v — 800), when v is greater than 
1 100. Given that when d = 0*303 in., and v = 2000, F = 1*532 ; find F when 
d = 0*5 in.p and v = 1500. 

8. The greatest horse-power tliat can be transmitted by a rope on a certain pulley 

varies as T^ '*, where T is the greatest tension, and W the weight of the rope 

per foot of length. When T = 918 lbs., and W = 0*36 lbs., the greatest II. P. trans- 
mitted is 42*2 ; find a formula for the greatest II. P. transmitted for any values of T 
and W. ^ 

8. If D inches is the deflection in the middle of a beam, supported at the end.s 

WL* 

and loaded in the middle, then D = where W = load in lbs., L = length 

(inches), E = modulus of elasticity of beam in pounds per square inch, I = moment 
of inertia of section. 

For a wrought-iron bar of rectangular section, 2 ins. deep and i in. wide, I “ 

E = 29 X 10*. If the supports are 5 ft. apart, find the deflection caused by a load 
of 2 tons. 

10 . With the same data find the modulus of elasticity of phosphor bronze, when 
it is found that a bar i in. wide and 2 ins. deep, which is supported at two points 
3 ft. apart, is deflected 0*233 in. in the middle by a load of i ton. 

11 . IfQ is the maximum quantity in cul)ic feet per hour of gas of specific gravity 
G, which can be supplied through pipes of diameter D inches, and length L yards, 
under a pressure of H inches of water, 

D oc Q«*^(GL)o -2 II-o-J 

It is found that a ]>ipe of diameter i in., and length 10 yds., will supply 298 c. ft. 
per hour of gas of specific gravity 0*45, under a pressure o( 0*4 in. of water. Find 
the maximum quantity in cubic feet per hour of gas of sp. gr. 0*45, which can 
be supplied through a pipe 100 yds. long and i'5 in. diameter, under a pressure of 
0*75 in. of water. 

12 . Find the pressure needed to supj)ly 1067 cu. ft. per hour through a pi})e 
5000 yds. long and 4 ins. in diameter (sp. gr. = 0*45), 

13 . Calculate the value of (o*i352)-<*’<‘3 X (cos 

, , ^ 1 r 3‘42 X /v/2*r)5 X (ro2)'-'- 

14 . Calculate the value of . 

cos 31® 

15 . Evaluate a/cos 31® sin 12° + (iog,^ 151)^ A 

H 

16 . Find the value of ae ^ when a ~ g == 2*718, k 0*0036, t . 15. 

Calculate the value of sin (7//+^'*) for the following case:, (the anj'.le 

[fit is measured in radians) : — 

17 . <2 = 6, k — 300, n — 500, g == 0*1222, i = 0*01. 

18 . a 4, k ~ 300, n = 500, t “ O'OOI, g = — 0*1341 radian. 

19 . a = 6, k = 400, n = 1200, ^ — 0*5061 radian, and t = 0*01 and o*oot 

respectively. 

20. I'l is the applied force, and T., the pull at the fixed end of the band- brake of 
a bicycle ; x is tlie length of the band in contact with the drum, and the radius of 
the drum is 2 ins. ; yu is the coefficient of friction between the baml and the drum. 

'I'hen, if the brake is fixed so that the drum rotatc.s towards the fixed end, T| = T* tf 
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and if it is fixed so that the rotation is from the fixed end, T, = Tg The brak- 

ing force is the difference between Tj and T,. If x* = lo ins., fx = 0*54, and 
Tj = 400 lbs., calculate and compare the braking forces in the two cases. 

21 . Calculate the value of 

^ ^ pQg (”2 + n/”2^ - 1) 1^ 

Log -f - i)J 

where 2«i = 2*31 ; = 2*82. 

22 . Calculate the value of the same expression when 2;7j = 2*14 j 2 n^ = 2*50. 

23 . Calculate the value of ■ 

L = {D + </)f^+» + -i-) 

tan 6 f 

given C = 20, D = 6, = 3, Sin 8 = — ^ ; 0 is measured in radians. 

24 . The pressure and volume of the steam in a cylinder follow the law/z^®"® = C. 
If = 6000 when = I, calculate the values of p when v has the values 2, 3, and 

4 respectively. 

25 . If = C, and / = 100 when 2^=1, calculate the values of p when has 
the values 2, 3, and 4 respectively. 

28 . If the pressure p in lbs. per square inch, and the volume u in cubic feet of 
I lb. of saturated steam, are connected by the equation = 479, calculate the 

volume at pressures of 20, 100, and 300 lbs. per square inch respectively. 

27 . If /w = px find the values of pm when px = too for the following 

•values of i’333, 1*5, 3, 8, 20. 

28 . Calculate the values of 

— jr-fi 

Pm-pY 

when/i = 100, s = 0*9, and r has the values 1*333, ^ ‘Sj 3i S, and 20. 

29 . Given = C, and^ = i when v — 1, find the values of v when / = f , and 
k has the values 0*9, i, I'I3 and 1*37 respectively. 

30 . Calculate the values of pm from the formula of example 28, when p^ = 100, 
j = I *0646, and r has the same values as in example 28. 

31 . Calculate the value of 


! + I 




when C = 150, ^ = — 1*13, Z'o = 10, = 2. 

32 . Calculate the value of 


I — « Z'a — Z^I 


when C = 147, n = 1-37, z/j = o‘8, = 9. 

83 . Calculate the value of 



when Pi = 15,210, = 5, 7 = 0*9, p ^ = 650, piV^f = A, z/^ = 2. 

34 . R is the combined resistance of resistances ri, r^, in parallel. 

R ~ 

What resistance must be put in parallel with resistances of 5*3, 6*2, and 7*1 ohms 
to give a combined resistance of i‘o375 ohms. 
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35 . Calculate the value of 



‘j' 


given 3 = 8, a = 0*062, / = 350. 
36 , Calculate the value of 

Q = 


having given ^2 = i* 5 ' 

37 . The entropy ^ of one pound of water at absolute temperature /° C. is given 
by the formula 

ip = 1*0565 log, 4 - 9 X 10-7 - 502*96/ \ 4 0*0902 

273*7 


Calculate the values of when / has the values 273 ‘ 7 > 3037 j 333 ' 7 » 3 f^ 37 " 

38. The entropy «j() of one pound of dry saturated steam at absolute temperature 
C. is given by the formula 


^ = log. 


t 

2737 



0*695 


Find the value of <p when / = 413*7. 

39 . If 4) = 0*737 log,, ^ 4 2*875 - 1096/) 4 o' 6.^3 

*74 

calculate when t — 5*^0- 

40 . The following formulae are used to calculate the entropy (p of one pound of air 

at pressure /, volume and absolute temperature F. : — 


<(> = 0-1688 log. + 0-2375 log. 
</> = 0-2375 log. ^^3 - o'o 6S7 log. 

<p - 0-1688 log. ”^3 ■+• 0-0687 log. 


Pj V, and i arc connected by the equation pv = R/. 

If R = 53>2, and p = 634S, when v = 6*195, calculate the value of «?> when 
V = 6*195. 

41 . Also calculate /, and from this find the values of <p given by tlie second nnd 
third formulae. Verify that the three values thus fouml uie tlie same. 


43. Conipound Interest. — To find a formula for the amount £h of £V 
invested for n years at r per cent, per annum, compound interest, jiayable 
annually. 

At the end of the first year each £\oo invested ha.s become A(ioo 4 r), 
and therefore each invested has become 4 the amount 

at the end of the first year is 4 

This is the principal for the second year. In the same way it follows 
that after this has been invested for another year it becomes 

(‘ + 7^) ^ (' + 

Le, the amount at the end of two years is 
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Similarly the amount at the end of three years is 



And the amount at the end of /z years is 



Example. — Find ihe number of years in which ;i[’4O0 wiii amount to £f>oo at 
3 per cent, co7npotmd interest. 

We have P = 400, ^ = 3, A = 600 ; to find n. 



600 = C^)'* 400 

(i-03)» = fgg = i-s 

Taking logs we have 

n log (1-03) = log 1*5 

log I *03 0 ‘ 0 I 28 

= 1375 years 


Examples.— XXII. 

1 . Find the compound interest on ^227 for 3^ years, at 4| per cent, per annum. 

2 . Find the amount of;£’i56o in 4 years, at 2I per cent, compound interest. 

3 . What is the compound interest on ;i^i35 for 5 years, at 3 per cent. ? 

4 . At what rate per cent, would 140 gain ;^20 in 12 years, at compound interest ? 

5 . How long will it take ;^loo to gain 50 compound interest, at 2^ per cent. ? 

6. At what rate per cent., compound interest, will ;^ioo gain ;if'50 in 25 years ? 

7 . How long will it take to gain at 5 per cent, compound interest? 

8. A certain rare book cost \\d, in 1620, and in 1900 was worth £\o 6 . Was 
this a gain or loss on its original price, supposing that the i\d, could have been 
invested at 5 per cent, compound interest. Find the amount of the gain or loss to the 
nearest pound. 

9 . Find a formula for the amount of in n years at r per cent, per annum, 
simple interest. 

10 . The sum of £m is invested in r per cent, stock at £n per ;£’ioo share. Find 
a formula for the rale of interest obtained on the sum invested. Neglect brokerage. 

11 . Find a formula for the true discount D on a bill of £K due n months hence 
at r per cent, per annum, simple interest. 

12 . Find a formula for the difference x between the true and the banker’s discount 
in example li. 

IS. The present value of an annuity of £a per annum for n years at r per cent, 
compound interest, is 

„ f / 100 jooa 

P = -- ^ I ^ 

Find the present value of an annuity of £$2 per annum for 20 years, with compound 
interest at 3 per cent. 

14 . Find the present value of an annuity of ;^ioo per annum for 30 years, with 
compound interest at 2| per cent. 

15 . The average expectation of life of a man of 60 is 13 years. What life annuity 
can he buy for ;f'iooo with compound interest at 2§ per cent Neglect the profits of 
the insurance company. 
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16 . A man of 60 has an average expectation of life of 13 years ; what will it cost 
him to buy an annuity of ;^ioo a year for the remainder of his life with compound 
interest at 2j per cent. ? 

17 . ^ is the cost price of a machine which will last n years. There is also a 
more durable machine which will last N years. If i is the interest on ;^i for i year 
expressed as the decimal of a pound, the price x which may Idc paid for the more 
durable machine, so that it may be as cheap as the former in the long run, is given by 
the formula 

_ (I d- -- I 

^ ^ (l “h ““ (l “h 

If a machine which lasts 5 years costs /"iSo, how much should be paid for a machine 
which will do the same work and last 20 years, taking interest on capital at 4 
per cent. ? 


44 . Formulae in Mensuration. — Tlie following list of formuke in 
mensuration is given here for reference, the proofs of the simpler formuke 
are assumed to be known to the student, proofs of others will be given at 
a later stage. 

The references are to the proofs. 

Area of a triangle ■= ^(base) x (height) 

= iad sin C 

= ^/s{s — iz){s -V^)(s - c) 

where s = — -- - . (§ 29.) 

Area of a trapezium = half the sum of the parallel sides nuiltiplied by the 

I BO 

perpendicular distance between them — /i» . 



P'JG. 34. Fig. 


In particular for the case where the two parallel sides are perpendicular 
to the base AB 

Area ~ (base) x (mean height) = AB x 
Ciraimfcrcnce of circle of radius r = 2Trr 

Arc of a circle 5ul)tended by an angle of 0 radians at the centre ~ re 

Huygen's /vV/c.— -Length of arc of a circle = ~ ^ approximately 

where p = chord of half the arc, 
c = chord of whole arc. 

Area of a circle ?=: v/'L 
Area of sec r or of a circle = 
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Area of segment ABO = area of sector OACB - area of triangle OAB 
= — sin 0 ), 

jjt 

Area of segment less than a semicircle = — h %ch approximately, 
where h = height of segment 






0 

Fig. 36. 

Area of curved surface of right circular cylinder = 

Volume of right circular cylinder = 

Volume of frustum of cylinder = 

Volume of pyramid = ^ (area of base) x (vertical height) 

For the case of a right circular cone this becomes ^Trr^h 

= ^(volume of cylinder of the same height on the same base) . § 199 

Volume of frustum of pyramid = j(A + ^AB + B) 

where h = height of frustum, and A and B are the areas of the two 
parallel faces 

For the frustum of a cone A = vr^ ; B = 

and volume = 4- rg^) 199 

where and are the radii of the parallel circular faces. 


B 


Area of curved surface of cone = -Kperimeter of base) x (slant height) 

= irrl 

where r = radius of base and I = slant height. 

Area of curved surface of frustum of cone = 

7r/(ri + r^). 

Volume of sphere = 

where r = radius § 199 


Area of surface ) __ 
of sphere / “ 


47rH 


= area of curved surface of cir- 
cumscribing cylinder 

Volume of zone of sphere = + ^2^) + 

where rj and are the radii of the circular faces. 

For the case we get the volume of a segment 



Fig. 38. 
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^(3^1* + A*) 

Surface of zone of sphere = 2Trrh (where r = radius of sphere) 

= area of curved surface of circumscribing cylinder of the same height 



Fig. 39. 


If a circle of radius r revolves round a straight line in its plane, so that 
Its centre traces out a circle of radius R, the solid which it traces out is 
called an anchor ring. 

Volume of anchor ring = 

Area of surface of anchor ring = 47r2R;^ 210 


Examples.— XX HI. 

1 . What is the diameter of a circular lake whose area is 3 acres ? 

2 . A running track is in the form of a circular ring. Its outside diameter is 350 
yds., and it is 6 yds. wide. What is its area ? 

3 . Find the area of a sector of a circle of radius 3 ft., and angle 56®. 

4 . Find the area of a sector of a circle of radius 2 ft., and angle 151°. 

6. A pyramid stands on a rectangular base 2 ins. l>y 3 ins., and is 10 ins. hi-»h. 
Find its volume. 

6. The radii of the circular faces of a frustum of a cone arc 3 ft. ami 4 ft., ami 
its height is 5 ft. Find its volume. 

7 . With a radius of 6 ins, describe an arc of a circle of which the chord is 5 ins. 
long. Measure the rc(iuircd quantities and calculate the length of the arc by the two 
given fonmikc. Compare the results. 

8. A dome is in the form of a segment of a sphere of radius 100 ft. 'The heig/ht 
of the dome is 80 ft. How many square feet of lead would be requited to cover it 

9 . A basin is in the form of a zone of a sphere. The btiUom is a circle of radius 
3 ins., the top a circle of radius y ins., and the depth of the basin is 5 bus. Hnw 
much water will it hold ? 

10 . A piece of sheet zinc in the form <>f a rectangle measuriug 12 ins. by 9 ins., 
is found to weigh o’7^7 Ihs- What is its thickness? Zinc weighs 0*252 lb. per 
cubic inch. 

11 . Copper wire of size No,. 5, S.W.G., weiglis 718 lbs. per mile : find the area 
of its cross-section and its diameier. Copper weighs 555 lbs. per cubic foot. 

12 . Find the weight per foot of a lead pipe of in. bore and in. thick. One 
cubic foot of lead weighs Jii ’6 llw. 

13 . A lead pipe of I in. bore weighs 2*193 lbs. per foot length. Find the thick- 
ness of the metal, 

14 . What is the thidmc.ss of a lead pipe of 2J ins. internal diameter if it weighs 
7*862 Ihs. per foot length ? 

15 . Find the weight of an iron pij'>e 12 ft. long, 14 ins. <‘xtcrnal diameter, X ft. 
internal diameter. Weight of i cu. in, = 0*27 lb. 
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16 . A cast-iron pipe 1*3 ft. long, of lo-in. bore, and in. thick, weighs 121*4 lbs. 
What is the weight of a cubic inch of cast-iron ? 

17 . A tube of 8 ins. internal diameter is made of copper 0*232 in. thick. It 
weighs 23*1 lbs. per foot length. Calculate the weight of a cubic foot of copper. 

18 . The inside diameter of a wrought-iron gas-pipe is 4 ins. It is 4 ft. long, and 
weighs 31*48 lbs. Given that wrought-iron weighs 0*28 lb. per cu. inch, find its 
outside diameter. 

18 . Water flows at the rate of 4*96 ft. per second through a cylindrical pipe of 
1 1 ins. diameter. What is the supply in gallons per minute ? 6| galls. = i cu. ft. 

20 . The outside diameter of a roller is 3 ft., and its outside width 4 ft. The 
metal is 2 ins. thick on the curved surface. It is closed at the ends which are plane, 
and I in. thick. The axle and handle weigh ii lbs., and the metal of which the 
roller is made weighs 437 lbs., per cubic foot. Find the weight of the roller. 

21 . How many bricks will be required to line the sides of a well 30 ft. deep and 
4 ft. in diameter ? Each brick measures 9 ins. by 4^ ins. by 3 ins., including mortar, 
and the lining is to be 4I in. thick. 

22 . What is the weight of a hollow steel pillar 10 ft. long, whose external 
diameter is 5 ins., and internal diameter 4 inches? What is the diameter of a solid 
pillar of the same weight and length ? i cu. ft. of steel weighs 499 lbs. 

(Board of Education Examination in Naval Architecture, 1902.) 

23 . A glass tube is 1 5 cm. long, and its outside diameter is 4 mm. It weighs 
4 grms. What is its inside diameter if l c.c. of glass weighs 2*52 grms. ? 

24 . A single core electric cable consists of a cylindrical copper wire, surrounded 
by a coating of insulation, and an outer coating of lead. The area of the cross-section 
of the copper is 0*25 sq. in., the thickness of the insulation is 0*1 1 in., and the thick- 
ness of the outer covering is o’ 1 1 in. What is the diameter of the whole cable ? 

If I cu. in. of copper weighs 0*32 lb. 
y, „ lead weighs 0*41 ,, 

y, ,, insulation weighs 0*034 „ 

find the weight per foot of the cable. 

25 . Find the weight of a segment of a sphere of lead. Height of segment = 3 ins. ; 
radius of base = lO ins. i cu. in. of lead weighs 0*408 lb. 

26 . A hollow sphere of brass is found to weigh 50 lbs. Its external diameter is 
10 ins. ; what is its internal diameter ? i cu. in. of brass weighs 0*3 lb. 

27 . A hollow sphere of cast-iron weighs loo lbs. Its inside diameter is o*66 of 
its outside diameter. Find its inside and outside diameters, i cu. in. of cast-iron 
weighs 0*26 lb. 

28 . Find the area of the total surface of the frustum of a cone ; radius at base = 5 
ins., radius at top = 3 ins., length of slant side = 4 ins. 

29 . How many square inches of tin will be required to make a cylindrical can 
4 ins. high to hold i quart = 0’040i cu. ft. ? There is no lid. 

30 . A milk can is 6 ins. high, and has a diameter of 4 ins. at the bottom. What 
is its diameter at the top if it holds i quart ? 

31 . A railway embankment is 12 ft. high, the top is 28 ft. wide, and the sides 
have a slope of I in 2 to the horizontal. How many cubic feet of earth are needed 
to make 100 ft. of the embankment ? 


45. Approximation — Product of two Binomial Factors. — We know 
that — 


(i -f x){i + 


Consider a case where 2 : = y = 1 Aj7* 

2 

Then xy = and is very small compared with x and /, and may there- 
fore be neglected if we only require our result to be correct to an accuracy 
of, for example, one part in one thousand. 

Thus we may take i + ^ 4- jk as the approximate value of (i 4- ^)(l 4- y} 
when X and^' are small 
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Example. — The two sides a and and the angle of a triangle are observed^ and 

the area calculated by means of tkeformula^ Area = ^ ab sin C. 

If the observed value of a is 2 ^ per cent, too large, and the observed value of b i \ per 
cent, too small, what is the resulting error in the calculated value of the area ? 

Here we have taken (i + 0*025)^ instead of the true value of a, and (i — 0*015)^ 
instead of the true value of b ; i.e. we have taken (i + 0*025) (i — 0*01 5)^?^ instead 
of ab. This is approximately equal to (i + 0*025 — 0*0x5)^:^ = (i + o‘oi)a^, since 
the errors in a and b are both small. Therefore the calculated value of the area is, 
approximately, i: per cent, too large. 

The error introduced by neglecting the term xy is here o'ooo^'j^ab, or about 0*04 
per cent., and may be neglected, as it is extremely unlikely that the errors in and b 
are known to this degree of accuracy. 

By multiplication we have 

(i 4* .r)(i 4- + s) =: i X h- y 2 + .ry + ys -h zx xyz 

and if x,y and 2 are sufficiently small, the last four terms may be neglected 
in comparison with the first four, and we have 

(i 4- 4-^)(i +z)— i-^x-h'y + s approximately 

If this result is applied to the case of small errors, as in the last example, 
we may state it in words as follows : — 

If there are small errors in each of three quantities, the resulting error 
in their product is the sum of the separate errors. 

This result applies whether the errors are positive or negative. 

This method of proof may be extended to the case of more than three 
quantities, and it can be shown in the same way that, if there are small errors 
in each of n quantities, the resulting error in their product is the sum of the 
errors in the separate quantities, taktm with their proper signs. 

If there is the same small error jt in each of quantities it follows that 
the resulting error in their product is nx approximately. 

This is equivalent to the statement that 

(i 4- ^)(i 4" + x) ... to n factors = (i 4- .r)" =14. nx approximately 

We have here taken n to be a whole number. It can also be shown that 
if X is less than i, as it must be when it denotes a small error, the state- 
ment that (i 4* = 14- nx approximately is also true when n is negative 

or fractional. 

The result of this paragraph maybe applied to the calculation of fractional 
or negative powers of certain numbers. 


Example (i). — To find the value of sj 145. 

We have Vi4S = { H4(l + ,L))^ • >=(' + 

= 12(1 4- ^ X approxiriKiUdy 
= 4- = *2 -h - I2'<m6 

This agrees ter four places of decimals, with the value of \l 145 found in the ordinary 
way. 

Example (2). — (1*02)^ = i 4 * d X 0*02 approximately 

= I'I2 
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Example ( 3 )-— = (1*015)“* 

Here x = 0*015, n = l 
(1*015)“* = I — 0*015 = 0*985 approximately 

Example (4). — = (i — 0*002) 

A/o‘gg8 

= I + (— J) (— 0*002) approximately 
= 1*001 

Example (5). — jFM the approximate value of 

1*002 X 0*996 
^ ~ 2*008 

y = I(l + 0*002)(l — 0*004)(l 4 - 0*004)“2 
= |(l + 0*002 — 0*004 — 0*004) 

= — o‘oo6} = 0*497 approximately 

The student should work out the value of ^ to 6 decimal places, and find the error 
in the above approximation. 

Example (6). — The radius of a circle is found by measuremeni to he 3*26 ins.y and 
the area is calculated from this value. If there is a possible error of 2 per cent, in the 
observed value of the radius^ what is the possible error in the calculated value of the area ? 
If r is the radius, the area = irr®. 

An error of 2 per cent, in r has the effect of multiplying r by (i ± 0*02), and 
therefore of multiplying vr^ by (i + 0*02)^ = i + 0*04 approximately. 

i.e. there is a possible error of 4 per cent. = 0*04 X rr x 3*26* 

= 1*33 sq. in. 

in the calculated value of the area of the circle. 

Example (7). — In finding the torsional rigidity of a wire by obsej-ving its torsional 
oscillations we make use of the formula 

27 rll 

If errors are made of 

0*2 per cent, too little in the observed value of /, 

2 per cent, too much in the observed value of /, 
a 7 Ld 3 per ce 7 it. too inuch the observed value of r, 
what is the resultmg error in the calculated value of nt 
The true value of 

/ is multiplied by (i — 0*002) to obtain the observed value, 
that of t ,, ,, (I 4 - 0*02) ,, ,, 

r » „ (1+0*03) 

the true value of n is multiplied by ; — ; — ^ 

(I +0*02)=(I +0-0S)* 

= (I - 0*002)(I + 0*02)-3 (i -f 0*03)--4 
= I ~ 0*002 — 2 ( 0 * 02 ) — 4 ( 0 * 03 ) approximately 
= I - 0*162 

he. there is an error of 16*2 per cent, too little in the calculated value off;. 


Examples.— XXIV. 

1 . Calculate the value of 1*01 X 1*025 by the approximate method used in the 
preceding examples, and also by multiplying in full, and find the error of the 
approximate method. 
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5. 

6. 

7. 

o'997 

i 005 


9. ^/l* 02 . 

10 . /yio 2 . 

11. 

13, V 224 . 

14. 

15. 

17. -g ■ 

18. ~ 


506 

I *009 



ro^S X o'99S4 

rooi6 

V254- 

V72^ 


2. Calculate the value of hy the approximate method, and al*^ by actual 

division to 6 decimal places, and find the error of the approximate method. 

3. Find the value of i‘002 x i*ooi8 x 0*996, correct to 4 decimal places. 

Find approximate values of the following quantities : — 

0*996 
1*002* 

8 . Vo^. 

12. V730- 

le-rs- 

19. An error of 1*5 per. cent, excess is made in mca.snring the sifle a of a triangle 
and an error of 1*8 per cent, defect in measuring the side d. What is the resulting 
percentage error in the area as calculated from the formula ah sin C ? 

20 . If there is an error of 5 lbs. in the value of the weight of i mile of copper 
wire given in example ll, p. 58 , what i.s the resulting error in the calculated value 
of its diameter ? 

21. If the length of the seconds pendulum is increased by part, how many 
seconds will the clock lose in a day? The time 'V of a complete oscillatiom of a 

pendulum is equal to 2 v where / is the length and g is a const ;mt quantity. 

22. The radius of a si>here is found by measurement to be 5 ins, What error 

will be caused in the caleulated value of the volume by an error of i per cent, in the 
measured value of the radius ? _ 

23. The value of g is found, from the formula T = T is the time of a 

complete oscillation, and / the length of a pendulum. What will be the error per 
cent, in the calculated value of gif the ob.scrvcd value of T is i per cent, too large? 

24. If power U ft. lbs. }>cr second is transmitted over a distance / ft., by water at 
a pressure of p lbs. to the square foot, along a pipe of radius r ft. ; then 


loss of energy 
energy put in 


AUV 


What is the ctTect on this ratio of an increase of 5 per cent, {a) in the presr.iire, {h) in 
the radius of the pipe ? 

25. If V c.c. second of a liquid of specific gravity .r How through a capillary 
tube of radius r and length L under a prc.ssurc of II cm. of the liquid, the viscosity tj 
of the liquid is given by 

87'L' 


What percentage errors are caused in the calculated value of r) l»y errors of 1 per c<!nt. 
in the ('>bserved valne.s of r, H, an<i v rcsj^ectively ? 

26. The value M of the magnetic moment of a magnet is calculated from the two 
formula* 



I , M 

ivn i H - 


{,p - py 

2d 


tan f 


T, </, /, 0 and T are obseived quantities. If an error of 2 per cent, excess is made In 
observing tin* value of 'F, and all the other rcadinjjs arc corrc*ct to o*l per cent., what 
i.s the approximate error per cent, in the calculated value of M ? 


46. Units. -I'lie exact expre.s.sion of a physical rpiantity cf}n'asis of two 
parts “ the unit in terms of wdiicb it is measured, and the nu'.e.fiuro exiu'cssing 
the number of limes the unit is contained in the quantity : e.g. we speak of a 
certain length as 5 ft. or 152*4 cm. ; in the first case 5 is the measure and 
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one foot is the unit, in the second case 152*4 is the measure and one 
centimetre is the unit. We speak of a certain velocity as 15 ft. per second, 
or 457*2 cm. per second : in the first case 15 is the measure and one foot 
per second is the unit of velocity ; in the second case 457*2 is the measure 
and one centimetre per second is the unit. 

Note that the measure of a given quantity varies inversely as the unit in 
terms of which it is measured. In the first example above, when the unit of 
length is changed from i ft. to i cm., Le, the unit is divided by 30*48, then 
the measure of the given length is multiplied by 30*48. 

47 . Dimensions of Units. — The various units used in mechanics, with 
the exception of the unit of temperature as measured by expansion and 
those units which depend upon it, may be ultimately defined in terms of the 
three units of lengthy time, and mass. 

These are called the three fundamental units. Thus, for example, the 
unit of velocity is the velocity of a point which moves through the unit of 
length along a straight line in the unit of time. We denote the three 
fundamental units of mass, length, and time by the symbols [M], [L], 
and [T]. 

If the fundamental units are changed, all other units which depend upon 
them will in general be changed as well. 

The unit of velocity, for example, will evidently be changed in the same 
ratio as the unit of length, and inversely as the unit of time. 

We express this by saying that the dimensions of the unit of velocity 



Similarly, since the unit of acceleration is the acceleration of a point 
moving so that its velocity increases by unit velocity in unit time, its 
dimensions are 


“L 

-T 



In general, when any unit varies as the nth. power of a fundamental unit, 
we say that it is of n dimensions in that unit. 

Thus, for example, the unit of volume is the volume of a cube whose edge 
is the unit of length and its dimensions are [L^]. 

The unit force causes unit mass to move with unit velocity, its dimensions 

fMLl 

L T^ J* 

As an example, the student may verify the following statements from his 
knowledge of mechanics ; — 


The dimensions of the unit of work or energy are 



The dimensions of the unit of power are J 


The dimensions of the unit of momentum are 


L T .. 


Those units which are directly derived from the fundamental units are 
called absolute units. In some cases the absolute unit is too small for 
practical use, and a special practical unit has to be used. 

E.g, I ft. -lb. per second is the absolute unit of power when 32*2 lb., i ft.,, 
and I second are the fundamental units ; but, as this unit is small, the 
horse-power, which is equal to 550 such units, is used instead for pracitcal 
purposes. One erg per second is the absolute unit of power when i grm., 
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I cm. and i second are the fundamental units ; as this unit is very srnallj 
the watt, which is equal to lo^ such units, is used for practical purposes. 

practical unit of poaver tn applied mechanics is I hoisefoiver^ in 
(kctriciiy it is i watt. Find the number of watts in a horse-power. 

In changing from the first system of fundamental units to the secondj 

[Ml is multiplied by ^ ^ j 

[L] is multiplied by since i cm. = 0-3937 in, ; 

[T] is unchanged ; 

The dimensions of the unit of power arc 

I 

the absolute unit of power is multiplied l)y 




changing from the foot, 32-2 lb., sec. system to the cm., grm., sec. system. 

eco is the measure of one horse-power iii the first system of absolute units, and, 
since the measure of a given quantity varies inversely as the imil in which it is 
m.easured, the measure of one horse-power in ergs per second is 


55(^;y2-2_x 45 3-6 X 12" 
~(o' 3937 )‘ 


= 7-46 X 10" ergs per second 
= 746 watts. 


ExAMri.ES.— XX.V. 

1 , One erg is the absolute unit of work when i grm., I tm., and i see. are the 
fundamental units t one foot-pound is the absolute unit of iroik wlitii ^>2 2 Ibs.^, i ft., 
and I sec. are tlie fundamciilal units. Find tlie number of ergs in a foof-poiiml. 

2 . One pound is the absolute unit of force when 32-2 lbs., i ft., and i sec. are the 

fundamental units ; one dyne is the absolute unit of force in the cm., grm., sec. 
system. Find the number of dynes in a pound, ^ ^ 

3 , The modulus of torsion of steel is 8253 kilogs. per sq. mm. ; wliat is it m 

tons per squ.ire inch? _ . . 

4 . The measure of the acceleration due to gravity is 32-2 aiiMiliite units wnen 
I ft, and I sec. arc the fundamental units, hind the nicasine of this acceleraiion 
when I cm. and I see. are the fundamental units. 
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MISCELLANEOUS EQUATIONS AND IDENTITIES 


48 . In this chapter we shall deal with certain portions of elementary algebra 
which are of importance in the applications of the subject. This treatment 
is intended to supplement and not to take the place of ordinary text-books 
in algebra. 


48 . Quadratic Equations,— To find a formula for the values of x which 
satisfy the quadratic equation, 

ax!^ bx c = 0 

where and c are any constant quantities. 

We have == — - 

a a 

Add — j to both sides of this equation 


Then x^ + -x + -~i = — + 


a 






b_ _ ± - 4ag 

ia~ 


2a 


and:r = 


- b± - h,ac 


2a 


« • « 


(I) 


This formula gives the two roots of the quadratic equation 
ax^ bx c - 0 for any values of b^ and c 
E.g. Let 3r^ + 2.r - 4 = 0 

Here ^z = 3, <^ = 2, ^■="4 
« j “ 2 ± ^/4 + 48 

0 

_ - i‘535 or o’868 


80 . Conditions for Real, Equal, and Imaginary Roots.— In the 
feibove example we had no difficulty in calculating the roots, because the 
quantity under the square root was positive, and its square root 

could be found. It may happen that b*^ — ifdc is negative ; Le. b‘^ is less 
than J[ac^ as in the following example : — 

F 
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+ 24 r + 4 = o 


Substituting in the formula (i) we find 


- 2 ± V4 — 48 _ — I ± - II 

6 ~ 3 


Since we cannot find any real number whose square is — ii, the roots 
of this equation are said to be imaginary. 

We shall find, however, at a later stage, that for certain purposes we may 
use the imaginary roots of an equation as if they were real, and that, in the 
applications of the subject, the results have a definite physical meaning. 

We may write the above expression for the value of x 


X = 


- I ± 1 1 X y/ ~ I 

_ 3 


== - 0*33 ± 1*105/ 


where i is used to denote — i. 

If is equal to /i^ac the quantity b'^ — i\ac under the square root in (i) 
vanishes, and the two roots of the quadratic eriuation become equal, e.g. ; — 

4Jtr — 20-1* + 25 = o 

Substituting in (i) we get 

20 ± J^oo ~ 400 . 

^ y .....‘t..- = 2*5 ± o 

i\e. the two roots of the equation are each equal to 2*5. 

Note that in this case ax^ + bx + ^: is an exact square. 

We have thus shown that in the equation 

ax"^ -i- bx + c == o 

li b‘^ is greater than the roots arc real and unequal ; 

If is less than 4^6' the roots arc imaginary j 
If b''^ is equal to 4^6* the roots arc real and equal. 


Exami>i.es.~-XXVI. 

Find the values of x which satisfy each of the following cqualioiis, correct to two 
places of dccinials : — 

1 . - 3j; + I r= O. 3 . 3^-' + loa* + 2 = o. th 5.1= - 41 - 6 ~ o. 

4 . 3^= 4- — 8 = o. &. 3 — 2.r - .jx- = o. 6. 3^ — 4 - 5x-" .= o. 

7 . 3.r''-’ - X + 4 =: o. 8. 23X-" + 4 * 1 1 ~ o. 9 . r3x‘ - z'Sx 4 - 5 '9=~o. 

10 . 2*5 X + 2’i X iO‘xr 4 * 4 X io'‘ » o. 

11 . 2'5 X 10' 4-2 X I0">4~4 X K/^ o. 

13 , 2*5 X 10* V* 4 “ 1*9 X loV 4 - 4 X in'* - o. 


51 . SoliitioBB of Equationo by Besolutions into Eactore. » Let a and 
0 be the roots of the equation 

ax^ -i- bar + c o 

then « = ^ 

2 a ' 2 a 
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From these values we get 




ajS = 


^2 ^ ^2 ^ . 
4a^ 


£ 


Thus, if any quadratic equation is written in the form = o, 

so that the coefficient of is unity, and all the terms are on the same side of 
the equation, then the sum of the roots is equal to the coefficient of x with 
its sign changed, and the product of the roots is equal to the constant term. 
E.g, in the equation 

;tr 2 — 5;r 4 - 6 = o, 


the sum of the roots is 5 and their product 6. We see that the roots must 
be 3 and 2, and this quadratic equation may be written 

(x — 3)(jr — 2) = o 


. In general, it follows in the same way that, if a and iS are the roots of a 
quadratic, the equation may be written 

(x - a,)(x - ; 3 ) = O 


since we know that in the product of these two factors the coefficient of x is 
~ (a + iS) and the constant term a^S. 

Otherwise, it is evident that if an equation can be put into this form it is 
satisfied if either factor is zero, i.e, if x == a or x and therefore a and ^ 
are the roots. 

Thus, when the factors of a quadratic expression can be found by 
inspection, the roots of the corresponding equation can be written down. 


Example. — Solve the equation, 

- 1 14: 4- 3 = 0 

We notice that the equation may be written 

{2x - 3)(34: - l) = o 

This is satisfied either if 

24; — 3 = o and X = ^ 
or if 34; — I =0 and x = ^ 
the roots of the equation are | and J. 


Examples. — XXVII. 


Solve the equations — 

1 . jr Hr 34; 4 - 2 = 0. 

2 . 4 - 2x — 3 = 0. 

3 . 

X® 4 - 24 c 4 - 1 = 0. 

4 . 4 - 5^:^ 4 - 6 = 0. 

5 . 24 r 4 - 6 x — 20 = 0. 

6. 

3x* — 19X 4 - 6 = 0 . 

7 . 6 x' + 3X - 4S =0. 

8. 15X*— 36X 4- 12 = 0. 

9 . 

77 x^ 4 ‘ 57 -«“ 54 =o 

10. 65x2 - 390x4-520=0. 

11 , + q^ = 0. 

12. 

X* = m*. 

13 . In the equation 

Lr * 4 - Rx + ^ = 0 

i\. 




suppose R and K are known. Write down the condition's which must be satisfied by 
the value of L that the roots may be real, equal, or imaginary. 

14 . Solve the equation in example 13 for the cases when R = 200. 
K = 0*5 X 10- ®, and L has the following values : — 

(a) L = 0*002 ; (< 5 ) L = o*oi ; {e) L =. 0*005. 
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15 . Solve the equation mx^ + ^ o. 

18 i If W, and h are known in the equation 

— + kx + ~ =zO 
S 

write down the conditions which must be satisfied by the value of k that the equation 
may have real, equal, or imaginary roots. 

17 . Solve the equation of the last example for the case when W = 32*2, 

^ i = 0 02. 


52 . Equations of the Degree Higher than the Second. — We shall not 
here give any general methods for solving equations of degree higher than 
the second, as the student will probably find the graphic method described 
in Chapter VII. most suitable for any case with which he may meet. 

In certain cases, however, equations of higher degree than the second 
may be easily solved. 

Exiamfle. — — 4 = 0. 

First solving this as a quadratic in .xq we get x- = 4, and .r* = — i. 
d'he case a:“ = 4 gives jr = d 2, or a' = — 2 
The case = ~ i gives = + V — i, or = — V — I 

/. the four roots of the equation are 2, — 2, V~ i, ~ i. 

We might also proceed as follows : The expression on the left-hand side of the 
equation may be resolved into factors 

{X - 2){X + 2)(x2 + X) = O 

The equation is satisfied if any one of the three factors is equal to zero. 'Ihus the 
equation is reduced to two equations of the first degree and a quadratic equation. 
I'he roots of these arc 2, — 2, V i as before. 

We may in this way extend the method of § 51 to cqualions of any degree. 
If the equation is arranged so as to have zero on the right-hand side, and the 
left-hand side can then be resolved into factors, the ec^uation is satisfied if 
any one of its factors is equal to zero. Thus tlie problem is reduced to that 
of the solution of a number of equations of lower degree than the original 
equation. 

It can be proved that every algebraical expression of the ;/th degree can 
be resolved into real factors of th<i first or second degree; tluis the expression 

— 3.r^ — 4 in the above examjdc has two fadors of the first degree and 
one of the second. 

Each factor of the first degree evidently gives a single real root of the 
corresponding equation. Thus, in the above example, we found two real 
roots 2 and -2 corresponding to the two factors of the first degree. Each 
quadratic factor which cannot be further resolved into real fa dors of the first 
degree gives two imaginary roots of the original equation ; thus, in the above 
example, the quadratic factor + i gives the two imaginary roots J —i. 

It follows that the imaginary roots of any equation always occur in pairs. 
It can be shown, conversely, that if there is a real root there must be a 
corresponding factor of the first degree, and also tliat an equation of the «th 
degree has n and not more than n roots, real or imaginary. 

No general rule can be given for resolving an expression into factors, but 
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if one or more roots can be found by inspection, we may take out the 
corresponding factors of the first degree and the remaining factors may then 
be more easily found. 

Example. — Solve the equation 

X* 2x^ 4* — 3 = o 

We notice that this equation is satisfied when we substitute jr = i, and therefore 
I is a root and jp — i is a factor. By division we find that the equation may now be 
written 

{x-i)[x^ + SJ^ + 5x+s)=o 

The second factor vanishes when we substitute jc = — i, and therefore contains 
4 I as a factor. By division we find that the equation may now be written 

{x - i)(^ 4 * 4 * 2 jf 4 - 3 ) = o 

Since 2^ is less than 4 X 3 X i, the roots of x^ + 2 x + $ = o m im^inary, and 
there are no more real roots. The roots of 4- 4- 3 = o are — i i , t. 

Thus the original equation reduces to two equations jof the first degree and a 
quadratic. The roots arc i, — i, — i 4- a/ 2 f, — i — V2 f. 


Examples.— XXVIII. 


Solve the equations 

1. 4 lox 4" 8 = 0. 2. -- qx“ 4-7-^4 15=0. 8. -4 — 2 = o. 

4. 2x^ 4 -f lox 48 = 0. 5. — 5.^^ 4- 4- 5-^ ■“ 6 = o. 


53 . liOgarithmic Solution of Equations. 

Example (i). — Solve the equation 

3'2j(r2'3 -- 5* 1x^-2 

Dividing by we get 

0 * 6275 j :^‘2 = I 

Taking logarithms of both sides 

! '2 log X 4 log 0*6275 = o 

1*2 log ;p = — log 0*6275 

= I ~ 0*7976 = 0*2024 
*•. log ;p = 0*1687 

C, X — i *47, or X = o 

Note that we have divided out by the factor which gives the root x = o, 

Example (2). — Solve the equation 

2'53 = 3 'S 9 ’'“* 

Taking logs of both sides 

log 2*53 = \'2x log 3*59 
0*4031 = I •2j;xo‘555i 
= X o*666i 
= 0*605 


Examples.— XXIX. 


2. Z' 9 Sx^'^ = 7*81. 

4. 2*4r-'i*:’^ = 2*73-4-?'^- 


Solve the equations — 
1 . I*2 jp^’® = 2 *3JC^*®, 

3 . 3*21^®* = 8*9. 
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5 . Find the value of to satisfy the equation 

C 

{z/2«+l — - 220 

given C = 200, 7/ = — 1*13, 7 /^ = 9*3. 

6 . If W = log«-, find the value of r/j having given that = 2250, 7/, = 10, 

Vi 

W == 31,200. 

7 . Find a value of V which satisfies the equation T4V1-3 = 95{V — 14)^'®. 

8. Find a value of x less than l which satisfies the equation 



having given that 7 = 1*41. 


o 


64. Simultaneous Equations. — We may require to find the values of 
two or more quantities, so as to satisfy two or more conditions. It can be 
proved that, in order to determine the values of any number of unknown 
quantities, we must have the same number of independent equations. Such 
equations are called simultaneous equations. It is assumed that the student 
is familiar with the solution of simple simultaneous equations. We shall 
here give some examples of types which are often found useful in the 
applications of algebra to geometry and physics. 


Example (i). — jFinct the values of m and c so that the equation y -rr. mx 4- c may be 
satisfied when x — i and y = — 3, and also 7 vhe?i x = — 2 and y - 5- 
Substituting in the equation, we have 

- 3 = m + £• 

5 = — 2w 4- r 

Subtracting, we get 

yn = ~ S, Trr r:: - g 
and by substitution c = — 

the required values are m ~ -- g, and r J 
and the equation is j “ -- ?: x — | 

Substituting x — i we get / ” — 3» subsliluling x — — 2 we get 7—5, thus 
verifying that the equation now satisfies the required conditions. 


Example (2 ). — Find the values of x and y which satisfy the equations' 
y :=r. '^x + 2, and ~ 3 4 2x* 

When, as in this case, one of two equations is of the first degree, we may always 
eliminate one variable by substitution. 

Substituting 3X -f 2 foT;t' in the second equation, we get 

9x* 4 1 2x 4-4 = 34* 2x* 
yx® 4" 12X 4- I == o 

. — i v' M4 — 28 

■ 14 

= — o‘o88 and — r‘626 

Substituting these values ofx in the first equation, we get;' -• 1736 and —2*878. 

Example (3). — D is the dettsity of dilute sulphuric acid when too parts by weiy^ht 
contain S parts of the pure acid, 
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Find a formula^ connecting S and D, of the form 
S = 

whei'e <?, hy c are constants^ having given that 

D = 1*840 when S =99*20 
D=i*5o „ 8 = 59-70 

D = 1*07 „ S = 10*19 

Since the three given pairs of corresponding values must satisfy the required 
formula, we have, substituting 


99*2 = <? + 1*84^ + 3*386^ . 

. . » < 

. . . (1) 

59*7 = <35 4- 1*50^ 4 - 2*250^ 

. s . . 

► . . (2) 

10*19 = ^ + I'07<5 -1- I*i45(r 

• 9 • 1 

' • • ( 3 ) 

Subtracting (2) from (i) and (3} from (2), we get 

39*5 =0*34^ + 1*136^ . . 

» M «k ] 

. . . ( 4 ) 

49*51 = 0*433 4- I -105^ . , 

• 0 ft 4 

• . . ( 5 ) 


We have now two simultaneous equations to find h and c. 
Multiplying (4) by 0*43, and (5) by 0*34, and subtracting, we get 


0*152 = 0*1126^ 

/. ^ = 1*351 

Substituting in {4) we get 

0 * 34 ^ = 39 * 5 **“ 1*534 = 37*97 
/. b = 111*7 

Substituting the values of h and c in equation (i), we get 

a = 99*2 - 205*6 - 4*57 
= - 110*97 

/, the required formula is S = iii-yD + I'SSD* — 110*97 
To verify, substitute D = i *5 ; we get 

S = 59*62 

which is within o* I of the given value. 

Example (4). — F is the frictional resistance tn pounds per square inch in a certain 
bearing running at a velocity of^ ft. per minute. 

It is known that F and V are connected by a formula of the form F = where 
k and n are comtants, 

= 0*368 when V = 105 
and F = 0*613 when V = 314 

find the values of k and n. 

We have F = /JV” 9. 

Taking logs, 

log F = « log V 4- log ^ . o • « « (2) 

For the given values of F and V, we find from the tables that 

log F =£'566 when log V = 2*02i 
and log F = 1*7875 when log V = 2 ‘497 

Substituting in {2), we get 

_i*566 = 2*o 2I« + log (3) 

1*7875 = 2*497« 4 * log ^ (4) 
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Subtracting 

0*2215 = 0*476^, and n = 0*465 

Substituting this value in equation (3), we find 

log k =_r*566 — 0*940 

= 2*626 = log 0*0423 
/. k — 0*0423 

the required formula connecting F and V is F = 0*0423 V®' 


Example {5 ). — A body is raised to a temperature of 20"^ and then allowed to cool ; 
iQXy seconds aftenvards its tet/iperature is foti 7 Ld to be If Q is the temperature at 

time t secojids^ and it is known that Q a 7 td t are connected by an equaiioji of the form 
B = aP*’f where a a?td h are constants, and e = find the values of a a 7 id b. 


Taking logs, 


We have B = aP^ . . 

log B ~ bt log e 4- log a 
= 0*4343^^ 4- log a 


(1) 

(2) 


It is given that when t ~ o, 6 = 20*^, and log 6 ~ 1*3010 ; also when t ■= 100, 
0 = 11, and log B = 1*0414. 

Substituting in equation (2), we get 

1*3010 = log /r (3) 

1*0414 = 43 ■433 4- log rt! . . . 0 ; „ , (4) 


We have here two .simultaneous equations to find b and a. 
From (3) a = 20. 

Substituting in (4) 

43*43^ = — 0*2596 ; ^ = — 0*00598 


the required equation is 0 = 


Examples. — XXX. 


1 . Find the values of x and y, r>o that the equation/ = mx -k c may be satisfied 
when m = ^ and c = 2, and also when m = ■J and c 2*6. 

Verify your result by substitution. 

2 . Find the values of m and <r, so that the e<jiiati<»n r rnx -f c may be satl.'.ficd 

when a: = 4 and / = 7, and also when x = 3*5 and / (»’4. 

3 . X and / satisfy the equation ax 4 - by -j* r = o. 

If/ = — 4*5 when X = 2, and y ^ — 10*5 wlu-ti x ■ 4, v/bat Is tbe value of y 
when X = 7. 

4 . It is given that x, /, and z .satisfy llie <‘quation 


when rr = 2, = 3, r = 4, and also when a — i, h ^ x, r - i. Find an exprer-sion 

for / in terms of x. 

5 . Find the values of x, y, and z which satisfy the equations 

X — 2 _y — I _ 3 — I 

s'"""’ 2 ■ 5 

and 2x 4 - 4 - " 42. 

6. Find the valiie.s of x and / .such that 4 -/* = 16, and / = yx 4 * 2. 

7 , If 9'® = i6jr, and / = 3X -* r, find the valines of x and/. 

8, /® = 4/7jr, / = f?ix 4- e ; w, a and c are known constants. Find tb<; relation 
between c and w, so that these equations may have equal roots in x and equal 
roob in/. 
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9 . wSolve tbe equations : — ^xy + 2y‘ 4'8 = o;j^ = 3jr— i. 

10 . Given xy = ax 4 - t^y^ and y = 6*47 when x = 9*3, y = 4*50 when x = x6*2. 
Find the value ofy when x = 11*4. 

11. If y = a -{• 5 x + cx^ where b and c are constants ; and y = 10*55 when 
X = 2*4, y — S4‘S2 when x = 5*9, y = 209*7 when ~ 11*3 : find the value of y 
when a? = 7*2. 

12 . y and x are connected by the equation y = a + . Find the values of 

the constants b and £*, having given that ^ = 41*0 v/hen x = 0'6,y = 31*91 when 
X = 2'if y = 26*45 when x = 5*4. 

13 . It is known that^ varies as some power of x in the following two examples : 

Ify = 26*8 when x = 2*8, = 189*5 when x = 8*3, find the equation connecting y 

and X. 

14 . y varies as some power of x ; ify = 0*4845 when x = 3*5, y = 0*1180 when 
.*• = 9*6, find the equation connecting^ and x, 

15 . Given = a + bx^j y = 3*6 when x = o,y = 10*46 when ;r = 1*4, ^ = 130*3 
when jc = 3*7 ; find the value ofy when x = 2*5. 

16 . V is the speed of a certain vessel in knots when the engines are working at 
P horse-power. Find a formula of the form I* = a + bV^, connecting P and V. It 
is found by experiment that P = 287 when V = 5, P = 1856 when V = ii. 

17 . It is known that jd and z/ are connected by an equation of the form = C. 

If p = 1577 when V = 3*5, and p = 447*5 when v = 9*6, find the values of n and C. 

18 . = C, = 213 when » = 2, /> = 23*4 when v = 10. Find n and C. 

19 . In Beauchamp Tower’s experiments on friction it was found that the coefficient 
of friction in a certain bearing was 0*002 1 when the speed was 157 ft. per minute, 
and 0*0036 when the speed was 419 ft. per minute. If the friction varies as some 
power of the speed, find this power. 

20 . In Hodgkinson’s experiments on the strength of cast-iron pillars, a pillar of 
2\ ins. diameter and 10 ft. long was found to break with a load of 65,380 lbs. When 
cut down to 7*5 ft. long, a pillar of the same diameter and material was found to 
break with a load of 100,200 lbs. If the breaking load varies as some power of the 
length, find this power. 

(Phil. Trans., 1841.) 

* 21 . If / = a[B 4 - i^)\ and p = 69*21 when 0 = 150, / = 79*03 when 0 = 155, find 
the values of a and b» 



p^ = 210, z/j = 2*5, z/j = 10 ; find 

23 . If = Cl, and pv^ = C^, and 7 is constant, find the equation connecting 
t and p. 

24 . If it is known that , and that i — ( ^ 1 = 

having given that ii = 350. 

25 . The entropy (p of a certain quantity of gas at pressure volume tempera- 
ture /o» is o* Ils entropy at pressure /, volume v, temperature /, is given by 

<p - k log^ -f Iv loge ~ 

/o 

It is known that pv — Ri”, /o^o = R = K — Express <p (i) in terms of 
volume and temperature ; (2) in terms of temperature and pressure. 

26 . If y = 24*8 when x = 12*5, and y = 540 when ^ = 33 ; find 

a and b, 

27 . y = y = 12*66 when x = 6*5, y = 1*484 when x = 15*8. Find a and b, 

28 . W =: W = 5*35 when 6 = i*57r, W = 22*9 when 0 = 3^. Find the 

value of ju. 

29 . ju is the coefficient of friction in a certain bearing at temperature F. If 

* Examples 21-34 may be postponed to a later stage. 
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there is a law of the form pt. = connecting /* and find the constants a and b. 
Given p. =t 0*0059 when / = no, and p. — 0*0124 when i ^ yo. 

30 . V is the voltage at time t across a condenser of capacity K, discharging 

through a resistance R. V = where A is constant. If the condenser is 

allowed to discharge itself through the insulation resistance R of a certain length of 
cable, it is found that V = loo, when / = o, V = 55 when t = 1800, K = 
Calculate the value of R. 

31. p is the pressure of saturated steam at absolute temperature C. The 
following values are found by experiment : — 


1 

p 

1 

'G 

00 

20*So 

101*9 

lbs. per sq. inch. 

t 

324 

3 S 4 

439 

degrees Centigrade, 


R C 

If logjo / — A ~ ~ ^ 

Find the values of A, B, and C. 

32 . In some experiments to find the viscosity of a liquid, if s is the distance through 
which the pointer of an oscillating disc swings at time L 


s = sin ni h 

s = 648*0 when / = ^ radian 
2n 


s = 380*7 when i = 


Si 

2n 


.f = 616*8 when / = 5 ^^ and ^ — 
2 « w 


Find the value of k. 

33 . Tn another experiment like that of the last example 


i'3 


J = 469*3 when / = ~ 

2n 

*2 7r 

s =r. 538*0 when i TT. ~ 

2 „ 

s ~ 477*3 when / ~ ~ 1*5 

Find the value of Z*. 

34 . S is the quantity of common salt which will dissolve in 100 parts by weight of 
water at temperature C. 

There is u formula connecting S and / of the form 

log S - a + b( ^ ^ 4. r( ^ 

\iooy Viooy 

Find the values of a, A, and r from the following data : — 


36-13 

37-25 

38*22 

25 

60 

80 


55. Identitioe. — We have said that an equation of the wth degree has 
only n roots, t.e. that it is satisfied hy n values of x. If we find that an 
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Example (1). — To resolve the fraction 


2X 5 
2jt“ -ir 3-r - 


^ into pariial fractions. 


Resolve tlie denominator into its simplest factors ^ + 2 and 2ar i. We see that 
jT + 2 and 2 a: — I are possible forms of the denominators of simple fractions of which 
the given fraction is the sum. 


Assume , — — ~ — 4^ — 5 — where A and B are constants. 

{x + 2)(2 a: — I) a: 4* 2 2Ar — 1’ 

Multiply both sides by the L.C.M. of the denominators. 

2JC — 5 ^ A(2a: — i) 4- B(x 4- 2) 


This is an identity, and is true for all values of x. Assume jf = — 2, and substitute. 
Then the coefficient of B vanishes, and we have 

- 9 = ^ 5 A /. a = I 

To find B assume a: = J, and substitute. Then the coefficient of A vanishes, and 
we have 

-- 4 = SB A B = - I 
2X — 5 9 8 

* * (a: -f 2 )( 2 a; - i) 5 {a: + 2 ) 5 ( 2 ^: - l) 

Note that this agrees with example 10 above, 

Kxami’I.K {2 ). — Resolve the fi’aciion , ----- - into partial fractions. 

^ U - I){^ 4- 2 ){x -s) 

Assume 'f. 2 ){x ~ x — 1 .v 4- 2 a: — 5 

I r= A(a: -h 2 )(a- - 5 ) 4- B(Af - 5 )(.r - l) d- C(-t: - l)(x 4 2 ) 

Let A" “ I j then, .substituting 

I = - r2A 4- o X B 4 o X C .% A " - 

Let A = — 2 ; then i = 21B and B = 

Let A = 5 ; then i rr 2SC and C — 5,1^ 

. I __ I . 4. . ^ 4. ’f 

* ' (a - i)(a 4 2 ){x - 5) " I2(a I) 2 I(A 4 2 ) 28(a - 5) 

This agrees with example ii above. 


Example (3). — It sometimes happens that the factOf's of the first depre in the 
denominator are 7 Wt all dijferent^ one or more factors beietg squared or cubed ^ as in the 

fraction , , * , - - 

(x -- i;-; r -r 2 ,;a 1- 5) 

In this case a fraction of the form — ^ as well as a fraction of tile f(-»rm 

X — 1 (a — I j“ 

may occur among the partial fractions of which the given fraction is the sum. 


Assume 


^^.^4 4 ^^-4 

X (A-i)'*' a 42 %-.S 


(a - I)‘(a 4 2)(a - 5) A « 

, I = A{a-i)(a 4 2)(a-5) 4 B(a 4 2 )(a~5)4 C(a-5)(.v~ 1)= 4 U(a~ i)’'(a f 2) 
B, C, and D may be found by substituting suitable values of a as beforfi. 


If A = I we get 

I = ~ I2B 

B = - 

If A r.- 2 „ 

I = - 63C 

~ A 

If A n: 5 „ 

I = II2D 
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Since the above equation is an identity, the coefficients of each power of x must be 
separately equal on both sides of the equation, 
equating coefficients of we get 

o = A + C + D == A —■ -f 1 
A = 

••{x- I)V+ 2){x- s) ~ H4('^ - X) “ l2(:r-i)2 63(^'~2} ii2{x- 5) 

In the same way if {x i)^ had occurred in the denominator we should have 
A B C 

assumed + ^ ^2 + ^ ^ as the corresponding partial fractions. 


Example (4). — It may happen that the de7to}ni?iator can^iot be completely resolved 
into real factors of the first decree. Any algebraical expression can be resolved into real 
factors of the fif'st or second degree, 

4 _ C 

Resolve tx —, — n tt partial fractions, 

{xi^ + X + i){x - 6) 


Assume 


3-^ + 5 A , B x 4- C 

(j:* -b 4“ i)(^ — 6) X — 6 x^ + X + 1* 


Multiplying across we get 

3je + 5 = A{x^ + X+ i)-\- Bx{x - 6) + C(jr - 6) 

Substitute ;r = 6 ; then 23 =r 43A, A = 

Since no real values of x will make the coefficient of A vanish, the constants B and 
C must be found by equating coefficients of powers of x. 

Equating coefficients of on both sides of the equation, we have 

0 = A-bB = || + B A B = 

Equating constant terms 

S = A-6C 

• 3 -^+ 5 = ?_3 2 2 X + 32 

** (4:* + jp + i){jc - 6 ) 43 (jr-- 6 ) 43 {^^ + i) 


Examples. —XXXII. 


Resolve into partial fractions- 


1 . 

4 . 

7 . 

8. 
il. 
13 . 
15 . 


2X+S ^ 

X" 4* 5-^ Hr 6* 

4^ + 23 

{2X + I){x- 3){x 4 - 2)' 

x^ - X + 2 

{X - 2){x + 3){x + lY 

3-y + 2 

' + 2X^ — — 2* 

X — 2 

{x - 3)ix + 3 )(;c - 4 )' 

I 


2 . 


{X - 3)(x 4- 4)(2^ + i)‘ 

17 7 -^" 4 - 13^ + 9 

[2x - i)(.r" + 3.r + 4)' 
3^ H- I 


19 


(X^ + X + 2){X - 2 ) ' 


x^ 4 ” 8jr 4 " 15 

X 

a" — JC — 20* 

8. 

10 . 

12 . 

14 . 

16 . 

18 . 

20 . 


8 . 


3 -^ 4 * 8 


^ 4 - 7-^ 4 - 6* 
6. 5-^4- 7 


3.r^ + 4a: - 2 
(.a: 4- l?{x -- 2)’ 
2^—1 


(x-x)(A: 4 ' 2 j(Ar 4 - 3 )‘ 


(■^- 

4){2X+ I)(x. 

I 

+T)‘ 

(F- 

2)(X 4 - 3)(-^' “ 

■ 4)(i' + 


4 - 2X + I 


ix + 

4)(-»^ + 3)(-«^ - 


7 ^ 

— 24^ + 6jt 

~ 25 

{x~ 

l)‘(Ar - 4 .){x ■ 

+ 3 )' 


Sjt + II 



. 2){X^ + ^ + 

I 

3)' 


+ {a- 


I 4. ab ' 
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PLOTTING OF FUNCTIONS 


57. Fimction.--Consider the following table, which gives the value of the 
coeflScient of friction for certain bearings at different speeds. 


Velocity z^. ft. per min. . . 

I 

3 

s 

7 

10 

15 

20 

Coefficient of friction ja , . 

0*15 

0*122 

0*104 , 

0*092 

1 

0'079 

1 1 

o'o66 

o’o58 


We have here two variable quantities, and connected in such a way 
that whenever v is fixed the value of is also fixed. If wc choose any value 



of whether given in the table or not, there must be some definite value of 
corresponding to it 




Plotting of Functiom fg 

We express this relation by saying that ^ is a function of v. Plot a 
number of points on squared paper having values of ^ for their abscissae and 
values of for their ordinates (see § 12). in Fig. 40 the co-ordinates 

of A are i and o' 15, the co-ordinates of B are 10 and 0*079. 

Draw a curve through the points thus obtained. Then, if we choose any 
value of the probable corresponding value of fi is given by the ordinate to 
the curve which corresponds to the chosen value of the abscissa v ; e.g, when 
z/ is 8 we find that the ordinate CN, corresponding to the abscissa ON, which 
is equal to 8, is equal to 0*087, is 0*087 when the speed is 8 feet per 
minute. We say that the curve AB represents as a function of v. All the 
functions with which we shall have to deal can be represented in this way by 
continuous curves, and, at the present stage, the student should consider the 
statement that ^ is a function of as meaning that values of y can be 
represented by the ordinates of a curve for which corresponding values of x 
are the abscissae. 

A function of x may be given in the form of an expression in terms of x, 
x^) 3^ + 2x^ -f I, sin (2x +1), tan (:r i) are functions of x, for, when any 
value of X is chosen, the value of each of these expressions is fixed, and from 
a number of values of x we can calculate a number of values of each of the 
above functions, and so plot a curve giving the value of the function for any 
value of X between two chosen values. 

It is not, however, necessary that we should know any formula to calculate 
y in terms of We may have merely a list of observed values of y and r, 
as in the case of ju and v above, but so long as a regular curve can be drawn 
to show the connection between and x we speak of jk as a function of x. 

We speak of y as the dependent and x as the independent variable, and 
if the connection between / and x is given by an equation we call this the 
equation to the curve representing/ as a function of x. 

If, for instance, it is given that / = 3 x^ — 2x^ + i, we can calculate a 
number of values of / corresponding to selected values of ur, and thus plot a 
curve representing this equation. 


68. Interpolation. — When the values of a function of x are given by 
tables for equal intervals in the value of the independent variable x, we often 
require to find values of the function between tne values given m the tables, 
eg. the table of sines at the end of this book gives the values of sin x at 
intervals of one degree in the value of x; we often require to use this table 
to find the sines of angles which do not contain an exact number of degrees. 
This process is called interpolation. 

If the difference between two successive values of x is small, we may 
plot on a large scale points representing the function for the two values of x 
given in the tables nearest on each side to the value of x for which the 
function is required. We may usually assume, if the values given in the 
tables are sufficiently close together, that the portion of the curve representing 
the function between these two values is a straight line. Joining the two 
points we may obtain from the straight line the required intermediate value 
of the function. This is equivalent to taking a small portion from the curve 
representing the function, and magnifying it. In the case of all functions 
with which we shall have to deal, the portion of the curve taken will be 
approximately straight if sufficiently magnified. 

Note. — In the worked examples of this and the following chapters the measure- 
ments are taken from figures drawn on squared paper on a much larger scale than can 
be used in the figures of this book. Owing to difficulties of reproduction, the small 
squares of the squared paper have not all been shown. The student should in all 
cases draw the figure for himself on a large scale on paper ruled into squares by thick 
lines at intervals of I in., and fine lines at intervals of in. 
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For this purpose the uumerical data have been given to a highci degree of 
accuracy than can be shown in the figures. 


Example (i). — JF'md the values of sin 25*45®, sin 42*36'^, sin 65*42®, sin 81*83®, 
lliese values have been selected so as to test the accuracy of the graphic method 
of interpolation at different places in the table of sines. 

From the tables we find sin 25° = 0*4226, sin 26® == 0*4384. 

Plotting these values at A and B, and joining AB, we find that the ordinate to 
the line AB at the point corresponding to 25*45® is 0*4297. 



The value given in more complete tables is 0*42972. 

In the same way we obtain the following results, wliich tb(.‘ sludcnt should verify 
by plotting the points for liiinself : — 


Angle. 

Sine by plotUag. 

Sir:n frota tubb 

42*36° 

o-r>7.’,7 

0*67370 

65*42® 

0*9092 

0*90938 

81*83° 

0*9899 

0*98985 


lliu-H the error is in none of these cases greater than 0 0002, or about o*02 
per cent. 

Since the same tabic is us(;d to find cosines, it follows that wc may rely upon it to 
the same degree of accuracy irj interpolating values of cos x. 
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Example (2). — zs found that ihe sine of a certain angle is 0*4318; to find the 
angle. 

The value 0*4318 is not given exactly in the tables, but lies between sin 25° 
:= 0*4226 and sin 26® = 0*4384. 

Plotting these values as in the last example, we find that the point G in AB has 
the ordinate 0*4318. The abscissa corresponding to this is 25*58® 

.% 0*4318 = sin 25*58® 


Examples.— XXXIII, 

Find the values of the following ; — 

1 . Sin 27*45® ; sin 27*8®; sin"’^ 0*4612 ; sin”"' 0*4570. 

2 . Sin 71*5®; sin 71*32®; sin""' 0*9500 ; sin“' 0*9482. 

3 . Cos 57*6°; cos 57*9°; cos“' 0*5336 ; cos“' 0*5417. 

4 . Tan 33*6®; tan 33*25®; tan“' 0*6523; tan"*' 0*6602. 

6. Sin 0*45®; sin 1*45®; sin 2*45®. 

6. Express 34*25° and 34*7® in radians, and 0*6000 radian in degrees, using the 
tables at the end of the book, and a graphic method of interpolation. 

7 . Express 1*195 radians and 2*3998 radians in degrees. 

8. Find the value of log 12*8873, having given log 12*88 = 1*109916, log 12*89 
= 1*110253. 

9 . Find log 10*7352, given log 10*73 = 1*030600 and log 10*74 = I '031004. 

10 . Find the values of cos 135*61° and cos*"'(— 0*7167). 


59. When the interval between the given values is not comparatively 
small, and in any case when we are not sure how far it is accurate to take 
the portion of the curve between the two given values as a straight line, 
we may plot three or four successive values from the tables, and draw the 
curve through these. 


Example. — The following values are taken from a table of cube roots : — 


X 

6 

7 

8 

9 







1*8171 

1 

1*9129 

1 

2*00 

2'o8oi 


Find the values of^ff 6 ‘ 2 ^ and ®V^8*I3. 

On plotting the given values we get the curve AB (Fig. 42), A and B ore the 
points whose abscissae are 6*25 and 8*13. 

Reading off the ordinates at A and B, we get 

V6*2S = 1*841 ; VS’I3 = 2'oio 

The correct values to 5 significant figures are 

i/6*2S = 1*8420 ; yi'li == 2*0108 



ExAMrLEs.—XXXIV. 

1 . From tlic data given in the following tabic, fiiHi the values of 78*8^* 1 
3i‘:~ 



7 S 

79 

80 

2;“ 

1 60S4 

1 

I 

6241 

6400 



0'oo247S24B 


0 '002469 136 


0-002463054 


o'oo2457(X)2 
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3 . From the following data find the values of (2*253)^ and (3*861)* : 


X 

2 

3 

4 


4 

9 

16 


4 . Given 


X 

10 

II 

12 

I 

0*1 

0*090909 

0*083333 

X 




Find the values of - and ^ 

I 013 I 127 


6. Given 


X 

4 

5 

6 

7 


64 

125 

216 

343 


Find tlie values of 4*361* and 5732 *. 
0 . Given 


X 

6 

7 

S 

9 


1*8171206 

1*9129312 

2*0 

i 

2*0800837 


Find the values of ^'6*25 and VS* 13. 
7 . Given 


X 

6 

7 

8 

1 

! ^ 

v^” 

2 '4495 

2-6457 

2*8284 

j 

30 


Find the values of a/ 7 *5 and VS '25, 


60 . Graphic methods of interpolation may be used to solve problems like 
the following ; — 

Example. — T*hc pToprietot" of a ceyiatn paitnted article finds that the number which 
he can sell at various prices is given by the following table : — 
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Selling price in pence . . 



18 

24 

Number sold .... 

38,000 

35,000 

20,000 

8400 


Each article costs him sixpence to make. 

Plot a curve to show the probable number sold at afiy price from 6d. to 2s. 6d., and 
find the number which he will probably sell if he fixes the price at is. ^d. 

Also plot a curve to show his total profit at any price^ arid find at what price it will 
be most profitable for him to sell the article. 

On plotting the given values we get the curve A (Fig. 43), showing the number 
sold at any ]jrice from 6^/. to 2s. 6d. The number sold at is. 4^. is given by the 
ordinate at A, where the abscissa is i6. The ordinate at A, and therefore the 
probable number sold at i.r. 4^., is 26,000. 



The total profit at any jirice is found by multiplying the number sold at that price 
by the excess of the price over 6d. 

By plotting the total profits, first at the iiricei; given in the tabhg and then nt those 
points where it is seen that the can vat in c of the resulting curve will be greatest, wc 
ribtain the curve CB, showing the total profit as a function of the selling price. The 
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ordinate is greatest at C, and therefore it will be most profitable to sell the article at 
is, 4 jd.i the total profit at that price being about ;fio8o. 

Example ( 2 ), — It is required ia dez>ise a ^aduated scale of income tax, so that 
incomes of £i6q shall pay notkingy and mcomes of £*100 shall pay is, 2d. in the pound. 
All other incomes are to be taxed according to a linear law satisfied by the two given 
cases. What would he the tax on incomes of £1^00 1 

We are given that the curve connecting income and rate of tax is a straight line. 
Taking values of total income as abscissae, and rates of income tax as ordinates, 
and plotting the two given cases, we get the points A and B (Fig. 44). 



200 400 600 800 LOOO 

lotal fnoome (pounds) 

Fig, 44. 


The straight line through these points gives the proper rate of tax for other 
ncomes. 

From the figure we find the following values as given by the ordinates at the 
points C, D, and E. 

Income. Rate of Income tax. 

£ s. d. 

300 03.^ 

500 O 

1000 ..... I 9I 


Examples.— XXXV. 


1 . The following table gives the amount which £100, accumulating at 2| per cent, 
compound interest, will reach in the times specified : — 


Time in years .... 

10 

20 

30 

40 

i 

SO 

1 

Amount of ;^ioo . , . 

128*01 

163*86 

209*76 

i 

1 

268*51 

343 7 J 
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Plot a curve to show the amount of £ioq at 2| per cent, for any number of years 
from o to 5a 

From your curve find the amount of £100 in 7 and 24 years respectively. 

2. S is the distance in yards at wdiich a train can be stopped on the level when 
going at a speed of V miles per hour. 


V 

30 

40 

55 

60 

s 

100 

180 

340 

400 


What is the distance for speeds of 35 and 50 miles per hour ? 


3 . A steam electric generator on three long trials is found to use the following 
amounts of steam per hour for the following amounts of power : — 


Pounds of steam per hour . . , 

, 4020 

6650 

1 0,800 


210 

480 

706 

Kilowatts produced 

114 

i 

290 

435 


Find the I.H.P. and the weight of steam used per hour when 330 kilowatts are 
produced. 

(Board of Kducation Examination in Steam, 1901.) 

4 . hi is the modulus of elasticity of wrought iron, in grammes per square milli- 
metre, at temperature C. 


t 

0 

20 

100 


300 

E 

21,483 

21,441 

21,212 

20,458 

19,175 


What are the probable values of E at temperatures of 50'^, 150°, and 250° 
rcsi^cctively ? 

5 . T is the tensile strength, in tons per square inch, of steel containing x per ceht. 
of carbon. 



0*14 

0*46 

0*57 0*66 0*78 o*8o 0*87 0*96 

T 

28*1 

33-8 

35 *^ 40 41** 45'9 467 52*7 


Plot a curve to show as accurately as the data will allow the proba])le tensilo 
strength of steel containing any percentage of carbon from 0*1 to i per cent 

What strength would you expect to fmd in steels containing 0*40 per cent., and 
0*70 per cent,, of carbon respectively? 
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6. S is the sag in the middle of a 120-foot span of trolley wire of copper, 0*4 in, 
in diameter, and T the tension at temperature F. 


/°F 


los 

152 

180 

S inches 

3 

6 

9 

12 

Tibs. 

3,600 

1800 

1200 

900 


Find the sag and the tension at temperature 70° F. 


7 . / is the pressure in lbs. per square foot of saturated steam at temperature C. 
Make a table to show as accurately as you can from the given data the value of p for 
every exact number of degrees from 105® to 125°. 


0 

los 

no 

II5 

120 

125 


2524 

2994 

3534 

4152 

1 

4854 


What is the pressure at temperature 108*4°? what temperature is the pressure 
4320 lbs. ? 


8. u cu, ft. is the volume of i lb. of saturated steam at pressure / lbs. per square 
inch. 


P 

60 

65 

70 

75 

80 , 

85 

U 

7-03 

6*52 

6*09 

57 ° 

S '37 

5*07 


What are the volumes at pressures 69*21, 79*03, and 89*86 ? 


9 . H is the horizontal intensity of the earth’s magnetic field in latitude 50° N. at 
the following longitudes : — 


Longitude 

10° W. 

0 

10° E. 

20° E. 

30° E. 

H 

181 

188 

195 

1 201 

217 


What is the probable value of H in longitude 3° W., and 15° E. 


10 . The following table gives the time of sunset at the following dates . — 


Jan. I. 

Jan. xo. 

Jan. 16. 

Jan. 30. 

Feb. 5, 

3-59 

4-9 

4.1S 

4.42 

4.53 


Plot a curve to show the time of sunset on any day in January. Find the times of 
sunset on January 4th and January 20th, 
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11 . The following table gives the expectation of life of males at all ages from o 
to 100 : — 


Age . 

0 

5 

10 

15 

20 

25 

30 

35 

40 

45 

50 

1 

Expec- 
tation 
of Hie 

1 

41*35 

50-87 

47-60 

43 '41 

39*40 

35-68 

32*10 

28*64 

25-30 

22*07 

18-93 













Age . 

• • 

55 

60 

6s 

70 

75 

80 

8s 

90 

95 

100 

Expectation of 
life . . - 

* 5*95 


10-55 

8*27 

^J '34 

4*79 

3 'S 6 

2*66 

2*01 

r6i 


What is the probable expectation of life at the following ages : 7 years, 14 years, 
16 years, and 43 years ? 


12 . N is the number of males out of every million born surviving at the following 
ages : — 


Age. 

N. 

0 

i,cxx>,ooo 

X 

836,405 

5 

723,716 

10 

689,857 

15 

672,776 

20 

651,903 

25 

624,221 

30 

S 9 S .089 

35 

S64.-14I 

40 

S3I.657 


Wliat is the probable number surviving at 17 years of age ? 

Out of 1000 living at the age of 17 y(.*ars, how many will probably survive at 
33 years ? 

13 , An examiner has to give marks to papers ; the highest numljcr is 185, the 
lowest 42. lie desires to change all his marks according to a linear law, converting 
the highest number of marks into 250, and the lowest into 100 ; show how lie may do 
this, and state the converted marks for papers already marked 60, KX), and 150. 

(Board of Kducatioa Kxauniiation, 1902.) 

14 . £r is the total return in money obtained from a certain farm when £C per 
annum of capital and labour are invested in it. 


c 

too 

ISO 

200 

250 

300 

350 

r 

60 

67 

95 

105 

X08 

109 


Plot a curve sbow'ing the probable return for any investment from £100 to /'3SC. 
What is the probable return for an investment of £22^? 



Plotting of Functions 


89 


15 . Green peas are brought into the market of a county town. Early in the 
season 100 lbs, per day are brought in and sold at is, per lb. Late in the season, 
when peas are plentiful, 10,000 lbs. are brought in and sold at i\d. The intermediate 
amounts and prices are given in the following table : — 


Quantity brought into 
the market . , . 

100 

500 

1000 

2000 

5000 

10,000 

Price per lb. , . . 

12 

6 

4 

3 

2 

\\ 

Cost of growing and 







marketing per lb. . 

4 

3*2 

2 

2 


If 


Plot curves to show the price and cost per pound for any supply in the market from 
100 lbs. to 10,000 lbs. 

Also plot a curve to show the total profit on the whole amount sold for various 
supplies. What quantity must the producers bring into the market so as to make the 
total profit on the whole supply the greatest possible ? 

To construct the last curve use your two previous curves ; do not construct it from 
the given numbers alone. 


16 . In the wholesale wheat market, on a certain date, A is the amount which 
holders of wheat v/ill be willing to sell at a price /. B is the amount which buyers 
will take at price p. 


p 


i 3o.f. 

i 

Zos, 

29 J. iid. 

29J. 


A 

292,000 

275,000 

250,000 

210,000 

150,000 

bushels 

B 

150,000 

183,000 

225,000 

280,000 

350,000 

bushels 


On the same paper plot (i) a curve to show the price required to call forth any 
supply A from 150,000 to 300,000 bushels ; (2) a curve to show the price required 
to cause any demand B from 150,000 to 350,000 bushels. 

The market price tends to settle at that value for which the amounts supplied and 
the amounts demanded by buyers are equal. What is the probable market price in 
this case ? 


01 . The Straight Line. — Let us plot the curve such that the co-ordinates 
X and / of any point on it satisfy the equation = 2:ir + 3. 

By calculation we find the following corresponding values oiy and x. 


X 

0 

o'S 

1 X 

1*5 

1 

y 

3 

4 

5 

6 


On plotting these points we get PB, Fig. 45. 

This is a straight line, and we shall find that if we take any other values 
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of X and calculate/ the corresponding points will lie on the same straight 
line, when x = = 4’5, and the point (075, 4-5) is found to lie on 

the straight line PB. 

It can be proved that any equation of the first degree, such as / = mx + c, 
where m and c have any constant numerical values, represents a straight 
line. In the above case m = 2 , c = $, (Ex. XXXVII., 9 .) 

A straight line is fixed if we know the position of any two points upon it, 
and we can find the equation of the straight line from the co-ordinates of any 
two points upon it 

Example. — Pind the equation of the straight line joining the points (r, 3), and 
(1*5, 2). These are the points Q and R in Fig. 45. 

Let the equation be/ = mx + c, 

I'hen, since the point (i, 3) is on the line, the values .r = i and / = 3 must 
satisfy the equation ; 

Similarly, ;r = 1*5 and / = 2 must satisfy the equation ; 

2 = V$m c 

We have now a pair of simultaneous equations to find m and e. 

Solving these we get m — --2, <: = 5 ; therefore the equation to the straight line 
QR is / = — 2n: + 5. 

To verify this we may take any other value of x, calculate / from the equation, 
and find whether the point obtained lies on the straight line ; e.g. when x = 2, 
/ = —4 4. 5 = I, nnd we find that the point S, whose co-ordinates are (2, i), lies on 
the straight line QR. 


Examples.— XXXVI. 

Draw the straight lines represented by the following equations. Calculate the 
values of / corresponding to two values of x in each case ; draw the straight line 
through the two points thus obtained ; calculate from the ecpiation the value of / for 
a third point, and verify that this point lies on the same straight line. 

1. / = 2 x 4 i. 2. / = 4 x+ 2 . 3. / = ;»:- r. 

4 , / = — 2jr 4 2. 5 . / = — 3.r ~ 0'5. 6. / = — 4. 

7 . / =: I'qj: 4 0*3. 8. / = — l'4A 4 * 0*3. 


Draw the straight lines through the following pairs of points, and find their 
equations. 


0. (12 1, 59) and (128, 62). 

11. (-2, 13) and (3, -12). 

13 . (2, i) and (-3, 4). 

15 . (-5, 4) and (6, 3). 

17 . (n, -1*2) and (17, --0-6). 


10 . (I, -5) and (4, I). 
12. (2, -3) and (5, -7). 
14 . (-2, 3) and (3, -5), 
10 . (I, 5) and (-5, 23). 


62. To find tlie Meaning of m and c in tho Equation y = mx 4 q . — 
Plot the following straight lines : — 

(i) / = lox + 3 ; (2) / - 22r 4 3 ; (3) 7 = o X + 3 ; 

(4) / = + 3 ; ( 5 ) J 4 3 

These equations are all of the form / ~ 7nx 4 r, is equal to 3 in all of 
them, but thewalues of m are different. 

We o])tain the straight lines PA, P3, PC, PD, PE. 
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Examples.— XXXVII. 

1 . Plot the straight lines y ■= 2x 6 i y = 2x i f y 2 x o •f y ■= 2 x 2 i 
y =. 2x — 6 ) and show from your figure that in each case c is the intercept on the axis 
of y. Since these lines all have the same value of we should expect them all to 
have the same slope, i.e, to be parallel. Verify this from your figure. 

2 . Draw the following straight lines : y =z x, y ~ 2x — St f === 3^ 43 y ^x 

+ 2, and / = Sjc -- 3, on the same sheet of paper, and verify that in each case m is 
the slope of the line, and c is the intercept on the axis of /. 

3 . Verify by measurement that the slope of each of the straight lines in Examples 
XXXVI., I to 8, is equal to the value of m in its equation. 

4 . If V is the volume at temperature 9 ° C. of a portion of gas which occupies 
too cc. at 0° C., it is known that V = 100 + 0*3670. 

Plot a curve to show the value of V at any temperature from 0° C. to 100® C. 

Measure the slope of the resulting straight line. 

W 

5 . The length / of a brass wire under a tension of W lbs. is / = 10 d . 

11,500 

plot a curve to show the relation between / and W from W = o to W = 70 lbs. 

Since this equation is of the first degree the resulting curve is a straight line ; 
measure its slope, and show that the slope is equal to the value of m in the equation. 

6 . R is the electrical resistance of a copper wire of i mm. diameter, and 1 metre 
long, at temperature 9 ° C. 

It is found that R = 0*0203 (i + 0*00410). 

Plot a curve to show the value of R at any temperature between 0° C. and 100® C. 

7. Fur nickel of the same dimensions the corrcspf)n<ling formula is 

R = 0*1568 (i + 0*00620) 

Plot a curve to show the value of R at any temperature between o® C. and 100° C. 

8. The specific heat of mercury at temperature / is = 0*03327 ~ 0*0592/. 

l*lot a curve to show the specific heat at any temperature from o® C. to 50° C. 

9 . A, B, and C are any three points whose co-ordinates satisfy the equation 
/ =s mx + r. Show that the straight lines AB and AC have the same slope. Note 
that it follows that all points whose co-ordinates satisfy the equation / = mx + c He 
on the same straight line. 

63. In plotting functions the following order is usually the best : — 

(1) Calculate from the equation the values of y for the two extreme values 
of X between which the curve is to be drawn, and for any value of .r such 
as o, I, etc., for which the calculation is easy. 

(2) Form an estimate of the greatest and least values ofy that will occur ; 
note especially whether any negative values ofy occur. 

( 3 ) Choose the scales for the two axes $0 that the figure will be extended 
over the paper as much as possible. The scales need not, of course, begin 
at zero. 

( 4 ) After plotting the points found, calculate intermediate values, taking 
these nearest together where the curvature is greatest. 

04. Curves roprosentod by the Equation y = ax". — We shall take 
examples in which a and n have different values. 

Example (i). — P/ot the curve whose ordinate and abscissa are connected by the 
equation y = from = to x ^ +4. 

I lere a = i, « = 3. 

By calculation we get the following values : — 

4 I o 


64 j o 

Plotting these values we get the curve in Fig. 46. 



— I 

2 

— 2 

3 

-3 

io-5 

± ^'5 

± 2-5 

— I 

8 

1 

-8 

27 

-27 

+ 0*125 

± 3'375 

i 

+ 15-6 
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Examples.— XXXVII. 

1 . Plot the straight lines y ■= 2x 6 i y = 2x i f y 2 x o •f y ■= 2 x 2 i 
y =. 2x — 6 ) and show from your figure that in each case c is the intercept on the axis 
of y. Since these lines all have the same value of we should expect them all to 
have the same slope, i.e, to be parallel. Verify this from your figure. 

2 . Draw the following straight lines : y =z x, y ~ 2x — St f === 3^ 43 y ^x 

+ 2, and / = Sjc -- 3, on the same sheet of paper, and verify that in each case m is 
the slope of the line, and c is the intercept on the axis of /. 

3 . Verify by measurement that the slope of each of the straight lines in Examples 
XXXVI., I to 8, is equal to the value of m in its equation. 

4 . If V is the volume at temperature 9 ° C. of a portion of gas which occupies 
too cc. at 0° C., it is known that V = 100 + 0*3670. 

Plot a curve to show the value of V at any temperature from 0° C. to 100® C. 

Measure the slope of the resulting straight line. 

W 

5 . The length / of a brass wire under a tension of W lbs. is / = 10 d . 

11,500 

plot a curve to show the relation between / and W from W = o to W = 70 lbs. 

Since this equation is of the first degree the resulting curve is a straight line ; 
measure its slope, and show that the slope is equal to the value of m in the equation. 

6 . R is the electrical resistance of a copper wire of i mm. diameter, and 1 metre 
long, at temperature 9 ° C. 

It is found that R = 0*0203 (i + 0*00410). 

Plot a curve to show the value of R at any temperature between 0° C. and 100® C. 

7. Fur nickel of the same dimensions the corrcspf)n<ling formula is 

R = 0*1568 (i + 0*00620) 

Plot a curve to show the value of R at any temperature between o® C. and 100° C. 

8. The specific heat of mercury at temperature / is = 0*03327 ~ 0*0592/. 

l*lot a curve to show the specific heat at any temperature from o® C. to 50° C. 

9 . A, B, and C are any three points whose co-ordinates satisfy the equation 
/ =s mx + r. Show that the straight lines AB and AC have the same slope. Note 
that it follows that all points whose co-ordinates satisfy the equation / = mx + c He 
on the same straight line. 

63. In plotting functions the following order is usually the best : — 

(1) Calculate from the equation the values of y for the two extreme values 
of X between which the curve is to be drawn, and for any value of .r such 
as o, I, etc., for which the calculation is easy. 

(2) Form an estimate of the greatest and least values ofy that will occur ; 
note especially whether any negative values ofy occur. 

( 3 ) Choose the scales for the two axes $0 that the figure will be extended 
over the paper as much as possible. The scales need not, of course, begin 
at zero. 

( 4 ) After plotting the points found, calculate intermediate values, taking 
these nearest together where the curvature is greatest. 

04. Curves roprosentod by the Equation y = ax". — We shall take 
examples in which a and n have different values. 

Example (i). — P/ot the curve whose ordinate and abscissa are connected by the 
equation y = from = to x ^ +4. 

I lere a = i, « = 3. 

By calculation we get the following values : — 

4 I o 


64 j o 

Plotting these values we get the curve in Fig. 46. 



— I 

2 

— 2 

3 

-3 

io-5 

± ^'5 

± 2-5 

— I 

8 

1 

-8 

27 

-27 

+ 0*125 

± 3'375 

i 

+ 15-6 
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The true shape of a curve represented by an algebraical equation is only obtained 
when the same scale is taken on both axes, but for practical purposes it is usually 
sufBcient to have a curve, from which the values oiy can be read off for any value of x. 

To do this it is not necessary to use the same scale for both axes, and we choose 
the scales independently, as in Fig. 46, to suit the space at our disposal. In curves 
of the class 7 = this has the same effect as altering the constant a, and accordingly 
we shall usually take a as unity. 



Q4 Practical Mathematics 

The points for which the co-ordinates were actually calculated should be shown by 
small circles or crosses. 

Example (2). — riol the cutuey = between x = o and x = 4. 

Here a = n = 2 *x. 

Taking logs of both sides of the equation, we get 
logy = 2*1 log X 

We arrange the calculation as follows : — 


X. 

log 4r. 

log y — 3*1 log X. 


0 



0*00 

1 



roo 

4 

0*6021 

1*264 

18*37 

2 

0*3010 

0632 

4*28 

3 

0*4771 

1*0019 

10 04 

I'S 

0*1761 

0*370 

2 '34 

0*5 

I *6990 

1*363 

0*233 



I'K.. ,17, 
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Plotting these values we get the curve in Fig. 47. A lo-inch slide rule will 
usually be found sufficiently accurate for all calculations needed for plotting curves, 
unless the scale is very large. 

Example (3 ). — Floi the curve y = zx-'^from x = 0*5 ^ = 4. 

We have by calculation 


X, 



0 

0 

00 

4 

16 

i = 0-125 

1 

1 

2*00 

2 

4 

0*50 

3 

9 

0*22 

i-s 

1 

I = 0*89 

o ‘5 

0*25 

8*00 

07 

0*49 

4*09 

I ‘2 

1*44 

1*39 

0*6 

0*36 

5*55 



Any curve of the class y = ax'**' in which n is negative, slopes downwards from 
infinity as x increases from the value o. 
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Example the curves y = and y = on the same shed of paper from 

X — o to X— 

If y=:x^ we have, taking logs, logjp = | log x. 


X- 

log X. 

1 logx=^ log;/. 

y- 

I 

_ 



1*00 

0 

— 

— 

0*00 

5 

0-699 

0*262 

1-83 

2 

0*3010 

0113 

1-30 

3 

0*4771 

0*174 

1*49 

4 

0'602I 

0*226 

1*68 

0*5 

r 699 

rSSr 

0*77 

0*3 

L ’477 

1*804. 

0*64 

0'2 

1-301 

t 73 S 

o '55 

0‘I 

ro 

1625 

0*43 



Plotting these numbers we get the curve OA. The equation y := ma)r be 

written x and thus the curve x** may be obtained froju the curve p r- .r^ by 

exchanging the values of x and y for every j)oinl on it. We thus get tl»e curve OB. 

if we draw a straight line OC througli the origin arnl the point (i, i), the 
two curves arc .symmetrical about the line OC. Any two curves, y = o'" and 
1 

y = arc symmetrical about the line OC. 



Plotting of Functions 


97 


Examples. — XXXVIII. 

Plot the following curves : — 

1, y =z X* from X — —4 to ;r = + 4. 2. ^ = o’lx* fioin x~ —4 to 4-4- 

B, y = o'lx^ from x = —4 to x = +4. 

4 . j/ = from X = —2 to ;<r = — 0 ' 5 , and from x = + o '5 to x = 2. 

5 . y — 2x~* from x = —2 to x = —0’5j and from = + 0'5 to ;r = 2. 

6 . y = x'~^ from or = O'l to or = lo. 

7. j/ = x^, andy = from jr = o to = 1*2 on the same sheet of paper. 

8 . y = x^) and y = xi, from = o to = 2. 

9 . and^ = from :r = o to Jtr = I *05, 

10. y = 2x’^^'^ from = o* i to = 10. 

11 . ^ = 450^?*“^’^ from jcr =: I to ;r = lo. 

12. ^ + 2;e — 3 from x = —4 to jr = 4- 4, 

13 . y = from a: = 3 to ^ = 5. 

14 . Draw a figure showing approximately the shape of the curves = 4:", when n 

has the values 10, 2, i, o, — i, —2, —10, taking the same scale for 

X and y. Show all the curves together in the same figure, estimating two or three 
values of y for each curve. 

15 . Plot the curve y =: x^ on a large scale from x ~ o to x = 3'2. By means of 
your curve construct a table giving the square roots of the whole numbers from I to 
10. Also find the square roots by the arithmetical method, and compare. 

16 . Plot the curve;)/ = jc’ on a large scale from x =zo to x = 2'2. Constiuct a 
table giving the cube roots of the whole numbers from i to lo. Also find the cube 
roots by logarithms and compare. 


65 . We shall now give some examples of practical applications of the 
plotting of curves of the class j/ = ax'* and related curves. 


Example (i). — A uniform beam of length /, fixed at ofie end^ supports a weight W 
at the other. The defiection y at a distance x from ike fixed end is given by the formula 

y ~ E and I are constants depending on the material and shape of 

the beam. 

Construct a curve to show the defiection at any point of a beam^ 10 ft, long^ which is 
defected l ft. at the free end, 

W 

Here / = 10, and, to find the constant we have, when = lo, > = i. 

Ei 


/, substituting x = 
W 


W 
El ■ 


^ = 0-003 


lOQO 

3 


We have to plot the curves = 0*003(5^^ — 

This should be done on a large scale. The calculation should be set down as 
follows : — 


X. 

5 ^. 

6 


X- 

0 

— 


— 

0*0 

10 

— 

— 

— 

1*0 

1 

S 

016 

4 'S 3 

0*014 

3 

45 

4‘5 

41-5 

0*124 

5 

125 

20*8 

104*2 

0*312 

7 

245 

57*0 

1 88*0 

0*564 

8 

320 

85*0 

235*0 

0*705 

9 

405 

121*0 

284*0 

0*852 


H 
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The shape of the beam is shown point, and not the actual 


% n 

4 

6 

T- n 

— — 



lU 



'• — > 



* 





— ^ 


\ 

f 










2L- 1 


Fig- 50* 


• ^ rr/tc /^{t'tfte expands wUhout gain or loss of heat ^ 

Example ( 2 ).-// is rivei h tlLquahcn /to* = co»sU>a, when 


^ at a,.y V0!.„,e as tUe ,as e.pa,uis from . = t Wa 

' "r "Ts 

^ We have ^ 

Taking logs, /+ 1*37 log = log C 

txr-u /. t 88-2 V = n, then log / - 2 * 2747 , log ^ “ 4^4 

When/. - I8h ^ ^ ^ ..^3^ = 3 . 70.7 

From this we get log /> = 3 ' 7 °* 7 “ * ‘37 

the values of p can be calculated as follows :- 


V 

XI 

12 

13 

14 

16 

18 

20 

23 

log V 

— 

1*0792 

ru 39 

1 ' 

1*1461 

1 

1*2041 

I '2553 

1*3010 

1-3617 

log/ 


2*223 

2-175 

2*131 

2*052 

1*982 

1-919 

1-837 

/ 

lSS'2 

167*1 

1 , 19-6 

.. 

135-2 

112*7 

1 

95 -s 

83 

6S-7 

l 


~ 1 . .„r<liii.r lo ISovle’s law we have /to "■■ constant — C,. 

If \ho. gas expands at.tordin,^ lo i^y 

To find C., we have when r- = 1 1 , /> = - 

• c, --“- 11 X i 8S-2 ■ *’*>70 

■ ■ 2.1 t'/O 

pv r= 2070 ; p ■--• ^ ■ 

The valu.c„ of/ can now be calculated as folh.ws 


II 

13 

^5 

17 

19 


23 

i88*2 

159-9 

J 3 ^ 

121*8 

109 

98*6 

90 
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The two curves obtained by plotting these two sets of corresponding values of / 
and z/ are shown in Fig. 51. 



Fig. si. 


The following example is of special interest to students of chemistry and physics. 

Example (3). — Boyk's law states that a gas at constant temperature expands 
according to the law pv ^ or, if we choose suitable units, = I. When the gas is 
near to the liquid state this equation ceases to be su£icie 7 Uly accurate, Aceordwg to 
van der Waals, a more exact law is 

where a and b are sfnall cojistants and t is the temperatwr centigrade. 

For carbon dioxide a — 0*00874, b = 0*0023. 

Plot a curve showing the relation between p and v from v =: 0*004 to v =. 0*03 for 
the case t = o. 

Also plot the curve pv l on the same paper, and compare, 
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We have — o’oo23) :=: 1 

I 0*00874 

~ » 0*^23 


Values of / are calculated as follows ; — 


V. 

X 

0*00874 

1 o‘oo 874 

V — 0*0023 


t/ — 0’0023 sy* 

0*004 

588-3 

546-2 

42*1 

0*030 

36-1 

9*71 

26*39 

0*005 1 

370*3 

349-6 

20*7 

0*006 

270*2 

243*0 

27*2 

0*008 

X 7 S '4 

136*6 

38*8 

0*010 

129*8 

87*4 

42*4 

0*015 

78-7 

38*4 

40'3 

0*020 ’ 

56-5 

21 *8 

347 

0*025 

44-05 

13*98 

30*07 



Ihe curve obtained by plotting these values, and also a pojlion of the curve 
- I , in shown in Fig. 52. 

Exampj.k (4).--^ wrpuj^/i/^iron tube of i in. rm/ius inside, and %dn. radius 
outside ts subjeded to a fluid pressure of 6000 lbs. per St^uare inch inside. If ihe pressure 
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on ihe outside is o, draw a curve showing the tensile stress q) at all points within ike 
material of the tuBe. Given p — + Kt q = a ^ where a and h are constants ^ r is 

the distance from the centre of the tuhe^ and p is ihe pressure on the inside or outside of 
the tube. 

To find a and 3 , we have 

when r = I, / = 6000 ; when r = 3, / = O 
substituting 6000 ^ a -h- b \ 0 = ^+ — 

/. = 6000 ; 3 = 6750 

^ - 750 

We can now calculate the values of — ^ for different values of r from the formula 
-?=7So + ^ 


1 

r. 

' 6750 

750 + 5 Z|? = -, 

I 

6750 

7500 

2 

1687-5 

2437 ‘S 

3 

750 

1500 

1*3 

3990 

4740 

17 

2340 

3090 

I *5 

3000 

3750 

i*i 

5580 

6330 

2*5 

1080 

1830 
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Examples.— XXXIX. 

1 . Plot the following curves together on the same sheet of paper, from 7; = r to 
z> = 10, taking values of v as abscissae and values of p as ordinates : — 

pzi ^'41 — ^1-3 — pjO’9 = Ca, pv = C4, where Cj, C^, C„ C 4 , are constants. 

In every case it is given that p = 3000 when v — i. 

2 . The relation between the pressure in pounds per square inch and the volume in 
cubic feet of one pound of saturated steam is given by the equation ptP' 0 U 6 

Plot a curve to show the pressure for any volume from = 4'57 to u =: 25 ’87. 

3 . If / is the absolute temperature, and v the volume of a gas, then in adiabatic 

expansion, = constant. 

Plot a curve showing how v depends upon t for air {7 » 1*41) from / = 300 to 
t = 400, having given that v — i when t = 400. 

4 . If / is the pressure and t the absolute temperature of a gas in adiabatic 

Y 

expansion, then == constant. 

Plot a curve to show how p depends upon t for air from i = 300 to / = 400, 
having given that p = 3500 when t = 400 ; 7 = 1*41. 

6. D is the diameter of a wrought-iron shaft to transmit indicated horse-power H 
at N revolutions per minute. 



Plot a curve showing the relation l>efwecn D and H, from If = 10 to II = 80, 
when N is too revolutions per minute. From your curve find the diameters for 
horse-powers of 27 and 63. 

6 . The British Association rule for pitch and diameter of screw threads for instru- 
ments is </ = where d is the diameter and p the pitch. 

Plot a curve to show the diameter for any pilch from 0*004 to 0*02. 

117 000 

7. The tensile stress (— q) in a certain cylinder is given by — y = 46S0 -f ' 

Plot a curve showing the value of — y for any value of r from 3 to 5. 

8. A tube 3 ins. internal and 8 ins. external diameter is .subjected to a collapsing 
pressure of 5 tons per square inch ; show by curves the radial and circular stresses 
everywhert;. 

Given that, at a point distant r inches from the axis of the cylinder, 

the radial .stress / = A + ~ 

B 

the circular stress q ^ A — „ 

Note that / is 5 tons per square inch when r 4 in.s., an<l / rr o when r = 1*5 ins. 

(AW^'Z of Kducatio?i Examination in Applied Mechanics ^ 1 901.) 

9 . In the case of a uniform beam of length / fixed at one end, and carrying a 
uniformly distributed load w per unit length, the deflection y at the distance x from 
the fixed end is given by 

w 

^ ~ 241a ~ 

Draw a curve to show the (ledcction at any point of a Ircam to ft, long which is 

(1eflectc<i I ft. at the free end. 

10. d’he deflection / at a distance x from the middle of a uniformly loaded beam 
supported at the two ends is given by 

= 4«KI ‘3^^’ - 

y is measured ur'wnrds from the level of the middle of the bcaiUa 
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Plot a curve to show the shape of the beam, given / = 10 ft., deflection at the 
middle = r ft. 

11 . The equation to a parabola is j/® »= /^ax. 

Plot this between x zz o and x = 4, for the cases where a zz 1,0=2, ^ = 3. 

12 . The equation to an ellipse ~ i* 

Plot the whole curve for the following cases : 0=3, 3 = 2; 0=3, 3 =i; 0 = 4* 
5 = 3 j o’= I, 3 = I. 

x^ y* 

13 . The equation to a hyperbola is-^ — = i. 

Plot the curve from x z=. — 12 to = + 12 for the same values of a and 3 , as in 
example 12. 

14 . Calculate the ainount of j^'ioo at 3 per cent, compound interest in 5, 10, 15, 
and 20 years. 

Plot a curve from tb values to show the amount for any number of years from 
I to 20. From your curve find (i) the amounts of ^^’loo in 3 and 7 years respectively, 
(2) in how many years would amount to ;^6ri lor. 

15 . The present value of an annuity of jfP per annum for n years, with interest at 
r per cent., is given by 


V 


( ""I loop 

\ 1^0 } ]~ T ~ 


Plot curves showing the present value of an annuity of (^z) at 3 per cent, per 
annum, for periods varying from i year to 50 years ; ( 3 ) for 30 years at rates varying 
from I to 5 per cent. 

16 . The velocity v ft, per second at which water will flow through a pipe of 
diameter d ft. with a fall of i in 10 is given by the empirical formula 


V = 



Plot a curve to show the x^alue of v for pipes from i in. to 12 ins. diameter. 
From your curve read off the velocity for a pipe of 2*5 ins. diameter. 

17 . The following formulas have been given for the shape of high dams in masonry 
for reservoirs : 



o'oSff 

P + 0*03^: 



jt is the vertical depth below the surface of the water in feet. 
y is the horizontal distance of a point on the outer face from a vertical line through 
the top of the inner face. 

z is the horizontal distance of a point on the inner face from the same vertical line. 
P = maximum pressure allowed in tons per square foot. 

Plot curves to show the cross-section of the inner and outer faces of the dam from 
jf = 40 to = 160, Maximum pressure allowed = 7 tons per square foot. 

18 . e is the commercial efficiency of an electric motor when the current is 
I amperes 

El - IV - Po 
El 


For a certain motor E = 122*4 J ^ = 0*024 ; P^ = 2887. 

Plot a curve to show the efficiency for all values of I from 40 amperes to 160 
amperes. By means of your curve find the efficiency for a current of 86 amperes. 

19 . The current I amperes required by a motor of the same type as in the last 
question for a load P* watts is given by the formula 

E- VE^-4r.(P.+ P, )' 
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For a particular motor the full load is 746 X 15 watts, E ~ 125, r^. = 0*024 
Ptt = 2000. ’ 

Plot a curve to show the current taken for any load from one quarter of the full 
load to 1 1 times the full load. What current would be taken for J load and for 
i| load? 

20. T is the rise in temperature in degrees Fahrenheit of an electric transformer 
when tn watts are wasted per square inch of cooling surfaces. 

For an air-cooled transformer T = 300///^. 

For an oil-cooled transformer T = 225w§. 

Plot on the same sheet two curves to show the value of T in air and oil-cooled 
transformers respectively, for any value of m between m = o, and m = 0*4. 

What is the waste in watts per square inch for a rise in temperature of 60° for an 
oil-cooled transformer? (W. B. Woodhouse, Ekciriciani Feb. 15, 1901.) 

21. w is a certain linear dimension used to determine the size of a transformer 
core. S is the corresponding area of the cooling surface. 

The outside breadth of the core ~ S'szt' 4- i in. 

The outside length of the core = 4'6z^; -f 4 ins. 

S = 145 *57^/" + 120W 
weight of iron ~ 2‘O'jw^ 4 

On the same sheet plot curves to show the cooling surface and the weight for all 
values of w from o to 6 ins. 

By means of your curve find the length and breadth of a core, and the weight of 
iron, to give a cooling surface of 2140 sq. ins. 

(W. B. Woodhouse, Electrician^ March l, 1901.) 

66 . Compound Interest Law y = — In nature we often meet with 

related pairs of quantities which obey a law of the formjK = 

a and b are constants, and the quantity which is the base of Napierian 
logarithms, is numerically equal to 2*7183 .... The nature and importance 
of this quantity e will be mure fully explained in Chapter XXIX. It can be 
shown that when^ and x are related by the above law, the rate of increase 
of y per unit increase of x is proportional to 7, so that^ increases relatively 
to X, like a sum of money at compound interest if the interest is added to the 
principal continuously instead of once a year. 

The law y = is called the compound intoroat law. 

We shall first take the case where a — i, <5 = i. 

Example (i). — Plat the cunx y = from x = — 4 /<? x = 2. 

Taking logs of both si<lcs of the equation / r:: 

we have Iog,o:j/ •- = o'4343x 


o'4343.r 


0 

1 

2 

- 4 

~ I 

- 2 

- 3 

0*4 

1*4 

- 0-4 


0*8686 

2*2628 


2*6971 

0*1737 

o*6o8 


«*o 

2*718 

7*390 

o*oi8 

o'3f)8 

o’>3S 

0*0498 

1*490 

4*050 

0*670 


Plotting these values, we get the curve A (Fig. 54). 
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Note i. — S ince r** = the values oiy when = — i, = — 2, and x = — 0*4 

e® 

in the above table, need not be calculated directly by logarithms, but are the 
reciprocals of the values of / for :r = i, ^ = 2, and x = 0*4. Similarly in any case 
the values of y for negative values of x are the reciprocals of the values of y for 
positive values of x» 

Note 2. — The value of a in the equation y = cu^ only affects the vertical scale 
on which the curve is plotted. 

Note 3.— -When we have plotted the curve y = ^ for any value of the curve 
y = may easily be obtained from it. The equation may be written y = 
and may be obtained from the equation by substituting — x for x. Therefore, 



Fig. 54. 


if for every ordinate we mark off abscissae equal in numerical magnitude, but xn the 
opposite direction to the abscissae of the curve y — we shall obtain the curve 
y = r-*®. 

The curve y = is given in Fig. 54, e.g. we found that, in the curve y = 
whenjv = 2*718, X — i . Therefore, in the curve ;>/ = <?"**, when jj/ = 2*718, x = — i. 

We thus obtain the point B in the second curve from the point A in the first curve, 
and so on. 

Note that the curve y = is the reflection of j/ = in a mirror. The two 
curves are symmetrical about the axis of y. They are related in the same way as a 
piece of writing and its imprint on blotting paper. 
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Also since = — wc migM plot the curve jj/ = by finding the reciprocals of 
the ordinates oi y = 

Note 4. — When j)/ = we have, by the definition of a logarithm, x = log«^, so 
that the curve / = may also be used to find logarithms to base e.g., to find logtf3 ; 
we see by inspection of Fig. 54 that when / = 3, .r = I'l, therefore log<, 3 = i*i. 
Similarly we find logs i'5 = o'4. These values are correct to two places of decimals, 
the true values being ropS and o'405. 

By drawing a portion of this curve on a large scale we might use it to find 
logarithms to base i to any desired degree of accuracy. This is merely given as an 
illustration ; it is not, of course, an independent way of calculating logarithms to base 
tf, as we have used a table of logs to construct the curve. 

Example (2). — Plot ths curves y = ^ y — y = between 

X — ^ a nd X on the same paper ^ and compare^ 

{a) y - 

Taking logs 

log/ = Jjr log =: oT44Sjr 



o’i4.t8,r = Idg jv. 


0 


I *0 

3 

— 

2*718 

- 3 

— 

0*368 

I 

0*1448 

I -396 

2 

0*2896 

1-948 

— I 

£•8552 

0*716 

— 2 1 

1*7104 

0*513 

Lways three points in the curve / = which may be 

found very easily. n x = 0, y =.- i ; when x : 

^71 / = err 2*718; when 

* j-i * 

,= = ^ =27.S 

: 0-368. 


d’hese points should be plotted first, to gain a general idea of the shape of the curve. 

Tlie refha tion of/ = e^'^ 

. —ijr 

gives / = * . 



II 


Talcing logs, 



log/r- 3.V logc :~ 1-303.^ 


r. 

1*303 r r loj* y. 

y- 

0 


I *0 


— 

2*7«8 

i 


0*368 

I 

*‘303 

20*1 

O’l 

0*1303 

1*35 

o‘i 

1*8697 

0*7408 

I 

2-697 

0*05 

2 

3*394 

0*002^ 

07 

091 21 

8*i68 

07 

1*0879 

0*122 

o‘5 

0‘<>5i5 

4*472 

- 07 

iM-tSs 

0*223 


/ - 


The refiection of the curve thus obtained i.s the curve 
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67 . Any curve whose equation is of the form y — where c is any 
number, belongs to the class here considered ; for, by the definition of a 
logarithm, = c. 

A c = 

and the equation y — (f may be written y = which is of the form 

y b ~ log* c. 

For example, log* 10 = 2*3026 ; — 10, so that the equation 

^ = TO* may be written j 

Thus the curve / = 10* is the same as y ^ for the case when 
b = 2*3026. 

In the curve jk = 10*, x •= logjo^j and the curve may be used to find 
common logs if drawn on a sufficiently large scale. 


Examples. — XL. 

1 , Plot the curves jp = ^ andjr = between = — i and x = 1, 

2 . Plot the curves y = r* and y = between x = — 4 and a: = q- 4, and on 
the same paper plot the curve y = for the case when ^ = o. 
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8* Plot the curves y = y = y r= y :=^ /"is*, between x — i-i and 
X = -bi-i. 

4 . Plot the curves y =i y :=z y = on the same paper between = o 
and :r — I. 

5 . Plot the curves y = y = 2^, y = on the same scale between ;r = 0 
and X ~ 2. 

6. Find the values of iO“, lo^, 10^, 10^, by finding square roots in succession 

without using logs. By multiplying these values obtain 10^, lo^', 10’^, etc. . . 
Using these values plot the curve y = 10* from jr = o to x = i. From your curve 
find the common logarithms of 2, 3, 4, 5, 6, 7, 8 , 9 ; and compare them with the 
values given in the tables. 


68. We shall now give some examples of curves of typej^ = which 
occur in physical science. 

Example. — Nmfton's law of cooliag , 

A body is heated to a temperature Of above the su 7 'r(>uttdin^ bodies^ and suspended i?i 
air* Its excess of ternperatm'e 0® at afiy time t seconds aftenvards is gh>en by 6 = 
wJm-e a is a consiastt. For a certam thermometer bulb suspe^ided in air, it was found 
that a = 0*0155, 0, =: 19*32°. riot a curve sho%ui 7 i^ the teinperniure at atiy time t. 

We have 0 — Q ^ e -^*' = 

/. logjo 0 = - 0*0155/ X logio ^ + logio 19*32 
= ~ 0*00673/ + 1*2860 



"—0*00673/. 

—0*00673/+ j *286o=log IK 


0 



19*32 

10 

—o'o673 

1*287 

16-55 

20 

-0*1350 

1*151 

14*16 

30 

— 0*2025 

* '<^‘^35 

I 2*12 

40 

— 0*2700 

1 *0 1 60 

10*38 

60 

-0*4050 

0*881 

7*59 

80 

— 0*5400 

0*746 

5*57 

100 

-0*675 

o*6i I 

4*o8 

120 

— 0*810 

0*476 

2-99 
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69. The Catenary. — The form of a uniform flexible cord or wire, such 
as a telegraph or trolley wire suspended between two fixed points, is given 
by the equation 


^! = £l±_£_ 

C 2 


where c = 


horizontal tension 


weight per unit length of wire 
This curve is called the catenary. 


Example. — A copper wire^ weighing 0*405 lbs, per yard^ is suspended between two 
points^ 20 yds, apart, under a tension of 5*06 lbs. Plot a curve to show its shape. 

TT 

Here c = — = 12*5 

0*405 

We shall first plot the curve 

_ ^ 4- 
^ 2 

in which = i. 



Fig. 57- 
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In this case y is the arithmetic mean of the ordinates of the curves = £* and 
y = r"*. Accordingly, we plot these two curves as in example i, p. 104, and, by 
bisecting the ordinates intercepted between them, obtain points on the required 
catenary. We shall only require the portions of these curves between jc = + 
which we plot on a large scale. 

If we suppose that the unit length on the axes of x and y in Fig. 57 now repre- 
sents 2 instead of i, then, for any point on the curve, the value measured on the 
old scale is half of the value of^ on the new scale, and similarly lor x. 

But the values of x and y on the old scale were connected by the equation 

y = hie* 4 - 


therefore, if measured on the new scale, they satisfy the equation 


f. .a 


Similarly, if we suppose that the unit length on the axis in Fig. 57 represents a 
length c, the equation to the curve is now 


In the given case, c = 12*5, and therefore the unit on the axes must represent 
I2’5 yds. 


The span of 20 yds. is represented by AB = 


20 

12*5 


= I ‘6 units, and the shape of 


the wire is shown by the portion of the curve between A and B. 

To represent a practical case, such as that of telegraph wiic, having a span of 
100 yds., and tension 506 lbs., we should have <r = 1250 ; and tlicrefore the span would 
be represented by = o’oS unit in Fig. 57. I'o show this wc should have to 

draw on a large scale" a small portion of the curve where it crosses the axis oiy. 


Examples. — XLI. 

1 . The excess Q of the temperature of a body above that of its surroundings at time 

f seconds is given by the equation d = where 0, ^ constants. 

If 0 = 26° when / = o, and 0 = 9° when / = 10 secs., plot a curve to show the 

temperature at any time from / = o to / = 20 secs. 

2. A wire is stretched to a tension of xo lbs., and weighs 2*27 lbs. per foot. 
Draw a curve sliowing the form of the wire. 

3 . A long thin bar is heated at one end. If / be the excess of its temperature 

above that of the surrounding air at a distance x from the heated end, it can be proved 
that i = where A and ^ arc constants. 

Given that t = 65® where x = o, and £ = 60® where x = 30 cm. ; plot a curve to 

show the temperature at every j>oint of the bar to a distance of x metro from the 

heated end. 

4 . It is found by experiment that on the C.G.S. system of units, the viscosity (U of 

olive oil at temperature 0® C. is given by /a = curve to show 

the viscosity at any temperature from x6® C. to 49® C. 

6. If z is the relative viscosity of common salt solution when its concentration is 
the fraction x of that of the nmmal salt solution, then z = I'OpSd*. Ph)t a curve to 
show the relative viscosity of salt srdution for values of .v varying from o to i. 

6. If the iin})rc.s.scd clcctro-inotive force h sudth-Jily removed from an eh‘Ctrical 
circuit containing resistance and .self-induction, the current dies down gradually in a 

way given by the equation t = where i is the current at time jf after the K.M.F. 

has been removed, R is the resistance, and Is tiie coefficient of sclf-iiulnction. 
Plot a curve to show the cunent at any time from o to o’X sec. for a circuit in 
which r'o = 20 amps., R = 0’2 ohm, I. er o'005 henry. 

7 . A condenser is discharging through a circuit containing self-induction and 
resistance. The potential v at time f is given by v ~ 

Plot a curve to show the value of v at any time from t = o-to ^ = 2 X io~‘b 
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8 . The entropy of l lb. of air at pressure p lbs. per sq. foot, volume v cu. feet, 
and absolute temperature (Fahr.) is given by 

f = O- i6S8 log. ^ + 0-2375 log. («) 

< f > = 0-2375 log. ^ - 0-0687 log. (^) 

^ = o- 1688 log. + 0-0687 log. (c) 


{a) A pound of air is heated from absolute temperature 493° (Fahr.) to absolute 
temperature 673° (Fahr.), at constant pressure 2116 (atmospheric). Plot a curve to 
show the entropy for any temperature throughout the above range. (Use equation b.) 

(b) During the above change of temperature the volume changes from 12*39 
to 16*9. Plot a curve to show the entropy for any volume throughout this range. 
(Use equation a.) Note that this curve is of the same shape as the curve in a, but 
has a different scale for the abscissae. This is because the volume of a perfect gas 
at constant pressure is proportional to the temperature. 

(<:) A pound of air, at volume 12*39 cu. ft., atmospheric pressure 2116, temperature 
493, is kept in a closed vessel, and heated till its pressure is 4232 (two atmospheres). 
Plot a curve to show its entropy for any pressure between 2116 and 4232. 

(d) The temperature becomes 986 during the above change of pressure. Plot a 
curve to show the entropy for any temperature during this change. 

(^) The temperature is kept constant, and the pressure is increased to 4232. Plot 
a curve to show the entropy as a function of the pressure from ^ = 2n6 to / = 4232. 
Note that this curve is quite different from that of example <r. 

(/) While the pressure is doubled in the last example, the volume becomes 6*195 
cu. ft. Plot a curve to show the entropy for any volume between 12*39 2*^^ 6*195. 

9 . From the equation (c) above, plot <p, curves having values of / as ordinates, 
and values -of <p as abscissae, from ^ = 493 to / = 673, 

(1) when V is constant and equal to 12*39 ; 

(2) ,} ,, js )} 24*7^ J 

(3) jj »> j> >» 6*195* 

10, The entropy <p of I lb. of dry saturated steam is given by 

1 i 7Q7 

0-695 

where i is the absolute temperature Centigrade. Plot a curve having values of / a 
ordinates and values of ^ as abscissae from / = 274 to /f = 474. 

70. Curves represented by the Equation = a sin {ox -f d). 

We shall consider separately the three constants a, and d in this 
equation. 

(I.) Period. — To find the meaning of the constant c in the equation 
= /z sin {cx + d). 

We shall plot curves whose equations have different values of c, but are 
the same in other respects. 

Take = i, ^ = o. Then / = sin cx, 

{a) Let c= i. 

The equation is now 

/ = sin 

The values of / for different values of x may here be read off directly 
from the tables so long as the angle is in the first quadrant. 

In Chapter II. we have seen that as the generating line of the angle x 
passes through the second quadrant with inciteasing or, sin x passes back 
through the same positive values from i to o. In the third and fourth 
quadrants we have the same numerical values but with negative signs. 

When reaches the value 360 ® its generating line has passed through the 
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Sine curves, such as these or combinations of different sine curves, may 
be made to represent a great number of cases in nature, by choosing various 

meanings of jr and x. •. j * . , 

If /and :r are both lengths, the curves may be used to represent such 
cases as the form of waves or of a vibrating string. If^ denotes length and 
time the curves may be used to represent periodic oscillations, such as 
those of a spring or pendulum, the motion of a crank, sound waves, etc. 

If y denotes the intensity of the electric current through a conductor, and 
X denotes time, the curves may be used to represent an alteinating electric 

current. • 

In rnost practical cases where we meet with the curve j/ = a sin {cx + d)^ 
the value of the angle {cx -f is expressed in ladians. 


71. Wave luength— Periodic Time. —We define the wave length of the 
curve represented by the equation cl sin (^cx + d\ as the distance between 
two points where it crosses the axis of in the same direction. It is under- 
stood that the value of {cx + d) is expressed in radians. 

the wave length of the wave represented by_y = sin x^ where c — i 

is 27 r,‘Fig. 58. 

If we change c to 2 we get the curve (^), whose wave length is ir = . 


If we change r" to ^ we get the curv'e whose wave length is 4^ or 
In general, we find, in the same way, that the wave length of the curve 

. 27r 

y = sm cx is - • 

I et us consider the physical meaning of this in the important case wlicn 
the abscissa represents time ; let the ordinate represent, on a suitable 
scale the small displacement of the end of a vibrating spring, and let the 
abscissa represent the time /. The motion of the spring may be represented 
by the equation / = sin ct. An oscillation of this kind is a case of simple 
periodic or simple harmonic motion. 

The time of an oscillation is the time rorrespfKKh.rg to a complete wave 
lcn‘nh of the curve y = sin £■/, Lc. the time in wh:i li liie angle ct increases by 
lhe"amount Ctt. After this time has elapsed from the instant / = o, the value 
of sin d goes through the same series of values again, and another oscillation 
takes place ; and so on. 

While ct increases by cir, the time t increases by ^ . 

1 , 6 - the time of a complete oscillation is ^ • This is called the periodic 

time of the simple peihahc oscillation. 

'Fhe frccj[Uoncy of an oscillation is the number of complete oscillations 
which take place in a unit oi' time. 

In the case of the above simple periodic oscillation the frctiucncy is 

For example, if the current in a c'ondiu tor at time / .sei'onds is I ampere, 
and we know that I 4 J^in (f>oo)/ where is conslant, then the angle 600/ 

increases from 0 to 2n', while t increases by sect^nds. Ibis is the pciiodic 


time 


Frequency 


number of oscillations per second 


600 

2n- 


= 96 nearly 
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72 . (II.) Amplitude. — To find the meaning of the constant a in the 
curve ^ sin {cx + d). 

In the three curves plotted in Fig. 58 we had a equal to unity. The 
effect of changing the value of di to 2 or J would evidently be to multiply 
every ordinate in Fig. 58 by 2 or ^ respectively, ix, the curves would still be 
wave curves of the same length as before, but of twice or one-half the height. 

Similarly, in every case a is the height of the wave crest above the axis 
of ;r. 

When the wave curve represents an oscillation, a is the amplitude of the 
oscillation \ e.g, in the simple periodic oscillation of a spring the amplitude is 
the maximum distance to which the spring moves on either side of its 
equilibrium position. 

73 . (III.) To find the meaning of the constant d in the curve 

^ sin {cx -b d) 

To trace the curves = sin {x + ^ we may add a right angle to every 

value of X in the table of sines, so that when ;ir = o, j/ = sin - = i, and 
so on. 

This is equivalent to moving the curve {a\ Fig. 58, back through a 
distance equal to one right angle on the scale on which x is measured, so 
that the point A is on the axis of /. 

Similarly, if we change y = sin 2jr to ^ = sin (^x + the curve is of 

the same shape as before, but begins at >' = sin - = i. This is equivalent 
to moving the curve back so that B is on the axis of^. 

Similarly, y = sin (^^x + ^ is of the same shape q.s y — sin (|4r), but 

begins at the point (o, i), and, in the general ca.se, y = a sin (cx 4- d) is of 
the same shape as ^ ^ sin cx, but begins at y = a s'm d instead of 

at jv = o. 

The effect of introducing the constant d is to move the curve back 
through a distance - parallel to the axis of x. 

Thus the value of the constant d does not affect the shape of the curve 
^ ^ sin (cx + d\ but only its starting-point. 


Examples. — XLII. 


1 . Plot the curve ^ ^ sin cx from x — o to x = tt radians for the cases when 

<1=4, and c has the values 2, 4, 6 respectively. 

2 . Plot the curve = <2 sin cx from jc = o to = tt for the cases when c = 2, and 
a has the values 2, 3, and 4 respectively. 

3 . Plot the curves = a sin cx from x = o to x = iott when <2 = 4, and c has the 
values I respectively. 

4 . Plot the curves = a sin {cx + d) for the cases when <i = 2, c = 2, and d has 


the values o, and t respectively. 


74 . Simple Periodic Motion. — Simple periodic or simple harmonic 
motion is the projection on a straight line of uniform circular motion. 

If the point P moves round a circle in a counter-clockwise direction at a 
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uniform rate, its projections M and N on two perpendicular diameters will 
move backwards and forwards along those diameters with a simple periodic 
motion. 


B 



Example. — A point P mov^s round a vertical circle so that the radius OP starts 
in a horizontal position^ and moves with a uniform angular velocity of 0*6981 radian 
per second, OP is of unit length. Plot a cur-ve showing the distance fromO at any 
time of the projection of P ofi the vertical diameter. 



Describe a circle of unit radius. In the figure the point P starts at A. After 
I sec. OP has turned through 0*6981 radian = 40^, after 2 secs, through 80°, and 
so on. 

Mark off along the circimifcrencc points to show the position of P at the end of 
each second, and number them to show the instant when P [jasses through each point, 
Then the corresponding positions of N are the projections of these |)omts on the 
vertical diameter. 

Take the horizontal diameter OA produced as the axis of x, and, starting from A, 
mark off along it a scale of times long enough to show the time taken by OP to make 
a complete revolution. 

At the end of each second, plot points who.se ordinates arc the corresponding 
distances of N from O. These points give a curve for which the ordinate s is the 
displacement of N, measured from the mid point of its path, at time represented by 
the abscissa. 

The curve evidently rc])eats itself indefinitely. Since OP turns through 0*69^1 
radian per second, the angle AOP is equal to 0*6981/ radians at lime t seconds from 
starting. 

s = ON = MP = OP sin AOP = OP sin (0*6981/). 

for the numerical case taken in this example, where OP = i, the equation to 
the aiiTc is .r = sin (0*6981/). 
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In the same way we see, in general, that if a straight line of length a, such as a 
crank, starts in a horizontal position when / = o, and revolves in a vertical plane 
round one end at the uniform rate of g radians per second, the projection of the free 
end on a vertical straight line has a notion which is represented by the equation 
j sin gt. 

In the same way OM = OP cos AOP = a cos gt, 

the projection of P on a straight line parallel to the starting-position of OP, 
oscillates so as to satisfy the law j = a cos gt. 


The student will find a simple periodic motion represented sometimes by 
a sine formula and sometimes by a cosine formula. The motion is evidently 
the same in the two cases, the difference in the equations only depending on 
the instant from which we measure the time. If we measure the time 
from the instant when OP is in the line of the simple periodic motion, 
we get an equation of the form s =: a cos gf ; if we measure the time from 
the instant when OP is perpendicular to the simple periodic motion, we get 
an equation of the form ^ sin gt. 

If OP represents the crank of a vertical engine with a connecting-rod 
which is very long compared with OP, the motion of the cross-head may be 
approximately represented by that of N, and, therefore, by the equation 
s = a sm gt. 

If we are given the number n of revolutions per minute instead of the 
angular velocity, then the crank evidently turns through radians per 

second. Therefore, g = and the equation representing the motion 

, . 2vnt 

becomes j = ^ sin • 


Example. — A crank OP of length 5" starts from a position making an angle of 
59° with the horizontal line OA at time / = o, and rotates in a vertical plane at a 
uniform rate of 120 revolutions per minute in a counter-clockwise direction. Plot a 
curve showing the motion of the projection of P on a vertical line OB. 



0-2 0-3 0 - 41 / 

ValMBs of\t (secs. ) 


“i 


€ 




Fig. 6x. 


Draw a circle of radius to represent 5” on some suitable scale. Draw the horizontal 
and vertical diameters A'A and B'B. 

Set off the angle AOP, = 59°. Then OP, is the position of P when / = o. 

The crank turns through 120 X 23 r radians per minute, or 4^ radians = 720° per 
second. 

When, as in this case, the positions of P at the ends of successive seconds are too 
far apart to be used for plotting a curve, set off the positions of P at intervals of any 
convenient fraction of a second. 

In this case OP moves through 36*^ in o'o5 sec. Starting from P, set off points 
showing the position of P at intervals of 0*05 sec. The table of chords is 
useful for this purpose. Set off a scale of times along OA produced, extending 
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from o to 0*5 sec., so as to show a complete oscillation of N, and plot the curve as 
before. 

To find the equation of this curve we note that OP turns through 4vr/ radians in 
time t starting from OPj. 

at time /, angle AOP = AOPi 4 - PiOP 
= 59 ° + 4 ^^ 

= (12*566/ -h 1*030) radians 
and s = ON = PM = OP sin AOP 
= 5 sin (12*566/ “h 1*03) 


Similarly, any equation of the form 

j = sin {qt 4* a) 

represents the simple periodic motion of the projection of P on a vertical diameter, 
when 

a = the radius OP = the amplitude of the motion, 
q = the angular velocity of OP ; 

a = the angle which OP makes with the horizontal diameter when / = o. 

The ratio which the angle qt — PiOP in Fig. 61, through which OP has turned 
at any instant since / = o, bears to the angle air, through which it turns in a whole 
revolution, is called the phase of the vibration when the lime = / seconds. 

The angle BOPi between the revolving arm OP, at the instant when / = o, and 
the axis, along which the periodic motion takes place, is called the epoch of the 
vibration. 


Examples. — XLIII. 

Plot the following curves between / = o and / = 27 r : — 

I. ^/ = 2 sin /. 2. j ^ sin 2/. 3 . 7 J sin 3/. 

4 . i sin 4/. 6. ^ J sin 5/. 

6. A crank, i ft. long, starts in a horizontal position, and rotates in a counter- 
clockwise direction in a vertical plane at the rate of 1*2043 radians per second, so that 
the projection of the moving end of the crank on a vertical line oscillates with a 
simple periodic motion. Construct a curve to show the distance of the projection 
from the centre of its path at any time. Write down the equation to this curve. 

7 . Construct the corresponding curve when the crank in the last example starts in 
the same position, and rotates at the same rate in a clockwise direction. Write down 
the equation to this curve. 

8. A crank, 6 ins. long, starts at an angle of 45® with the horizontal, and turns 
through 30® per second in a counter-clockwise direction in a vertical plane. Construct 
a curve to represent the sinq)le periodic motion of the projection of the free end of 
the crank on a vertical line. Write down the eejuation of this curve. Construct the 
corresponding curve whem the same crank starts m the same position, and rotates in a 
clockwise direction. Write down its equation. 

9 . A crank 9 ins. long starts in a po.sition making an angle of 13® with the axis of 
and rotates in a counter-clockwise direction at the rate of 10 revolutions a minute. 

Draw a curve to show the motion of the projection of the end of the crank on Oy. 
Write down the equation of this curve. 

10 . A straight line OP of length i *8 ins. starts in a po.sition such that .rOP = —42®, 
and rotates in a counter-clockwise direction about O at the rate of 1200 revolutions 
per minute. M is the projection of P on Ox. Construct a curve to show the value 
sol OM at any time /, and write down the equation connecting .$■ and /, 

Plot curves to represent the following motions : — 

II . X = 2*5 sin (I* r 17/ — 0*7156). 12 . .f = 4*2 sin (1*2217 - 0*4363/). 

18 . X = 2*5 sin (1*885 1-4661/). 14 . x = 1*5 .sin (200/ 4 1*5). 
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16 . Plot the curve 

/ = 3 sin (2iTft 4- 1*5708) 

where /* = 10, and i is measured 
in seconds. 

17 . Plot the curve 

= A sin {qx + g) 

where A = 2*4, ^ = 0*7854, 

^ — I *3090. 

18 . Plot j = A sin (2i^ 4 - «’)» 
for the case when A =5*6, 
^ = — 0*7, and f = 140, so as to 
show a complete period. 

19 . If i is the value of an alter- 
nating electric current at time t 
and/= 3*5 sin 800/, plot a curve 
to show the value of i at any time 
throughout a complete period. 

20 . V is the voltage in 
a certain circuit at time t and 
V = RA sin qi. Plot a curve to 
show the value of V at any time 
throughout a complete oscillation 
if R = 0*25, A = 3*1, q = 20007 r. 

75. ij = sin [ox + d). 

Consider the case 

y = sin 2X 

The curve y = is plot- 
ted in Fig. 55 j a.ndy = sin 2x 
in Fig. 58. 

Plot these two curves to- 
gether with the same axes, 
measuring x in radians for the 
curve y = sin 2x (Fig. 62, 
a and b'). 

For various values of x 
multiply the corresponding 
ordinates together, thus getting 
ordinates of the curve 

y ^ ' sm 2 x 

This is the curve c in Fig. 
62. 

Note that this is a wave 
curve in which the amplitude 
of the successive waves gets 
smaller and smaller, while the 
wave length remains the same. 

If y represents distance 
moved in time x^ curves of this 
type may be used to represent 
such cases as the oscillations 
of a stiff spring, the damped 
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oscillations of a galvanometer needle, or the oscillations of a disc suspended 
by a wire in a liquid, such as is used to compare the viscosities of different 
liquids. 

If^ represents the electric current passing at time curves of this type 
may be used to represent the oscillatory discharge of a condenser. 

In the oscillation represented by ^ sin {ct + d) the quantity k may 

be taken as a measure of the effect of the resistance, and is called the 
logarithmic decrement of the oscillation. 


Examples. — XLI V, 


1 . Plot the curve 

^ f sin DJr 

between x = o and x = 4.T. 

2 . Plot the curve 

s = sin — - J!" 

between £ = o and t = 47r. 

3 . s is the displacement of the end of a stiff spring from its position of equilibrium 
at lime t seconds. 


s = sin 


t; 


a is the amplitude which the oscillation would have if there were no friction ; T, is 
the period ; b represents the effect of the stiffness of the spring. If a = 10, T, = o'p, 
b = 0*75, plot a curve to show the value of s at any time during the first four comjilele 
oscillations. 

4 . The oscillatory discharge of a certain condenser through a circuit containing 
resistance and self-induction is given by the ecpiation 

V = sin (10,000/ 4- 07S54) 

Plot a curve to show the value of the potential v at any time between / = o and 
i =r lo”’ seconds. 


76 . Curves representing Compound Periodic Oscillations. — An 
equation of the form = a? sin {ct + r/) represents the simplest form of 
periodic oscillation, such as the small oscillation of a pendulum. 

We often meet with more complicated oscillations, which may be 
represented by equations of the form 

y = sin {ct + sin {yci 4- d,^ 4* ^3 sin (3/7 + r/.,) 4* . . * 

The note of a musical instrument, for example, consists of a fundamental 
tone represented by the first term on the right-hand side of the equation, 
and its overtones represented by terms such as the second and third. The 
second and third terms represent the first and second harmonics respectively, 
and so on. 

In the study of alternating electric currents, also we meet with functions 
of the form 

i = sin (/;/ - 0 i) -f ag sin - e^) -f sin ( 5 // ~ 9^) 
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In problems on valve motion we most frequently meet with oscillations 
composed of the fundamental and the first harmonic, such as 

j = 3 sin (6 + 36°) + 03 sin (2^ -t 90®) 

Example.— the curve 

y ■:==■ 2. sin t \ sin 3/ 
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Plot the curves = 2 sin (A), and / = J sin 3/, (A,). A represents the funda- 
mental, and Aj the second harmonic. 

The required curve C is obtained from these two curves by adding together the 
two ordinates which correspond to any given value of x» 

E.g. if PN and PjN be the ordinates of the fundamental, and of the second 
harmonic corresponding to any given value ON of then the ordinate QN of the 
required curve is equal to N P -j- N P,. The addition should be carried out mechanically 
by means of dividers, and not arithmetically. From P mark off PQ equal to NP^, 
and so on. 

We thus obtain the curve C representing the combination of the fundamental and 
the second harmonic. 

The curve C might also have been obtained by direct calculation of each value of 
but it is more instructive to plot the harmonics separately, as above. 


Examples.— XLV. 

Plot the following curves from / = o to / = 27 r ; — 

1. ;/ = 2 sin / -f I sin 2/. 2. 7 = 2 sin / -f ^ sin 4/. 

3 . ;/ = 2 sin / + i sin 5/. 4 . / = 2 sin / -f ^ sin 2/ + i sin 3/. 

6. Plot = sin qt sin $qi for the case q — 600, from / = o to / = 

q * 

Plot the following from / = O to / = 2ir ; — 

6. ^ = 2 sin (/ + roi23) + | sin 3^. 

y~ 2 sin (/ — o‘6So 7) -f ^ sin 4/. 

&. y ~2 sin {t + 0*4014) 4 - i sin (2/ - 0*5061). 

I ^ I 

9 . Plot y- sin X -4 cos x by constructing the two curves separately and 

adding the ordinates ; also plot the curve y = sin (^x 4 - and verify the formula for 
sin (A 4 - B) by showing that the two curves are the same. 
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10 . Plot y = 0*342 sin x 0*940 cos jr, and verify the formula for sin (A — B) 
by showing that this is the same as 

y = sin {x — 70°) 

11 . The value of an alternating electric current 2 amps, is given at time / seconds 
by the equation 

i = 50 sin 600/ + 20 sin iZoot 

Plot a curve to show the connection between i and /. Take / on a large scale and 
plot to show two complete alternations. 

12 . The voltage V in an alternating current circuit at time i is given by 

V = RA sin qt + I.Ay cos qi 

Plot a curve to show V as a function of t for two complete periods, having given that 
R = 0*5, A = 5, = 1000, L = 0*0005 

13 . If X is the distance of a piston from a fixed point on its path at time z", 


. T“ 

^ = r sin -1 — cos ^qt — • 

4/ 


4/ 


where q = angular velocity of crank, r — length of crank, / = length of connecting- 
rod. Plot a curve to show x as a function oi / when r = = 3, y = 27 r. 

14 . OAB is a crank capable of revolving in a counter-clockwise direction in the 
vertical plane OAB, about an axis through O. It is bent at right angles at A. OA 
is 3 ins. long, AB is 2 ins. long. OY is a fixed vertical straight line ; IVl and N are 
the projections of A and B on OY. The crank starts in a position such that OA 
makes an angle 45” with OY, and AB points towards OY, and moves towards OY at 
the rate of I20 revolutions per minute. Let ON ; plot a curve to show the value 
of^ for any value of t from / = o to ^ = i sec. Write down the equation, giving in 
terms of /. 

15 . The force F on the piston of an engine, when the crank makes an angle 
with a fixed direction, is given by 

F = Ma)“;-{cos 6 + 0*29 cos 26 — o*oo6 cos 4O} 

for the case where the connccting-rod is three and a half times as long as the crank. 
Jdot a curve, as accurately as your scale will allow, to show the value of F for any 
value of 0 from = o to 0 = 3O0”, taking M = 40, w = 67r, r = 0*5. 

{£h‘ctniianf KcIj. 13, 1903, p. 670.) 

77. G-raphic Solution of Equations. — 'fo solve an e(|ualion, we require 
to find the values of ;r which make a given function of ecjual to zero. If 
we plot a curve in which the ordinates are the values of this function for 
various values of the points where this curve crosses the axis of x give the 
required values of x for which j/ = o. 


Example (r ). — Solve ihe equation 

- 4 * 3 + 3‘93 = o 


We have 


= 4*31^ - 3*93. 

Plot the [iaral)ola y = x* and the straight line y ~ 4q3X;r — 3*93. Then at the 
intersections of these two curves the values of ^ for the two cuives are e(iual, and 
therefore the equation is satisfied. The curves intersect at x ^ 3 and ^ = 1*3, which 
are therefore the required roots of the equation. 
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Example (2). — To find a value of x between o and 2, which satisfies the equation 


X* -F- 2x’^ — 3*26^ — 0*3127 = o 


Let y denote the expression on the left-hand 
side of this equation. 

We find by calculation 

when X = Of y = — 0*3127 
„ I, jj/= -0*5727 
„ :i: = 2,j/= +9*1673 

therefore, if we plot a curve representing as a func- 
tion of Xf this curve is below the axis of x at x = i, 
and above the axis of x at = 2, and therefore 
it must cross the axis of x between 4r = i and 
X = 2* 

For X = 1*5 we find y = 2*562, therefore a root 
lies between x =: 1 and x = 1*5. 

Plotting the points whose co-ordinates have been 
calculated, we get the curve, Fig. 64. 

This crosses the axis of .r between a: i*i and 
= 1*2. 

By calculation we find 



when X = i‘i, ^ = — 0*1477 
„ ;r= 1-2, J/= +0-3833 

Plotting these points on a large scale, and joining by a straight line, we see that 
1*13 is approximately a value of x, for which ^ = 0. 

By calculation, when x = 1*13, ^ = o, to 5 places of decimals. 

To secure still greater accuracy, if necessary, we might calculate y for the values 
X = 1*12, and X = 1*14, and plot on a still larger scale ; and so on. 


Example (3). — Solve the simultaneous equations 

y = x^ — 0 ‘ 6 x^ + 0’2jr — 1*4 
y ^ l + X — 0 ' 4 x^ 

Heie we require to find a pair of values of jf andjj' to satisfy both these equations 
simultaneously. If we plot the curves represented by the two equations, the points 
of intersection lie on both curves, and therefore their co-ordinates satisfy both 
equations, and give the required roots. 

Let^i = X* — o' 6 x^ + o*2jr — 1*4 
jj/j = - o*4JK^ + jr + I 

Then by calculation we find the following pairs of corresponding values .* — 


X. 

j'l- 


0 

-1*4 

1*0 

Z 

—0*8 

1*6 

a 

4*6 

1*4 

— I 

-3-2 

-0*4 

-2 

— 12-2 

-2*6 
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On plottiag these points we see that the curves cross between .r = i, and x = 2^ 
and from their general shape this appears to be their only point of intersection, 



Accordingly wc calculate the following values of and neighbourhood 

of the point of intersection : — 


X. 

jt'i- 


rs 

0*925 

r6 

1*6 

1*48 

1-58 

1*7 

2*019 

1-544 


These curves evidently cross between a* = i‘C and x ^ 17. 

Plotting these points on a larger scale, we sec that the curves cross, and therefore 
the equations are satisfied, for the values x = 1*62, y = 1*57. 

Example (4). — To find the values oj x between o and 3*i4if> which satisfy the. 
equation e^ sin x ~ l. 

The most instructive method is the following: — 

If e^ sin ;r = I, we have sin x = 

Plot the curves y = sin x and y I'licn at the points where these curves 
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cross, sin x and e~^ are equal, and the required values cf x are therefore the abscissae 
of these points of intersection. 

Note . — x must be measured in radians. 


y = sin .*■. 

y s 


- 

y- 

X. 

y- 

0 

0 

0 

1 

07854 

07071 

I 

0-3679 

1-5708 

I 

2 

0 -I 3 S 3 

3-1416 

0 

3 

0*0498 


On plotting these values we see that the two curves cross in the neighbourhood of 
X = 0*6 and X = 



Fig. 66. 


Calculating the values more accurately in the neighbourhood of these points, 
we find 


y = sin jr. 

y = 


X . 

y > 

jr. 


27° = 0*4712 

0-4540 

0*4712 

0*6242 

30® = 0*5236 

0*5000 

0*5236 

0*5916 

33° = 0*5760 

; 0-5446 

0*5760 

0*5622 

36® = 0*6283 

0*5878 

0*6283 

0*5333 
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and 


X, 

y. 

X* 


360° = 3-I4i6 

0 

3-1416 

0*0432 

354 ° = 3 'o 369 

0-I04S 

3 

0*0498 

357 ° = 3‘o892 

0-0523 

— 

— 

358° = 3' 1067 

0-0349 




Plotting the corresponding portions of the two curves on a large scale, we find 
that, at the points where they cross, 

X = 0*5885 and 3*0965 

The student should verify this by plotting the above values himself. 

These are, therefore, the required roots of the equation 

r* sin = I 


Examples.— XLVL 

Solve the following equations by the graphic method 

I. + o'&ar - 2*73 = 0. 2. - 0*83.1* 0*1612 0. 

3. X - 6 = 0 . 4. X* ~ 6x^ 4* I I.V 6 0 , 

6. - O'^x'^ - 0 ‘ 6 x 4 - 2*6 = 0. 6. + x^ - 6a* - ij.e'* ~ 13^ - 6 - 0. 

7 . 2 x* — j' 6 x* ~ 4*o6x* 4 - 4’i6x 4 - 9*84 = 0. 

8. = 7. 9 . = 2*5. 10 . X logio^^' = I. 

Find values of x between 0 and 5 to satisfy each of the following equations 

II. 4- .sr — -2 = 0. 

12. 3*10:**^^ - - X ~ 8 4* =- 0. 

13 . 2'S<r<'‘^ cos X - r 3 r.r ^’3 sin (o'6a’) 4- 0*788 = 0. 

14 . tan 0'3a* — 2*6 cos r8jr — 5^*^’® 4 2*8].|3 = 0. 

15 . The e(}uation x tan x - a occurs in finding the pru[)cr tones of the vibration 
of a loaded string. 

Find a value of x between 0 and ~ to satisfy this ojualion (i) when rt = o*i, 
(2) when = I, (3) when a = 10. 

16 . In calculating the strength of a long column fixed at one end and Imld by a 
horizontal force at tlie other, we require to solve the cfjuation tan x «: x. Find the 

value of X between ir and -£ w'hich satisfies this equation, 

17 . Find a value of / to satisfy the equation 

logo^ + -f- - o'Cgs = 1-78 



CHAPTER VIII 


DETERMINATION OF THE LAWS FOLLOWED BY THE RESULTS 
OF EXPERIMENTS 


78. In mpst quantitative experiments we have two varying quantities, such 
as the pressure and volume of a certain quantity of gas, or the length and 
temperature of a metal bar. We take various values of one of these quanti- 
ties, and observe the corresponding values of the other. If we plot these 
two sets of values on squared, paper, we usually find, if they really depend 
on each other, that the points obtained lie approximately on some continuous 
curve. We often wish to find a formula connecting the two quantities, so 
that when one is known we may be able to calculate the other. To do this 
we must find the equation of the curve. 


79. Straight line laws : — 

We have seen that any straight line is represented by an equation of the 
first degree, y = mx + r, and that m denotes the slope of the line, and c the 
intercept on the axis of x. 

Thus if the observed quantities give points lying on a straight line, we 
can at once find the equation connecting them, as in the example on p. 90. 

Example. — A restaurant keeper finds that if he has G guests a day his total daily 
expenditure is E pounds^ and his total daily receipts are R pounds. The following 
numbers are averages obtained from the books : — 


G. 

E. 

R. 

210 

167 

IS -8 

270 j 

19*4 

21’2 

320 

21*6 

26*4 

360 

23-4 

29-8 


Find the simple algebraical laws which seem to connect E and R with the number oj 
guests G. (Board of Education Examination, 1901.) 

Plotting these values, we get the straight lines AB and CD (Fig. 67). 

Let R = G + c-^^ be the equation of the line AB. To find and take 
two points, A and B, on the line at considerable distance apart. 

Co-ordinates of A are (210, 157) 

„ B are (350, 29) 

Since these points are on the straight line 

R = frzj G + 
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LkciT co-ordinates satisfy this equation, and we have 

157 = 210^1 + 

29 = 



Solving these as simultaneous equations for w, and we get 
m, = 0*095 ; r, = - 4*25 

the required law connecting R and G is 

R = 0*0950 — 4*25 

Similarly, if E = mfi + is the equation of the straight line CD, wc take points C 
and D on the line, and substitute their co-ordinates in the cciuiUiua, 

we get 16*7 = 210///3 -h rj 
23*4 = 360///3 + Ca 

we get Wj = 0*0447, Ca = 7*32, and E = 0*04470 -f- 7 ' 32 '> 

ExAMri.KS.- XlhVlI. 

In the following exam|)lcs the expressitm “the law connecting^/ and is under- 
stood to mean a formula arranged so that y can be readily calculated when x is 
known, such as j/ = rnx + £*, i.e. a formula giving 9/ explicitly in terms of x. 

Find the law connecting 9/ and x when the following corresponding values arc 
given 


X 

10 

25 

54 

72 

y 

*7 

47 

105 

1. 11 


1 . 
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X 

12 

15*3 1 

17-8 1 

i 

19 

y 

24-4 

29 

32*6 

34*2 


3. 



50 

62*4 

80-5 

97 

f 

7*5 

6-5 

5*05 

3*75 


4. L is the latent heat of steam at temperature 6° C. Find a simple formula 
giving L in terms of $. 


6 

75 

90 

100 

II5 

125 

L 

554 

S 44 

536 

526 

519 


5. H is the total heat of a pound of steam at temperature 0® C. Find a formula 
giving H in terms of 6. 


0 

65 

8s 

100 

no 

120 

H 

626*3 

632-4 

637-0 

640' I 

643-1 


6. V c.c. is the volume of a certain quantity of gas at temperature C, the 
pressure being constant. Find the law connecting V and /. 


t 

27 

33 

40 

55 

68 

V 

109*9 

112*0 

114*7 

120*1 

125 


7. / ft. is the length of an iron bar under a stress 'of W tons. Find the law 
connecting I and W. 


W 

0 

X 

1*8 

1 

3'2 

4*3 

6 


10 

10*005 

10*010 

10*0175 

10*0225 i 

10*0325 
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8. V is the volume of a certain quantity of mercury at temperature 6° C. Find 
the law connecting V and 6. 


0° c. 

18 

36 

60 

72 

90 

V 

IOO'32 

100-65 

ioi'o7 

0 

cd 

0 

ior6i 

0 . The following table gives the specific heat s of water at temperature 0° C : 

0 

0® 

2® 

4 "* 

6° 

8° 

S 

K *00664 

r 00543 

I -00435 

1*00331 

1*00233 

Find an approximately correct simple algebraic law connecting s and 0. 

10 . S is the specific heat of mercury at temperature 

S and 

C. Find the law connecting 


79 ^ 

100® 

119° 

130° 

S 

0‘0325392 0*0323460 0*0321712 

0*0320700 


11 . S is the weight of sodium nitrate dissolved by lOO grins, of water at 
temperature C. Find the law connecting S and /. 

S 68*8 72*9 87*5 102 

~ 6 40 

12 . S is the weight of potassium bromide, which will dissolve in 100 grrns. of 
water at temperature C. 



0 


/|0 

60 

80 

S 

53-4 

64-6 

74-6 

S47 

93 '5 


13 . The following table gives the amount of a certain sum of money at 
simple interest for « years. Find a simpIe^ aigtibraical law connecting A and and 
by means of this law calculate the amount in 7 years. 


/I 

1 

1 2 

i 

s 

S 

A 

318-6 

354 

3 *> 9'4 


413 
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14 . The following is taken from the price-list of Marshall’s horizontal engines. 
H denotes the horse-power of an engine, and P its price in pounds. 


H 

6i 

10 

14 

19 

21 

26 

33 

i 

1 40 

! 

48 

56 

P 

i 31 1 

1 ! 

1 

37 

46 'S 

57-5 

67 

83 

104 

124 

1 145 

162 


Find a simple algebraic law connecting P and H. Also find an approximate law 
connecting the cost C per unit H.P., and the total H.P. of an engine ; and plot a 
curve to show the value of C for any value of H from 6j- to 56. 

15 . The following table is taken from the price list of Taiigyc’s horizontal air- 
pump condensers. 

d is the diameter in inches, P is the price in pounds. 


d 

6 

7 

8 

j 

9 ' 

10 

1 

12 

H 

16 

iS 

20 

22 

24 

j 

26 ' 

30 

P 

25 

27 

30 

33 

35 

40 

50 

55 

i 

60 

70 

75 

85 

90 

100 


What would you expect the price to be for a diameter of 28 ins. ? Find a simple 
approximately correct algebraic law connecting the price and the diameter. Test the 
accuracy of your result by calculating from it the price for a diameter of 16 ins., and 
comparing with the table. 

18 . The following are corresponding values of the speed and induced volts in an 
arc light dynamo. Find the law connecting the volts, and the revolutions per minute. 


Revolutions per minute n . . 

2 CX> 

320 

495 

621 

744 

Volts induced v 

..S 

270 

410 

525 

625 


17 . In the following results of Willans’ engine trials, W is the weight of steam 
per hour ; I the indicated horse -power. For each set of results find an approximate 
linear law connecting W and I. 


I 

1 

31 63 

27*24 

21-87 

i6-ii 

i 

11*50 

9 *o6 

W 

8 n-8o 

686 ‘I 

583-6 

465 -26 

345-4 

j 266*22 


18 . 


I 1 

40-14 

33*25 

25*61 

18-69 

10-81 

W 

671-44 

564-2 

443*22 

336-13 

219*1 
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19 . 


1 

33 ' 19 

27*11 

22*09 

11*86 

11*66 

w 

492*12 

411-47 

34973 

216*50 

212*60 


20 . The following table is obtained from the results of experiments to find how 
the pull exerted at the draw-bar by an electric locomotive depends upon the current. 
P is the pull in pounds, A the current in amperes. 


1 

P 

1 

400 

S80 

1370 

1600 

20S0 

2400 

A 

65 

86 

106 

116 

ro 

ISO 


Find the current required for a pull of 2000 lbs. Find a simple approximately 
correct algebraic formula giving A for any value of P within the limits of the 
experiments. 


21 , The following are corresponding values of the tor(iiie and current in the 
armature of an Edison bipolar Dynamo. 


Torque inch-lbs. . 

76 

^45 

290 

3S0 

Current amperes . 

II 

20 

40 

52 


500 

68 


575 

78 


Find a simple algebraic law connecting the totque and the current in the armature. 

22 . P is the pull requir'd to lift a W'<nght W by means of a differential pulley 
block. Find the law connecting P and W. 


W 

56 


168 

224 

340 

P 

10 

*7 

24 

28 

42 


If h is the distance moved by P to lift W i ft. the efficiency is Find the law 
connecting the efficiency and the weight, having given h • 27*2 ft. 


80 . Other Forms reduced to Straight Dine LawB. -- If wc have a 
ninnber of corresponding vahu^s of xand/ wbirh are ronnccKal by a law 
of the form y = a + Ar-, then, if we plot x and }\ we shall get a parabola 
which is not easily identified. If, howiwer, we ])Iot y and x\ we get a straight 
line, because the equation y ^ a + is of the first degree in the two 
variables / and x’^. 

Exampi.e. — The following:; values of x and y are supposed to follow a law of the 
form / =: a + Ar®, Test this^ and find Che values oj the constants. 
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X 

i 

19 

25 

31 

38 

44 

y 

1900 

1 

3230 

4900 

i 

7330 

97S0 

Calculate the values of and then plot^ and x‘^. 


361 

625 

961 

i 

1444 

193S 



Values of 
Fig. 68. 


The result is the straight line AB, Fig. 68. To find the values of a and b, 
take any two points A and B on the straight line, and substitute the co-ordinates of 
the points A and B in the equation^ = « + 

We get two simultaneous equations to find a and b, 

3045 = g; 4* 6 oo 3 \ 

9155 = a + 1800b) 
b = 5*092 ; = — 10 

and the required law is 

jy = 5*09^® - 10 

81 . Similarly, many other algebraical laws may be represented, by 
straight line laws by plotting suitable powers or products of the variables. 

if J' = ^247 + we get a straight line by plotting jy and because 
the equation is of the first degree in j' and 
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If Xf = a:r + ^jy we have, dividing hy — a + This is of the 

y 

first degree in jr and and therefore we get a straight line by plotting these 
quantities. 

Example (t). — T/id following values of x and y are supposed io follow a law of the 
form y = bxy + r. Test this^ and jhui the law. 


X 

3 

4'6 

5*2 

6*9 

y 

07s 

0*416 

o'357 

0-253 


Calculating the values of xy^ we get 


xy 2'2S 1*9x4 1-856 1*7^9 


Plotting y and xy we get a straight line, and therefore tlie law is of the above 
form. The stinlent should draw the figure for himself. Taking two points on the 
line, and substituting their co-ordinates in the equation^' = bxy -f <r, we obtain two 
simultaneous equations to find b and c. 

Solving these we get ^ = i, r = — 1*5, and the law connecting xy and x is 

y^xy-rs 

Example (2). — The following arc results of Mrs. Ayrton's experiments to fi7td the 
relation bchveen the potential difference V and the cimrni A in the electric arc. 

Length of arc = 2 mm. 


A amperes 

1*96 

2*46 

2-97 

3'4S 

3 ‘y 6 

4' 97 

5*97 

697 

7*97 

V volts 

5o'2S 

487 

47 '9 

47 'S 

46*8 

45-7 

45 'o 

44 '0 

43'<> 

W = VA 
watts cal- 
culated . 

9«'49 

1187 

<477 

i03f) 

1^55-3 

227*2 

2f,S-7 

3067 

34C7 


It was required to find an equation connecting V and A. On plotting V and A 
a curve was olilained whose equation was not at once evident. 

When the power in watts, W equal to VA, and tlic amperes were plotted the 
result was a straight line (Fig. 69). 

d’hc calculatcci values of W are given in the third line above. 

Let the equation to this straight line be 

W = aK -f- h . . , 

By luca airement from the figure we find, 

when A = I, W rr 63 
A = 10, W r= 434 


I. 
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substituting in I, 


63 = d! 4* 3 
434 


Solving we get a = 41*22, B = 21*8. 

W 


VA = 4I‘2A + 21*8 

, 21-8 
Y ==: ^ 1 - 2 + ~ 


This is the law connecting V and A, and is the equation to the curve II shown 
in the figure. 



It will be seen that some of the points are above and some below the line, 
After plotting the results of any experiment in this way, the distance of the plotted 
points above or below the curve enables us to form an estimate of the most probable 
degree of error in each reading in so far as it is not due to some permanent cause 
such as a defect in the apparatus, to see which are the best results, and what is the 
most probable average degree of accuracy in the whole series of observations. 

It should be remembered that, in a case like the curve II (Fig. 69), where the 
vertical scale does not begin at zero, the divergence of the various readings from the 
curve must be reckoned on the whole value of the quantity represented by the ordinate 
in estimating the accuracy of the experiments, and not only on the part actually shown 
in the figure. 


Examples.—XLVIII, 

In examples z to 1 1, and x are connected by one or other of the laws / = 4. 

pf ^ a + dxj/y ax + 

Find the law and the values of the constants in each case. 
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I. 



39 ‘S 

57-6 

j 

70-8 

88*5 

1 

333 

685 

1061 

1587 


2 . 


X 

1 

19 

25 

31 

38 

44 

y 

1908 

3228 

4908 

7323 

9783 


3 . 


X 

2*05 

i 

4*31 

5*62 

7-84 

y 

2-8 

i '43 

1 

ri 2 

o-8i6 


4 . 


X 

i '3 

3*4 

1 

6*2 

8-3 

12*2 

y 

0*56 

0*91 

i*ii 

ri8 

1*27 


6 . 



\ 

6*1 

! 

9*3 ! 

* 3*5 

17*6 

y 

44*4 

40‘96 

33‘75 

25*3 

6 . 

X 

0-45 

o '97 

**3 

2-5 

y 

6*48 

7*9 

9*17 

1 22*4 


7 . 


X 

3 

4*6 

5*2 

6*9 

7*1 


07s 

0*416 

o' 3 S 7 

0*253 

0*246 
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a 


X 

1 

31 

47 1 

63 

S5 

i 

8‘3S 

9*41 

10*1 

107 


9. 


X 

2*1 

5-4 

67 

9*3 

10*2 

y 

1-825 

0-885 

0*^32 

0778 

0767 


10. 


X 

6 

673 

7-48 

8*66 

9*22 

y 

7'5 

11*5 

13-8 

20*5 

23-5 

1 


11 . 


] 

X 

6S‘S 

76*2 

82*7 

\ 

\ 92-6 

97’7 

y 

55 

63 


81 

87 


12 . The following table gives the horse-power required to drive a certain vessel 
at a speed of V knots : — 


H.P. ! 

290 

560 

1144 

iSio 

2300 

V 

5 

7 

9 

II 

12 


It is supposed that the H.P. is connected with the speed by a law of the form 
H.P. = -h C where k and C are constants. Test this, and find the approximate 
values of the constants. 

13. The following are results of Westinghouse and Galton’s experiments on the 
friction of steel rails on steel tyres. 


Velocity in miles per hour = V . . 

25 

38 

45 

50 

Coefficient of friction = /* , . . . 

o-o8o 

0-051 

0-CX47 

0*040 


Find the law connecting V and (i. 
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14 . R is the resistance in pounds per ton to the motion of a train at V miles per 
hour. Find the Jaw connecting R and V. 


V 

10 

20 

30 

40 

SO 

R 

7 

9-1 

1 

20 

29 


15 . The following is taken from the price-list of Clyburn’s adjustable spanners. 
S is the size, and P the price in shillings. 


S inches 


i 

I 




2 


P 

3*5 

4-5 

6 

7*5 

9*5 

1 

12 

i 

IS 

1 

18 


Find an approximately correct algebraical law connecting P and S, 


16 . The following is taken from the price-list of Tangye’s gun-rnetal plug-taps 
S is the size in inches, and P the price. 


i 




I 

li 


2 

2*75 

3-5 

S 

7*5 

1075 

1375 


Find an approximately correct algebraical law connecting P and S. 


17 . The average power sent out by an electrical company is P. x pence is the 
charge per horse-power hour which will just cover the cost of this. Find a simple 
algebraical law connecting x and P, 


P 

1000 

75 ° 

500 

250 

100 

X 

ri 

‘■3 

1*5 

2'4 

4*9 


18 . The data in examples 18, 19, 20, arc resullr. of Mrs. Ayrton’s experiments on 
the resistance of the electric arc. As in the worked example above, find for each 
case the formula, giving V in terms of A. 

Length of arc -- 3 nnri. 


A (amps.) 


1*96 

j 

2*46 ’ 

! 

2*97 

3'45 

3‘9<> 

i 

4*97 

S’97 

1 

677 

67*0 

6275 

59*75 

5 R '5 

1 

56-0 

53*5 

52*0 i 

5 i ‘4 


V (volts ) 
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19 . Length of arc = 4 mm. 


A 

2*46 

2 '97 

3*45 

3 ’96 

1 

4'97 

5'97 

6-97 

7*97 

V 

i 

677 

i 

65 0 

63*0 

61*0 1 

SS-2S 

56-25 

S 5 *i 

54*3 


20 . Length of arc = 2 mm. 


A 

1*96 

2*46 

t ! 

2*97 

3*45 

3-96 

4-97 

5-97 

6-97 

7*97 

V 

60 ‘0 

55*75 

53-5 

52*0 

51-2 

49-8 

49*0 

48-1 

47*4 


21 . A hydrometer is found to give the following readings r when immersed in 
liquids of density D. Find the law connecting D and r for this hydrometer, and from 
this law draw the calibration curve showdng D as ordinate for any value of r between 
10 and 40 as abscissa. 


D 

0*91 

0*90 

o'8S 

0*86 

7 

24*3 

! 

26 

29*7 

33*5 


22. r is the reading of a hydrometer intended for measuring the densities of 
liquids heavier than water, when immersed in a liquid of known density D. Find a 
formula to give D for any value of r from r = o to r = 50. What is the density of a 
liquid for which the reading is 30 ? 



0 

13*9 

40 

43 

50 


z 


1-38 

1 I *42 

1*53 


23 . V is the viscosity of water at temperature 0° C. Find the law connecting 
V and 6 . 


0 

3 

5 

S 

lO 

V 

0*0142 

0*0134 

0*0122 

0*0116 


24 . E is the thermo-electric E.M.F. at the junction of copper and lead at a 
temperature C. when the other junction is at 10° C. 


t 

— 210 

- 5 

120 

350 

E (io~® volts) 

-558 

~ 14 

357 

1122 


Find a law of the form M = aH + bf connecting E and i. 
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82. General Formnla connecting Two Variables. — It may happen 
that on plotting two variables y and x we get a regular curve after allowing 
for errors of observation, but that we can find no simple algebraic law con- 
necting and X, 

Also we may sometimes require a more exact formula than the 
approximate algebraic laws found by one of the above methods. 

In this case we may assume 

y = a + ^x + 

Taking the co-ordinates of three points from the curve and substituting, 
v/e obtain three simultaneous equations to find the three constants 
and c 

If this law is not sufficiently exact, we may assume 

y = a + ^x + 4- ^x^ 

and find the constants by substituting the co-ordinates of four points on the 
curve. 

We shall usually find that the constants get smaller as we proceed to 
higher powers of x, and that the assumed law can be made as exact as we 
please by carrying the series to a sufficiently high power of x. 

Example. — followittg table gives the modtdus of torsion T of steel at various 
temperatures 0. Find a formula to calculate T whcfi Q is known. 


B degrees c ' 

0 

20 

40 

60 

80 

T kilogrammes par sq. mm. 

8290 

8253 

8215 

i 

8176 

8136 


Plotting T r.nd 5 , we get a series of points which lie on a regular curve, which is 
nearly, but not quite, a straight line. 
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The student should plot this curve for himself on a large scale. 

It is evident from the figure that the variation from a straight line law is not due 
to errors of observation, and if we assume a straight line law the resulting formula 
will be less accurate than the given data. 

There is nothing to lead us to assume any special form for the law connecting T 
and and accordingly we assume 


r- a Jr 

In this case, since the points representing the given data lie exactly on the curve 
to as high a degree of accuracy as we can plot them, we may take three of the given 
values for the purpose of calculating the constants. 

In cases of this sort the points which are plotted from the given data will not 
usually lie exactly on the curve, owing to small errors of observation. The values 
for calculating the constants must then be taken from the curve, and not from three of 
the given pairs of values, because the curve has been drawn so as to compensate for 
small errors of observation. 

Substituting the pairs of values of T and B, for which B = 0°, 60° and 100® 
respectively, we get 

8290 = a 

8176 = a + 6 o 6 + 3600^: 

8094 — a + 100^ 4- loooo*: 

Solving these simultaneous equations in a, b, and c, we get 
a = 8290 ; ^ — i-Si I t = — 0*0015 

the required law connecting T and B is 

T = 8290 — I *81^ — 0*00150^ 

To test this formula we have, substituting 
^ = 80® 

T = 8290 —1*81 X 80 — 0*0015 X 6400 
= 8135-6 

The value of t given above for 0 = 8o° is 8136 ; this agrees -with the formula to 
the degree of accuracy with which the data are given. 


Examples.— XLIX. 

1 . Find a law of the form >» = fz + connecting the following values of 

y and x : — 


X 

1 

3 

5 

7 

y 

5*5 

5*9 

5*5 

4*3 


2. 6 is the melting-point of an alloy of lead and tin containing per cent, of lead. 


X 

87-5 

1 

84-0 

77-8 

637 

46-7 

36*9 

0 ° C. 

292 

283 

270 

23s 

*97 

I8I 


Find a formula giving the melting-point of an alloy containing any known percentage 
of lead from 90 to 40 per cent. 
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3 , E is the modulus of elasticity of steel in kilogrammes per square millimetre at 
temperature C» 


t 1 

0 

50 

100 

200 

E 

21,483 

21,364 

21,212 

20,458 


Find a formula to calculate E in terms of 


4 . 7 is the mean coefficient of expansion of mercury between temperatures o° and 
C., according to the results of Regnault’s experiments. 

/ O lOO 150 250 300 360 

7 |o*ooo 1 81 79|o*oooiS2i 6 0*00018261 |o'oooi 8323 o’oooi8403j0'oooi85oo|o'ooor864i 
Find the law connecting 7 and 


83. Substitution of Xtinear for More Complex Iiaws. — We have seen 
that when y and x can be represented by the co-ordinates of points which lie 
on a regular curve, we can usually find a formula 

y = a + ^x -\- c'X'^ 4 “ • . . . 

which will represent the law connecting y and x to any desired degree of 
accuracy, according to the number of terms taken. 

When c is small it is sufficiently accurate for nuiny purposes to take the 
law^ = a 4" i>x <is a sufficientiy close approximation, /x. when the curve is 
nearly straight we take a straight line as representing the curve with 
sufficient accuracy. 

in the example, p. 140, we obtained the formula 
T = 8290 — i‘8i^ ~ 0*00150''^ 

So long as 0 is not greater than 100, the error caused by neglecting the 
third term is not greater than 15, /x. about 0*2 per cent. 'fluLs we might 
take the linear law 

T = 8290 r8 1 ® 

as an ajiproximatioii to the required law. 

'riiis suggest.s that when the connection between/ and 2* is given by a 
complicated formula, we may represent this coinplirated foirnula by a simpler 
linear formula to a sufficient degree of accuracy, Ijetween certain definite 
limiting values. 


ExAMiU.K,.— 77v;r is a function y ~ 5 a* 4- 6 siri x -p 0*084 (a* 3’5)** 

Find a much simj^lcr function of x, ionic h does not differ from it in value more than 
2 fer cent, between x ~ 3 and x = 6. 7 he anyje x is in radians, 

(Board of Education Examination, 1902.) 
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By calculation we find the following values ; — 



3 

4 

s i 

. 

1 

6 

y 

4*182 

5-365 

6-560 

7-805 


Plotting these values, we get a curve which is very nearly straight. It is seen 
from inspection of the curve that a straight line can be drawn so that the value of the 
ordinate jf/ for the straight line differs by less than 2 per cento from the ordinate for 
the curve. 

Draw this straight line, and let its equation be^ = mx + c. 

The student should draw the figure for himself. We find by inspection of the 
line that 

when x — 4*2 

and when jsr = 6 ; = 7 ’S 


Substituting, we get 

4*2 = 

7*8 = + c 

Solving these simultaneous equations in m and c, we get 

= 1*2 ; c =■ 0‘6 

.% the formula i'2;tr + 0’6 may be used instead of the given formula to the 
required degree of accuracy. 


Examples. — L. 

1 . Find a simpl e linear formula, which gives the same values of y as the formula 
y = + V I + between a: = 8, and x = 12, correct to o‘2 per cent. 

2 . There is a function 

y- io^?io + S logio X -^x 

Find a simpler formula which will give the same value of y correct to less than 
2 per cent, between x 1 and x = 7. 

8. Find a simpler formula which will give the same values oiy as the formula 
;/ = 25 logifiX 4 - 10 cos ^ 4 - o*o8;<r® 

between = 5, and x = lo, with an accuracy of at least 1*5 per cent. 

4 . Find a simple formula to give the same values oiy as the formula 

V = 2 logxo Sx 4 “ 100 sin 0*05:r 4 - 4 - ^ 

correct to at least 2 per cent, between x z and = 6- 



144 


Practical Mathematics 


B 4 . Iiaws of tlie Form ij = ax ^. — If the observed values of two variables 
y and x are connected by a law of the form y = ax'", we get, on taking logs 
of both sides of this equation, 

(log/) = n(log x) + log a 

This is an equation of the first degree in (log /) and (log x), and there- 
fore, if we plot values of (log/) as ordinates and values of (log x) as abscissae, 
we get a straight line. 

Accordingly, when such a law is suspected, we plot the logarithms of the 
two variables. If a straight line is obtained it follows that the above law is 
satisfied, and the values of n and log a may be found by substituting the 
co-ordinates of any two points on the line, and solving the resulting 
simultaneous equations. 


Example (i). — Th^ following quantities are supposed to follow a law of the form 
y — ax”". Test this, and find the values of a and n. 


X 

4 

7 

n 

15 

21 

y 

28-6 

79'4 

182 

318 

589 

Taking logs, we get 

Log^ 

0*6o2 

0-845 

1*041 

i‘ij6 

1*322 

Logy 

1-456 

1*900 ; 

2*260 

2*502 

2*770 


Plotting log y and log x as ordinate and abscissa respectively, we get the straight 
line AB, Fig. 71. 

log y ^md log X are connected by an equation of the first degree, and / and x are 
connected by a law of the form / = 

The equation to this straight line is 

(logj^) = «(log x) + log a 

Reading off from the figure the co-ordinates of A and B on this line, we get 

at A log X = 0*64 ; logjj/ = I '525 
at B log = 1*24 ; log^ = 2‘62 

Substituting in the equation to the line 

1*525 = 0'64 n 4 * log a 
2*62 = 1*24 n "b log a 
n = 1*82 ; log a = 0’357 
and /, a = 2'27 

/ and X are connected by the law^ = 
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Values qf log x 

Fig. 71. 


Example (2). — I Is the indicated horse-power required to drive a vessel of a certain 
type^ of displacement D tons^ at a speed of 10 kTwts. Find the law connecting I and D, 


D 

1720 

1 1 

2300 

3200 

4100 

S 

65s 

789 

ICOO 

1164 


To try whether a law of the form I = oD^ is satisfied, we plot the logs of I and D. 


Log D 

3-2355 

3 ‘ 36:7 

3-5051 

3*6128 

Log I 

2‘8i6 

2-897 

3*000 

3*066 


Plotting these values, we get a straight line AB, Fig. 72, and therefore I and D 
satisfy an equation of the form I = aiD”. 

The equation of this line is 

(log I) = «(log D) + log Ci 
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We find that at A 

log I = 2-83 ; log D = 3-256 
and at B log I = 3-06 ; log D = 3-60 

/. substituting 2*83 = 3*256/2 + log a 

3 *06 = 3*60/2 Hr log a 
Solving, we get n = 0*67 ; log a — 0*65 
and dJ = 4*47 

I and D are connected by the law 

I = 4 * 47 D 0-67 



Values of log D 

Fig. 7a. 


Example (3 ). — The following table gives the loss of power E due to magnetic 
hysteresis^ for different values of the magnetic induction B m a transformer core built uf 
of a certain quality of thbi sheet iron : — 


Maximum B , 

2000 

4000 

6000 

8000 

10,000 

Hysteresis loss E , 

2869 

8700 

16,660 

26,370 

37,660 
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// ts supposed that a law of the form E = connects E and B. Test tkisj and 
find the achial law. 


We have the following corresponding values of log E and log B : — 


Log B 

3*3010 

3*6021 

37782 

3’9031 

j 

4*0000 

Log E 

00 

3'939S 

4*2217 

4*4211 

4*5759 


Plotting log E and log B we get a straight line, whose equation must be 
log E = « log B 4 - log k 

The student should plot the figure for himself, and verify the following measure* 
ments. We find, from the figure, that 

when log E = 3*8, log B = 3’5i 
„ log E = 4*325, log B = 3*84 

Substituting these values and solving the resulting simultaneous equations, we get 
« = i'59> log /I = — I '79, and h = o'oi6 
/. the required law is E = O'oifiB^®®. 


Example (4). — In the following table u is the volume in cubic feet of i lb. of 
saturated steam at a pressure of p lbs. per square iruh. Find the law of the form 
pu^ = C, connecting p and u. 


u 

26-43 

22*40 

19*08 

16*32 

14*04 

12*12 

10*51 

9 ’ 147 

7 ’995 

P 

14*7 

i7'S3 

20*80 

24-54 

28-83 

33*71 

39'2S 

4S’49 

5252 

Taking logs, we get 

Log u 

1*4221 

1*3502 

1*2806 

1*2127 

i'i473 

1-0835 

I*02 i 6 

0*9612 

0*9028 

Logp 

1-1673 

1*2430 

1*3181 

1*3900 

i'4S99 

1-5277 

17938 

I '6580 

1 

1*7204 


and, taking logs, 


If pu"^ = C, we have p — Cw”" 
logp = — « log u + log C . 


(1) 

(2) 


therefore, if we plot log p and log we shall obtain a straight line whose slope to the 
axis of log « is — 

Plotting the values of log u and log p above, we obtain the straight line AB 
(Fig. 73 )- 

We find by inspection of the figure, that at the 

point A, where log u = 0*9, log / = 1*722 
and at B, where log « = 1*4, log p = I*I90 
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substituting in equation (2), we get 

1722 = — « X 0*9 + log C 
I'lqo = — « X i'4 + log C 

Solving these simultaneous equations in n and log C, we get 
n = i *064, log C = 2*6796, and /, C = 478*2 
/. the required law connecting / and u is = 478*2. 



Fig. 73. 


This is, therefore, the equation of the curve CD, which is obtained by plotting 
the values of / and u. 


Examples. — LI. 

Find the law connecting y and x when the following corresponding values are 
given ; — 


X 

2*5 

3 

37 

4-8 

y 

9*9 

*S‘6S 

26*4 

50*8 
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2 . 


X 

10 

17 

23 

28 

35 

y 

41*8 

98 s 

162 

221-5 

316 


X 

132 

154 

165 

181 

y 

327 

40 

44 

50 


X 

4*5 

5*7 

I 7*3 

8*9 

y 

227 

464 

976 

1770 


6 . 


X 

2 

3*5 

4‘2 

7 

9*1 

y 

20*8 

195 

407 

3120 

8960 


8 . 


X 

253 

270 

305 

360 

y 

137 

I 

194 

370 

89s 

7 . 

X 

! 

5 

7*3 

8-2 

9-6 

y 

2*4 

i 0-769 

i 

0-543 

0-337 

a 

4? j 

rs 

2*8 

S-6 

8-3 

1 

y 

o'S 73 

0-243 

0'094 

o-oss 
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X 

o*cx)i55 

0*00316 

0*00631 

0*040 

0*144 

0*316 

y 

67*6 

39 ‘!> 

23*4 

71 

3 ‘5 

2*0 


In the following examples / and v are corresponding values of the pressure and 
volume of steam and various gases in adiabatic expansion. Find whether they are 
connected by a law of the form — C ; and, if they are, find the value of n in 
each case. 

10 . Steam. 


V 

2 

4 

6 

8 

10 


68*7 

31*3 

19*8 

14*3 

11*5 

11 . Steam. 

V 

4 

5 

6 

8 

10 

P 

717 

0^ 

00 

-4 

49-6 

38-5 

31*5 

12 . Superheated steam. 

V 

2 

4 

6 

8 

10 

P 

105 

427 

25‘3 

16*7 

1 

13 . Mixture in cylinder of a gas-engine. 

V 

0*8 

2 

4 

6 

9 

P 

200 

57 

22 

12*6 

7*2 

14 . Air. 






V 

2 

4 

6 

8 

10 

P 

i8*8 

7*07 

4 

2*66 

1*95 
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15 . Air is compressed without gain or loss of heat. The following table gives 
the absolute temperature (Fahr.) at different pressures. Find the law connecting t 
and p. 


Absolute temp, Fahr. 

S 2 I 

637 

779 

876 

Pressure p lbs. per sq. inch . 

^5 

30 

60 

90 


16 . F is the force between two magnetic poles at distance d cms. apart. Find the 
law connecting F and d. 


{ 

d cms. . . . 

1*2 

1*9 

2*3 

3*2 

4*5 

F dynes . . 

4*44 

177 

1*21 

0-625 

0-316 


17 . D is the diameter in inches of wrought-iron shafting required to transmit H 
horse-power at 70 revolutions per minute. Find the law connecting D and H, 


H 

10 

20 

30 

40 

50 

60 

70 

80 

D 

2 'II 

2-67 

3*04 , 

3 '36 

3 * 6 i 

3-82 

4*02 

1 

4*22 


18 . D is the diameter in inches of wrought-iron shafting required to transmit 
50 horse-power at N revolutions per minute. Find the law connecting D 
and N. 


N 1 

20 

40 

60 

80 

D 

5 '46 

4*34 

3-80 

3*45 


19 . At the follovdng draughts a particular vessel has the following displace- 
ments : — 


Draught Ji feet .... 

18 

13 

II 

9*5 

Displacement V cubic feet . 

107200 ’ 

65800 

51200 

41 100 


Plot log V and log and find a law connecting V and k. 


20 . I is the indicated horse-power needed for the propulsion of ships of a certain 
class at 10 knots. D is the displacement in tons. Plot log I and log D, and find an 
approximate law connecting I and D. 
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D 

1100 1 

1530 

1820 

2500 

3130 

1 

440 

550 

620 

770 

890 


21 . The following are results of Hodgkinson^s experiments on the strength of 
cast-iron pillars. W is the breaking w^eight of a pillar lo ft. long, and of diameter 
d inches. 

It is known from many similar experiments that W and d are connected by a law 
of the form W = kd^. Find this law as given by the mean of the first two and the 
mean of the second two results. 


d 

2*511 

2-496 

1-530 

1-541 

W 

63500 

5832s 

1 1200 

10870 


Trans, y 1841.) 


22 . A steamship at the following speeds knots) uses the following indicated 
horse-power (P) : — 


V 

10 

12 

14 

16 

i 18 

20 

P 

1066 

1912 

3216 

4951 


10.355 


Find if there is a law of the form P = az/”, and if so what are the most probably 
correct values of a and n. There are experimental errors in the observed values of 
V and P. (Board of Education Eitamination.) 


23 . The following table gives the loss of powei E due to magnetic hysteresis for 
different values of the magnetic induction B in a transformer core of ordinary sheet 
iron. Find the law connecting E and B. 


B 

1000 

3000 

5000 

7000 

9000 

E 

1262 

7380 

16600 

28400 

42400 


24 . The following data are taken from the wiring rules of the Institution of 
Electrical Engineers. C is the maximum current in amperes for rubber-covered wires, 
exposed to high external temperatures, of cross-sectional area A square inches. Find 
the law connecting C and A. 


C 

3*2 

5*9 

9*0 

22*0 

42-0 

68*0 

84 

102 

A 

0 

w 

00 

8 

b 

0*004072 

0*007052 

0-02227 

! 

0*05 

0*09442 

0-125 

0-1595 


25 . In the following, C and A have the same meaning with reference to wires 
exposed to ordinary external temperatures. Find the law connecting C and A, 
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c 

i 

II 3 

^37 

354 

42s 

493 

624 

688 

7S0 

A 

o-i 

0-2455 

0*4 1 

0-5 

0*6 

0*8 

0*9 

1*0 


^ 26 . The following are results of Beauchamp-Tower’s experiments on friction, 
/i is the coefficient of friction in a certain bearing running at a velocity of V feet per 
minute. 


V 

los 

157 

209 

262 

314 

366 

419 

471 


o*ooi8 

0*0021 

0*0025 

0*0028 

0*003 

0-0033 

0*0036 

0*004 


Find the law connecting and V. 

{Proceedings of the Institution of Mechanical Engineers ^ 1883, pp. 633-653.) 


27. fi is the coefficient of friction in a bearing revolving at a speed of 2 d ft- per 
minute under a normal load L lbs. Find the law connecting fi and L, 


L 

443 

333 

211 

89 


0*00132 

0*00168 

0*00247 

0*0044 


85. Compound Interest Law y = ae ^. — If y = we have, taking 
logs to base 10 , 

logio = logio e + logio a 

= o'4343^.jr + logio 

This equation is of the first degree in logic and x, and therefore, if we 
plot logic 3' a-nd X we get a straight line whose slope to the axis of x is 
o-4343‘^- 


Example (i). — Teti the foUoviing values of x and y for a law of the formy = 
and find the values of the constants. 


I 

3-86 

4-2 

5*1 

6-3 

7 

X 

2*701 

2*870 

3-238 

3 ’681 

3-892 

We have the following values of logio7 : — 


0-587 

0*623 

j 0*708 

0799 

0-845 


On plotting log^o>' and x we get the straight line AB, Fig. 74, 
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The equation of this line is 

logfio y = o*4343^;f + log,o ^ 

At A, logjy = 0*576, X = 2*625 
at B, log^ = 0*8355, ^ = 3*850 

Substituting in the equation, and solving the resulting two simultaneous equations in 
^ and log we get 

i> = 0*488, log a = 0*02 
and a = i *047 

the required law connecting y and x is 

y rz 1*047^0*^882 



Values of x 


Fig. 74. 


Example (2). — TAe following are. the results of an experiment to fi?id the law 
governing the friction of a strmg wrapped routtd a metal bar, 

A weight of 2 oz. was hung at one end of the strings and weights W at the other ^ $0 
as to counterbalance the weight of 2 oz,, and the friction, and to cause slipping. The 
extent of the string in contact with the bar was measured by the angle 6, which is sub- 
tended at the centre of the cross-section of the bar, e.g. when the string is wrapped once 
round 0 =: Zv radians. It is required to find the law connectmg W and 0. 


0 radians . o*57r 1*571 2*57r 37r 3*57r 47r 4*5^ 5*57r 

W oz. . 2*875l4*ooo|5*7o6|8*9oi 12*437' i4:7oo]i9*o62| 26*5 i 33 ' 7 sl 4 c>’oo| 5 “'H 7 ^‘‘^ 
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On plotting the values of B and W we obtain the curve AB, Fig. 75. The theory 
of the subject suggests that the law is 


W = 

where fx is the coefficient of friction, and w = 2 oz., is the constant weight hung at 
one end of the string. 

Taking logs, we get 


logi, W = fiS logio^ + logio w 

= o-4343At . 0 + log 

To try whether a law of this form is satisfied, we plot log W and 0. We obtain 
the straight line CD, as representing the results best on the whole, thus verifying that 

tiQ 

the law is of the form W = . 



in contact with cy finder 
Fig. 75* 


By substituting the co-ordinates of the points D and E on this line, and solving 
the resulting simultaneous equations, we get 

fi = 0*196, a = 2*1 


and the law is W = 2*1^° 

The theory suggests that we should find <2 = w = 20s, and it is found that this 
value is given very accurately by a straight line representing the first five results. 
This is a good example of the advantage of the graphic method of treating experi- 
mental results. , - , . j lx t 1 

By working out algebraically the values of a and for each pair of results taken 
two at a time, and taking averages, we should obtain results nearly as above, but 
there would be nothing to show the cause of the difference between the value of d 
found by experiment and the value to be expected from the theory. We can see at 

once, howcTer, from the plotted values in Fig. 7$, that the law W = a// is 
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foUowed very closely by the first five observations, but that, as the weight increases, 
the same law is not so accurately followed. 


Example (t) —Newtim’s law of cooling. The following are the results of Winkel- 
mann's experiments to find the law which governs the rate of cooUng of a hmted body 
ssisPendcd in air. 0 is the excess in temperature of the body over the temperature of tts 
surroundings, at time t seconds from the beginning of the experiment. 


0 1 

i9'9 j 

i8*9 

i6*9 

14-9 

12*9 j 

10*9 j 

8*9 j 

6*9 

t 

0 

3'4S 

lo-Ss 

19*30 

28*80 

40*10 

537S 

70-95 


According to Newton’s law of cooling we should have 

9 


where a is constant and 9 , = the temperature when t is o = 19-9. 

To test bow far the above results follow this law, we nave, taking logs oi ( 


loge 1*2989 1*2765 1*2279 1*1732 1*0374 0*9494 o* 


Plotting log d and / we get a straight line sloping downwards as / increases, thus 
verifying that d and t follow a law of the form 0 = 

Taking logs, we get 

logj„ 0 = - a/ logio 4- log„ 01 = - 0*4343^ • ' + logi# 


“ ‘sXIhitTnVSil^ctoXm^^ two points on the line, and solving the resulting 
simultaneous equations, we get 


a = 0*015, 01 = 19*9 


• the temperature and the time are connected by the law 9 = l9-9^-;»««. 

The student should draw the figure from the above data, and verify this result. 


Examples.—LIL 


Find the law connecting y and x in the following cases 

1 . 


X 

0*4 

0*72 

i*i 

1*5 

2 

y 

1 3*32 

8-7 

27 '3 

1 

407 

% 


X ' 

2*4 

3*6 

4-8 

5*3 

6-9 

y 

ri6 

3*06 

37S 

4*9 

10*7 
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3. 


X 

0*5 

o'S 


2*8 

3*2 

y 

99 

54 

20 

1*0 

0*49 

4. 

X 

0 

2*1 

S-6 

9*3 

11*5 

y 

20 

18*92 

i 7’34 

IS-S 

14-96 

5. 

X 

^'5 

2*3 

4*1 

S-8 

6*2 

y 

1459 

3250 

19600 

108000 

161000 

6 . 

X 

1*7 

2*8 

3*9 

4*7 

5*5 

y 

502 

167 

55*4 

24*9 

11*2 

7. 

X 

4*0 

8-4 

12*8 

14*6 

16*0 

y 

1*5 

2*3 

3-6 

4*3 

5*0 

8. 

X 

9 

34*5 

43*5 

55*0 

60 

y 

j 

12 

20 

24 

30 

33 


9. 


X 

31*5 

52-4 

68*8 

72*8 

y 

6*6 

in 


is-s 
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10 . Q and W have the same meaning as in Example 2, p. 154. Show that W and 
0 are connected by a Jaw of the form W = and find the coefficient of friction, fi. 


0 radians . 

0-5^ 

IT 

1 * 5 ^ 

2 ' 3 r 

2 *St 

Stt 

3 -S» 

W ozs. 

S' 3 S 

7*15 

9*55 

12-8 

17*12 

22*9 

30*8 


11 . Find the coefficient of friction (x from the following data, as in the last 
example. Q must be found from the number of laps, i lap = 2ir radians. 


No. of times cord laps 
round 

i 

i 

i 

1 



i| 

2 

W 

2 ' 6 i 

3*40 

4*44 

1 

00 

7*55 

9 ' 8 s 

12-8 

i 6*7 


12 . The following are results of experiments on lubrication, yu is the coefficient 
of viscosity of olive oil at temperature Fahrenheit. Find the law connecting 
juL and 



61 

81 

94 

120 

107 

130 

84 

63 

36 


13 . The following table gives the pressure p in inches of mercury, as measured 
by the barometer at various heights h above the sea, when the pressure at the sea- 
level is 29 ’9 inches : — 


h feet . . 

0 

4000 

8000 

12000 

16000 ] 

20000 

24000 

p inches . . 

29*9 

25*8 

1 

22*2 

19*1 

i6'3 

13*9 

11*8 


Show that a law of the form p = connects p and //, and find A and k» 


14 . W is the density of air at height h feet above the sea expressed as a percentage 
of its value at sea-level, under the same conditions as in Ex. 13. 


h feet , . 

0 

4000 

8000 

12000 

16000 

20000 

24000 

W. . . . 

100 

88*4 

78*0 

68-6 

6o'i 

S 2 ’S 

45*7 
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The following three examples give results of Winkelmann’s experiments to find 
the rate of cooling of a body in air. 6 is the excess in temperature of the body over 
the temperature of its surroundings at time t seconds from the beginning of the 
experiment. According to Newton’s law of cooling Q = Test this for each 

case, and if the law applies find the values of the constants and a. 


15 . 


c. . . 

19*32 

18-32 

16*32 

14*32 

12*32 

10*32 

1 

8*32 

t seconds . 

0 

10 

31*7 

56-4 

84*2 

117*6 

158-7 

16 . 

0 

20*65 

vp 

00 

16*65 

14-65 

1 

12*65 

1 

10*65 

8*65 

t 

0 

i6*9 

35*3 

55*9 

So* I 

108*6 

H 3 *i 

17 . 

0 

ii8'97 

ii6*97 

1x4*97 

112*97 

110-97 

108*97 

io 6*97 

t 

0 

12*1 

25*8 

41*7 

59*7 

82*0 

109*0 


In this case we find that the values of log B and t do not give a straight line when 
plotted, but lie on a regular curve of small curvature. Find an approximate law of 
the form 

log B a hi cf' 


18 . s is the weight of potassium chromate which will dissolve in loo parts by 
weight of water at temperature C. Find an approximate law of the form s = 
connecting s and t. 


t 

0 

10 

27*4 



42*1 

s 

6 rs 

62*1 j 

66-3 

70’S 


The values of log s and t do not give points lying exactly on a straight line but on a 
regular curve. Find a law of the form 

log s ^ a bt cf‘ 

which will fit this curve better than the compound interest law found above. 

19 . The following are results of Beauchamp -Tower’s experiments, p. is the 
coefficient of friction of a certain bearing in a bath of lard oil, at temperature F, and 
speed 209 ft. per minute. 
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Find a rougMy approximate law of the form fi z= a^t connecting fi and 

(Beauchamp-Tower, Proceedings of the Institute of Mechanical 
Engineers, 1883, pp. 633-653.) 


20 . The following results were obtained with the same bearing, running at ^lo ff 
per minute. Find a law connecting ii and t, & y t. 


/ 

120 

no 

100 

90 

80 

70 

60 


i 

0*0051 

0*0059 

0*0071 

1 

b 

0*0102 

0*0124 

0*0148 



CHAPTER IX 


DETERMINATION OF MEAN VALDES AND AREAS 

88. The student is already familiar with the arithmetical method of finding 
the mean or average value of a number of separate values of a quantity. The 
values are added together, and the sum is divided by the number of values 
taken. 

For example, if we have four rectangles on equal bases of i'' and of 

heights 2", 5", 6 " respectively, their mean height is — ^ = 5". 

4 

If they are placed side by side so that their bases 
are in a straight line, as in the figure, then their 
mean height is the height of a rectangle on the 
same base, and having the same area as the four 
given rectangles together. 

87 . Mean Value of a Variable.— It often 
happens in physical science that, instead of having 
given a number of isolated values of a quantity, 
we know the way in which one quantity varies 
continuously with respect to another, and we re- 
quire to find the mean value of the first with respect 
to the second : for example, we may know the way 
in which the speed of a train varies between any 
two definite instants, and we may require to find 
its average speed during that interval, Le. the con- 
stant speed with which it would describe the same 
distance in the same time ; or we may know the 
pressure on the piston of a steam-engine at any 
point of the stroke, and require to find the average 76. 

pressure throughout the stroke, Le. the constant 
pressure which would do the same amount of work in acting through the 
same stroke. 

We shall define the mean value of a variable quantity by reference to a 
graphic construction as follows 

Let / and x be two variables, such that / is known when x is known. 

Plot a curve having values of/ as ordinates and values of x as abscissae. 
Then the mean value of / with respect to x between any two values a and h 
of X is the height of a rectangle having the same area as that enclosed by 
the curve, and the axis of x between the two ordinates 2Xx- a and jr = ^, 
and standing on the same base b - a, 

in Fig. 77 the ordinate represents the velocity of a point at any 
time /, and the line AB shows the relation between y and /. The mean 
value of V with respect to t is represented by the height of the rectangle 
CDGF, which stands on the same base CD as, and whose area is equal to 
the area of, CABD. 

M 
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In explaining practical methods of finding mean values, we shall first con- 
sider the simple case when the curve showing the connection between the 
two variable quantities is a straight line. 

Example (i). — A point moves along a straight line, so that its velocity v at time t is 
given by the following table : — 


V feet per second . 

8-5 

14-25 

20' I 

23 

t seconds . . . 

0 

2 

4 

s 


Find the time average of the velocity from / = o /<? / = 5 seconds. 

On plotting the given values of v and t we obtain the straight line AB (Fig. 77). 
We require to construct a rectangle on the same base CD, and having its area equal 
to the area ABDC. 

Bisect AB at E, draw PEG parallel to CD and complete the rectangle CFGD. 
Then CF represents the required time average of the velocity. 

For the triangles AFE and BGE are equal, and the rectangle CFGD can be 



VaJuea of t (seconds) 


Fig. 77. 


formed from the figure CABD by cutting off the triangle BGE and adding the equal 
triangle AFE. Ihus the rectangle CFGD is equal to the figure CABD. 

We find that CF measures 15*75, and therefore the average velocity is 15*75 ft. 
per second. 

When the curve is a straight line we see that the mean value of the ordinate is 
equal to the ordinate at the middle point of the base CD, and is the arithmetic mean 
of the ordinates at the extremities C and D. When the portion of the curve con- 
sidered is nearly but not quite a straight line, it is evident that we shall get an 
approximation to the mean value by taking the ordinate at the mid-point of the portion 
of the base considered. 
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We use this principle to find approximately the mean value of any variable quantity 
which can be represented by a continuous curve. 


Example (2). — A point moves along a straight line so that its velocity v at any 
time t is given hy the following table : — 


V ft. per second . 

8-s 

9-8 

11*6 

ir% 

23 

i seconds .... 

0 

I 

2 

4 

5 


Find the time ave)‘age of the velocity from / = o / = 5 seconds. 

On plotting the given values of v and t we obtain the curve AB (Fig. 78). 

We require to find the mean height of the figure ABDC. 

We divide the figure into any given number, usually 10, of strips of equal width, 



and assume that the portion of the curve AB at the top of each strip may be treated 
as if it were a straight line ; accordingly we take the mean height of each strip as equal 
to the height at the mid point of its base. 

This is equivalent to substituting a number of rectangles on equal bases for the 
strips of the area ABDC. 

The height of each rectangle is equal to the ordinate to the curve AB at the mid 
point of the base of the corresponding strip. 

The average value of the heights of these rectangles is the mean height of the 
curve AB, being the height of a rectangle on the base CD, having its area equal to 
the sum of the areas of the smaller rectangles, ue, equal to the area ABDC (see § 86). 

We find the mean heights of the respective strips of the area ABDC to be 875, 
9*4, I0'2, II'I, 12*2, 13 * 4 ? iS'Oj 1 ^ 75 ? 21*5. The mean value of these is 13*73. 

This is the height of the rectangle ECDG in the figure. ^ This rectangle may be 
supposed formed by cutting off the area FGB from the original figure, and fitting it 
into the space EAF, which must be of the same area, but not necessarily of the same 
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Note that EG does not in this case bisect AB, and that the mean ordinate is not 
the arithmetic mean of the two extreme values. 

Note also that the mean value of a variable is always equal to the actual value at 
some point within the interval considered. 

We thus get the following rule for finding the mean ordinate of any curve. 
Consider a curve having values of as ordinates and values of x as abscissae. 
Divide the area between the curve and the axis of x into any number of strips' of 
equal width. If the top of each strip is nearly straight, take the height of each'strip 
at the mid point of its base as the mean height of the strip. 

Then the average value of the mean heights of the strips is the mean ordinate of 
the whole curve. 

Note. — If the curve is so irregular that the strips would have to be made very 
narrow before we could take the height in the middle of each strip as 
p tr mean height, we can estimate the mean height of any strip by the 
eye. If A BCD in Fig. 79 represents one of the strips into which 
40 an irregular area is divided, it is evident that the height of the hori- 

zontal line EF gives a more accurate value of its mean height than 
would be obtained by measuring the height at the mid point of AB. 
We estimate the position of EF so that the area cut off by EF from 
the strip A BCD, appears equal to the area which would have to be 
added at the corners to form the rectangle ABFE. Considerable 
accuracy in estimating mean ordinates by this method can be attained 
by practice. The student of the steam-engine will find it useful to 
bear in mind this note when finding the mean pressure from an 
A B~ indicator diagram, especially with respect to the two outer strips into 
wliich this diagram is divided. 

Fig. 79. More advanced methods of finding mean values will be treated in 

Chapter XIX. 

88. Area of an Irregular Figure — (I.) Mean Ordinate Method.-— If 
we agree to measure the length and breadth of an irregular figure in two 



Values of s (ft ) 

Fig. 80. 


fixed directions at right angles to each other, then the area of the figure is 
the product of its length into its mean breadth. 

To find the area of an irregular figure we find the mean breadth by the 
method of the last paragraph and multiply the result by the length of the 
figure. 
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Example, — The following table gi^^es the half width h of a horkonial section of a 
ihip at differe}2i distances s fro?n one esid : — 


s ft. 

0 

20 

40 

80 

120 

160 

200 

220 

240 

h ft. 

0*1 

6-7 

I 3 -S 

16*7 

17*1 

15-4 

10*7 

5*0 

0*1 


Find the area of the section. 

Plotting the values of h and s, we get the curve (Fig. So). To find the mean 
value of we divide the area between this curve and the axis of s into ten strips of 
equal width. The values of h at the mid-point of the base of each strip are 3*7, 12 ‘5, 
I5‘6, i 6*8, 17*2, i6*8, 15*7, 13*5, 9-8, 2*5, The mean of these is 12*41. 

/. the area of the section = (mean value of h) X length 
= 12*41 X 240 = 2978 sq, ft. 

89. Simpson’s Biile. — The following method is more accurate than the 
foregoing in certain cases determined by the assumption mentioned below. 

Draw ordinates dividing the area into an even number of strips of equal 
width. 

Thus there will be an odd number of ordinates, including the first and 
last, which are drawn at the boundaries of the figure. 

Number the ordinates • 

Add together the first and last ordinates, twice the sum of the other odd 
ordinates, and four times the sum of the even ordinates ; multiply the result 
by one-third of the distance between two adjacent ordinates. The result is 
the area of the figure. 

For example, if the area is divided into ten strips there are eleven 
ordinates, and the area is equal to 
h 

-{/l +/1I + 2(^8 +/6 4-^7 + J9) + 4(^2 + A +>'6 +^8 +/10)} 

where A is the distance between two adjacent ordinates. 

This method is based on the^ assumption that we can draw arcs of 
parabolas, to fit the curve approximately, through the tops of the ordinates 
taken three at a time, but the student will not be in a position to follow the 
proof until a later stage (see§ 137). 

Example. — To find the area of the section of a ship m the last example by Simps Ofds 
rule. 

The work may be set out as follows : — 


(I) 

No. of 
ordinate- 

(2) 

y 

. h) 

S M 

( 4 ) 

X S M 

(I) 

No. of 
ordinate. 

(2) 

( 3 ) 

S M 

(4) 

jyXSU 

I 

O'l 

I 

0*1 




230*9 

2 

8-5 

4 

34 ’o 

7 

i6*3 

2 

V. 32*6 

3 

14*5 

2 ! 

29-0 

8 

14*6 

4 

58-4 

4 

' 16-3 

4 i 

65*2 

9 

12*1 

2 ; 

24*2 

5 

17*1 

2 ' 

3 T 2 

10 

6*1 

4 

24*4 

6 

17*1 

4 

68 '4 

II 

0*1 

I 

O'l 

1 

230*9 


370*6 X S = 2964*8 


The numbers in column (2) are the heights of the ordinates in Fig. So. 

,, „ ,, ,, (3) are the appropriate Simpson’s Multipliers, 

,, ,, 5, (4) are the products of the corresponding numbers in 

columns (2) and (3). 

The sum of the numbers in column (4) multiplied by ~ = 8 is equal to the area of 
the section = 2965. ^ 
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Examples. — LII l. 

1 . There are two variables and a:, which are connected together so that they have 
the following pairs of corresponding values. 


jr 

0 

I 

2 

3 

4 

y 

5 

2 

1 

2 

5 


Find the mean value of jk with respect to x betw'een x = o and at = 4. 

2 , A quantity of steam expands from volume 2 to volume 10. The value of the 
pressure p when the volume is v is given by the following table : — 


V 

2 

1 

4 

6 

8 

10 


687 

31-3 

19*8 

14*3 

ii'S 


Find the average pressure between v ■=. o. and v — 10. 

8. V is the volume of the gas in the cylinder of a gas-engine when its pressure is 
p. Find the average pressure as v changes from l to 9. 



0-8 

2 

4 

6 

9 


200 

57 

22 

12*6 

7*2 


4 - The following table gives the pull P lbs. at the drawbar of an electric 
locomotive at time t seconds from starting. 


P 

1150 

1450 

1320 

1350 

1040 

1300 


0 

12-5 

25 

37-5 

43 

50 


Deduct 300 lbs. for friction, and find the lime average of the remaining force, 
P •— 300, which causes the motion of the train. 


6. The following table gives the draw-bar pull’ P lbs. exerted by an electric 
locomotive, at distance 5 feet from rest. 


P 

930 

1000 

930 

83s 

1000 

1225 

1325 

1 

1300 

1230 

1000 

800 

Os 

0 

s 

0 

IS 

30 

45 

80 

no 

160 

iSo 

200 

227. 

260 

300 


Find the space average of the force P from r = o to r = 300 
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6. V is speed of a car at time f from rest. Find the time average of the speed. 


i seconds ... 

0 

5 i 

10 

IS 

20 

25 

30 

1 

V ft. per second , 

0 

37 

7*5 

10*85 

i 2 ’ 9 S 

i 3'7 



7 . A is the height above the sea-level of various points on a certain road ; s is the 
distance, measured along the road, of the respective points from a fixed point on the 
road. Find the average height of the road above the sea-level. 


hit 

100 

I 3 S 

1S6 

184 

160 

148 

160 

s miles .... 

I 

1*5 

2 

2-5 

3 

3 *S 

4 


Note. — Since h is small compared with the distances s may be taken as if they 
were measured in a horizontal plane. 

8. Draw a circle of 2 ins. radius, and find its average width measured parallel to 
a fixed diameter. 

9 . Find the mean value of aP' between x =^0 and jc = I. (Plot the curve / == 
and find its mean ordinate.) 

10 . Find the mean value of the sine of an angle when the angle has all values 

between o and — radians. 

2 

Note. — The values of the angle must be plotted in radians. 

11 . Plot the curve ^ = sin .jc from x =: o io x — 2 'k radians. By squaring the 
ordinates of this, and plotting on the same axis of x^ obtain the curve y = sin® x. 
Find the mean value of sin® x, taking x in radians. Note that the mean value of 
sin® x is not the same as the square of the mean value of sin x^ The result of this 
example is important in the theory of alternating electric currents. 

12 . A gas expands from volume 2 to volume lo, so that its pressure and volume 

V satisfy the equation pv = loo. Find the average pressure between 2/ = 2 and 

V = 10. 

13 . A body weighing 500 lbs. moves along a straight line without rotating, so 
that its velocity v at time i is given by the following table: — 


t seconds . . . 

1 

I 

S 

1 

9 

13 

V ft. per second . 

1*53 

1*65 

177 

1*89 

[ 


Its kinetic energy is equal to one-half the product of the mass into the square of the 
velocity. Find the mean value of the kinetic energy from / = i to / = 13. 

Note. — T o obtain the energy in foot-pounds take 32*2 lbs. as the unit of mass. 
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14 . Find the area between the curve given by the following values, and the axis of 
x, fro-m ^ = 2 to = 4. 


X 

2*0 

2-6 

i 

30 

3'2S 

3-6 

1 

3-8 

1 

1 

4-0 

y 

3*03 

4-61 

5'8o 

6'59 

776 

8*46 

9-19 


15 . Find the area between the curve given by the following values, and the axis 
of X from jr = 3 'lO to = 5*20 : — 


X 

3*10 

3*56 

4 ‘i 

4-85 

5*20 

y 

22*47 

19*19 

15*97 

12*85 

11*72 


16 . Find the area between the following curve, and the axis of x from .r = o to 

^ = 96 


X 

0 j 

12 

24 

48 

72 

84 

96 

y 

1*2 

61 *2 

86*0 

121*0 

96*6 

1 

76-8 

1*2 


17 . Find the area between the curve given by the following data, and the axis of x 
from = o to jf = 5 : — 


X inches . 

0 

ro 

2*0 


3*3 

4*0 

4*4 

5*0 

y inches . 

1 

2-05 

2-54 

2 * 6 i 

2*40 

2*03 

1*94 

2*25 


18 . Find the area lying between the following curve, and the axis of x from x = 
0*5 to;r = 5*3 


X 

0*5 

1*2 

2*5 

3*6 

4*5 

5*3 

. y 

3*42 

3-6 

4*34 

4*25 

3*75 

3'27 


19 . Find the area of a half-section of a ship at the water-level, of which the 
curved form is defined by the following equi-distant ordinates spaced 12 ft. apart: — 

Ordinates (feet) — 

0*1, 5‘i, 7*17, 8*75, lo-i, 9-17, 8*05, 6*4, o*i. 

(Board of Education Examination in Naval Architecture, 1902.) 

20 . The numbers given belov/ refer to horizontal sections of the same ship at 
different distances above the keel, h is the half-width across the section at distance j 
from the stern. Find the area of the half-section in each case, by Simpson’s rule. 
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s feet 

0 

20 

40 

80 

120 

160 

200 

220 

240 

I ft. above keel 

A 

0*1 

I'4 

S-6 

ii*i 

13*1 

ro*s 

5*7 

17 

0*1 

2 ft. above keel 

h 

0*1 

2*6 

8*2 

13*7 : 

iS'6 

12*6 

7*5 

2*7 

0*1 

4 ft. above keel 

h , 

0*1 

4-6 

11*5 

15*9 

17*1 

I4'6 

9*5 

4*1 

0*1 

8 ft. above keel 

h 

0*1 

9*0 

147 

17*0 

17*4 

is-s 

11*6 

6*0 

0*1 

10 ft. above keel 

h 

0*1 

ii*i 

15*3 

16*9 

17*4 

i 6 *o 

12*5 

9*1 

0*1 


(Board of Education Examination in Naval Architecture, 1902.} 


21 . The following are values of x and y for a certain curve : — 


X 

1 

1*8 

^‘5 

3*15 

4 

4*6 

5*4 

6-3 

6*8 

1 

7*0 

y 

0 

ro6 

171 

2*10 

2*36 

2*39 

2*30 

I'So 

1*2 

0*8 


Find the area enclosed by this curve, the axis of x and the ordinates at = i and 
a; = 7, by Simpson’s rule, using (i) 5 ordinates, (2) 7 ordinates, {3) 9 ordinates, (4) ii 
ordinates, (5) 13 ordinates, (6) 21 ordinates, respectively. 

Observe and record the time taken to obtain each of the above 6 results. Taking 
the last result as accurate calculate the percentage error in each of the others. Take 
the reciprocal of the percentage error as an index of the accuracy of each method. 

Compare the accuracy of the different results, and also the time occupied. In 
which of the above results do you obtain the highest accuracy per minute occupied. 
Also £nd the area by means of a planimeter if you have the opportunity. 

22 . Find the area in the last example by mean ordinates, dividing the base into 
4, 6, 8, 10, 12, 20 divisions respectively. 

Compare accuracy obtained and time occupied as before. 

23 . Plot the curve which passes through the following points in the order given, 
and find the area which it encloses : — 


X 

0*9 

1*9 

2*6 

3*4 

4*1 

4*7 

S’SS 

6 

6-4 

6*46 

6*3 

y 

0*6 

0*2 

0'25 

0*38 

0*25 

o'i6 

0*3 

0*6 

1*35 ! 

rS 

2*59 

X 

5*9 

5*4 

4*5 

3*5 

3*1 

2*1 

1*4 

0*7 

0*42 

0*21 

0*5 

0-9 

y 

1 

2*9 

2*7 

2*51 

2*8 

3*19 

3*56 

3‘46 

3 

2*6 

^‘9 

0*99 

0*6 



CHAPTER X 


J^ATJS OF INCREASE 


90 The plotting of curves from their equations or from tabulated lists of 
values will already have made the student familiar with the conception of two 
mutually dependent variables. We regarded y and x as two quantities, such 
that definite changes in were accompanied by definite changes m and 
the nature of these changes was exhibited to the eye by a curve. 

We shall now consider more fully the rate of change of one quantity with 
respect to another. 

Consider the following cases : — , . r 

{a) The following table shows the average height at different ages of a 
boy in Great Britain : 


Age t years . . . 

5 

6 

12 1 

n 

*9 

20 

Height h inches 

41-03 

44*00 

S 4’99 

56-91 

67*29 

67-52 


From these numbers we infer that the mean rate of growth between the 
ages of 5 and 6 is 2*97 inches per annum, between 12 and 13 it is 1*92 inches 
per annum, between 19 and 20 it is 0*23 inches per anniim.^ v • • v 

If t represents the age measured in years and h the height m inches, we 

use the symbol ^ to represent the rate at which h is increasing per unit 
at 

increase of . 1 1 • 

Thus the above statement may be expressed m another way by saying 

that the mean value of ^ is 2*97 between the ages of 5 and 6 years, 1*92 

between 12 and 13, and 0*23 between 19 and 20. 

For the present the student should regard the symbol simply as an 

abbreviation for “ the rate of increase of h with respect to 

(Jb) The population of England and Wales in 1881 was 25^974 millions, in 
1891 it was 29-002 millions. The increase was 3,028,000 in 10 years, an 
average increase of 302,800 per annum. If P denotes the population and t 

the time in years, the mean value of is thus 302,800 between the values, 

1881 and 1891, oit. 

ic) A bar of zinc, which is 10 ins. long at temperature o C., measures 
10-03 ins. at 100° C., so that the length increases 0*03 m. while the 
temperature increases 1 00®. Thus the mean rate of increase of the length is 
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0*0003 in. per degree, or, if / is the length in inches and B the temperature in 

degrees, the mean value of ^ is 0*0003. 

(d) If the same bar of zinc is i sq. in. in cross-section, and is subjected 
to a tension of one ton, it will stretch 0*02 in. Therefore, if W is the tension 

in pounds the mean value of is = 0*000008925. 

(^) A train passes a point A distant 12 miles beyond a certain station at 
1.50, and a point B ten miles further on at 2.20. It has travelled 10 miles in 
30 minutes, and its average speed is therefore 20 miles an hour, or, if s is the 
distance in miles traversed along the line from the station at time / hours, 

the mean value of is 20. 

at 

On considering the above cases, we notice that in every case two 
quantities have to be specified : {a) the quantity, such as height, population, 
length of a bar, distance, whose rate of increase is being measured, and {h) a 
second quantity, such as time, temperature, or tension, with respect to which 
that rate of increase is measured. The first of these quantities is called the 
dependent, and the second the independent variable. 

In example (jx) above, h is the dependent and t the independent variable ; 
in example (^r) I is the dependent and 0 the independent variable. 

Note that it is always necessary to specify both variables before the 
meaning of the rate of increase can be understood. 

For example, in cases (c) and id) above, the dependent variable /, the 
length of a bar of zinc, is the same in both cases, but the rate of increase of 
its length I has a very different meaning, according as we mean the rate of 

increase ^ with respect to the temperature of the bar when heated, or the 

dl 

rate of increase with respect to its tension when stretched. 

In general, if y is the dependent and x the independent variable, the 
symbol ^ denotes the rate of increase of y per unit increase of x. 


Examples. — LIV, 

1 . If^ = 12 when JP = 5, and^ = 17 when ^ = 7, what is the mean value of 

2 . An electric tramcar passes one trolley pole at a certain instant, and the next 
trolley pole 8 seconds afterwards. The distance between the trolley poles is 120 ft. 

If s denotes the distance moved in time what is the mean value of ? 

at 

3 . The speed zf of a. falling stone, after falling 2 seconds from rest, is 64*4 ft. per 
second. At 2J seconds from rest it is 80*5 ft. per second. If r denotes the time, find 

the value of the acceleration jr. 


4 . If jv = 
dx 


520 when = 12, andy = 340 when x = 15, what is the mean value 


6. When the volume » of a certain quantity of gas is 2 cu. ft. the pressure p is 60 
lbs. per square inch. When the volume is 4 cu. ft. the pressure is 35 lbs. per square 


inch. 


Find the mean value of 

dv 
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90 . The plotting of curves from their equations or from tabulated lists ol 
values will already have made the student familiar with the conception of two 
mutually dependent variables. We regarded / and r as two quantities, such 
that definite changes in were accompanied by definite changes in jk, and 
the nature of these changes was exhibited to the eye by a curve. 

We shall now consider more fully the rate of change of one quantity with 
respect to another. 

Consider the following cases 

{a) The following table shows the average height at different ages of a 
boy in Great Britain : 


Age / years . . . 

s 

6 

12 

13 

19 

20 

Height h inches , 

41-03 

44*00 

S 4'99 

56-91 

67*29 

67-52 


From these numbers we infer that the mean rate of growth between the 
ages of 5 and 6 is 2*97 inches per annum, between 12 and 13 it is 1*92 inches 
per annum, between 19 and 20 it is 0*23 inches per annum. 

If t represents the age measured in years and h the height in inches, we 

use the symbol ^ to represent the rate at which h is increasing per unit 

increase of t 

Thus the above statement may be expressed in another way by saying 
that the mean value of ^ is 2*97 between the ages of 5 and 6 years, 1*92 
between 12 and 13, and 0*23 between 19 and 20. 

For the present the student should regard the symbol “ simply as an 


abbreviation for “ the rate of increase of h with respect to t? 

(^) The population of England and Wales in 1881 was 25'974 millions, in 
1891 it was 29*002 millions. The increase was 3,028,000 in 10 years, an 
average increase of 302,800 per annum. If P denotes the population and / 

the time in years, the mean value of ^ is thus 302,800 between the values, 


1881 and 1891, of/. 

(^r) A bar of zinc, which is 10 ins. long at temperature 0° C., measures 
10*03 ins. at 100° C., so that the length increases 0*03 in. while the 
temperature increases 100®. Thus the mean rate of increase of the length is 
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0*0003 in. per degree, or, if / is the length in inches and 0 the temperature in 

degrees, the mean value of ^ is 0*0003. 

(d) If the same bar of zinc is i sq. in. in cross-section, and is subjected 
to a tension of one ton, it will stretch 0*02 in. Therefore, if W is the tension 

in pounds the mean value of is = 0*000008925. 

(jg) A train passes a point A distant 12 miles beyond a certain station at 
1.50, and a point B ten miles further on at 2.20. It has travelled 10 miles in 
30 minutes, and its average speed is therefore 20 miles an hour, or, if s is the 
distance in miles traversed along the line from the station at time t hours, 

the mean value of is 20. 

dt 

On considering the above cases, we notice that in every case two 
quantities have to be specified : (a) the quantity, such as height, population, 
length of a bar, distance, whose rate of increase is being measured, and (d) a 
second quantity, such as time, temperature, or tension, with respect to which 
that rate of increase is measured. The first of these quantities is called the 
dependent, and the second the independent variable. 

In example (a) above, h is the dependent and t the independent variable ; 
in example (g) I is the dependent and 0 the independent variable. 

Note that it is always necessary to specify both variables before the 
meaning of the rate of increase can be understood. 

For example, in cases (r) and {d) above, the dependent variable /, the 
length of a bar of zinc, is the same in both cases, but the rate of increase of 
its length I has a very different meaning, according as we mean the rate of 

increase ^ with respect to the temperature of the bar when heated, or the 

rate of increase with respect to its tension when stretched. 

In general, if y is the dependent and x the independent variable, the 
symbol ^ denotes the rate of increase of y per unit increase of sc. 


Examples. — LIV, 

1. If^;' = 12 when = 5, and y ^ 17 when x = 7^ what is the mean value of 

2 . An electric tramcar passes one trolley pole at a certain instant, and the next 
trolley pole 8 seconds afterwards. The distance between the trolley poles is 120 ft. 

If s denotes the distance moved in time what is the mean value of ? 

ai 

3 . The speed v o£ a. falling stone, after falling 2 seconds from rest, is 64*4 ft. per 
second. At 2 J seconds from rest it is 80*5 ft. per second. If g denotes the time, find 

, . dv 

the value of the acceleration 


4 . If = 520 when x = 12, and j = 340 when = 15, what is the mean value 


ofp 

dx 


6, When the volume v oi a. certain quantity of gas is 2 cu. ft. the pressure / is 60 
lbs. per square inch. When the volume is 4 cu, ft, the pressure is 35 lbs. per square 


inch. 


Find the mean value of 

d‘v 
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0. The volume of a certain quantity of gas at temperature 0 = 17® C. is 341 cc. 
The volume at temperature 25® C. is 350*5 cc. What is the mean value of ? 

7 . The pressure p of saturated steam at temperature 0 = 193*3° is 10 lbs. per 
square inch. At 197*8° F. the pressure is ii lbs. per square inch. What is the mean 

value of ^ ? 

8. The unstretched length / of a wrought-iron bar is 10 ins. When it is subjected 
to a pull F of 3 tons, its length is 10*033 ins. What is the mean value of ^ in inches 
per pound ? 

9 . The current t in a conductor is 1*3 amperes when the time t = 21*3 secs. At 
time 33 secs, the current is 3*4 amperes. What is the mean value of ^ ? 


10 . When x is 42*1, we find from the tables that logjo x is 1*6243. When x is 

42*2, logjo X is 1*6253. What is the mean value of between jc = 42*1 and 

^ =r 42*2? 

11 . When X = 0*3840 radian, sin x = 0*3746 ; when x = 0*4014 radian, 

sin X = 0*3907. What is the mean value of between x = 0*3840 and 

^ = 0*4014? 

12 . When x = 0*9076 radian, cos x = 0*6157 ; when x = 0*9250 radian, 

cos X = o*6oiS. What is the mean value of this interval ? 


91. Variable Kates of Increase. — In • all the cases considered in the 
last paragraph we spoke of the mean value of the rate of increase through- 
out a definite interval. In the first case (a\ for exampjle, we found this by 
considering the growth in a whole year and treating it as if it were quite 
steady and uniform. 

If, however, we consider this case more closely, we find that the rate of 
growth is not uniform throughout the year, it is not the same in winter, for 
instance, as it is in the summer. This is the reason why we called our 

previous result the mean value of the rate of growth ^ for a year. 

If we make very exact measurements from week to week we shall obtain 

results which will be nearer to the true value of the rate of growth ^ at any 

time than the results which were obtained by taking the total growth in a 
year. Even these values, however, are only mean values for the respective 
weeks over which they are taken. It is supposed that the rate of growth is 
different at different times of the day and night, so that if we could consider 
the growth for periods of one hour we should get even nearer to the actual 

value of the rate of growth ~ at any instant. 

Thus we see that, as we consider smaller and smaller inteiwals, we get 
values of the mean rate of growth which are nearer and nearer to the actual 
rate of growth at some time within the intervals considered, and we can get 
as near as we please to this actual rate of growth by taking the interval 
small enough. 

Another example of a variable rate of increase is afforded by the case 
(<f) above. 
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The train travels a distance A.B equal to 10 miles in 30 minutes, and we 
infer that its average speed throughout that half-hour, or the average value 

of -7 j is 20 miles an hour. 
at 


There may, however, be vaiydng gradients between A and B, and the 
train may be brought to a stop at B, so that its actual speed will be some- 
times greater and sometimes less than 20 miles an hour at different times 
between 1.50 and 2.20. 

We shall evidently get a closer approximation to the actual speed at 
some particular time, say 2 o’clock, by measuring the distance travelled 
between 1.55 and 2.5 and dividing by the time taken, i.e, by 10 minutes 
expressed in hours. 

ds 

We shall get even closer to the actual value of ^ at 3 o’clock by finding 

the mean speed between 1.59 and 2.1, and closer still by finding the mean 
speed between i hr. — 59 mins. — 59 secs, and 2 hrs. — o min. — i sec., and 
so on. Thus we can get as near as we please to the actual speed at 
2 o’clock by taking the interval of time small enough. 

In mathematical language, we may say in general that the mean value of 
the rate of increase of y with respect to in all the cases which v/e shall 
consider, approaches a definite limiting value as the total increase of x con- 
sidered is made smaller and smaller so as to include some definite value 
oi X. ^ ^ 

This limiting value defines the actual value of the rate of increase of y 
with respect to x for any particular value of x^ and is denoted by the symbol 


dx' 

Thus in the case {a) above, the actual rate of growth ^ at any age, say 

5j years, may be defined as the limit of the average rate of growth taken 
over an interval including the age 5^ years, when that interval is made 
smaller and smaller. 

Similarly in case {e\ the actual value of ^ at 2 o’clock may be defined as 

the limit of the average velocity taken over an interval, including 2 o’clock 
when this interv^al is made smaller and smaller. 


92. We may express the statements of the last paragraph as follows ; — 
If ^x represents a definite increase in x and 5/ the corresponding increase 

in yj then ^ is the mean value of ^ throughout the interv^al 

As dx is made smaller and smaller, so as always to include some 
By 

particular value of x^ ^ approaches a definite limiting value, which is the 

actual value of ^ for that value of x. We can make — as near as we please 
ax sx 

to the actual value of by taking dx small enough. 

For example, in the case (a)^ 

when 5/ = I year between 5 and 6 
dA = 44*00 - 41*03 = 2*97 

and ^ = 2-97 
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This is the mean value of ~ for the year between 5 and 6 years of age. 

We saw that if 5/ were diminished, first to a week and then to an hour 
we should get values of — which would continually approach the actual 

value of ^ at some instant within the interval W. 
at 

Similarly in the case (^), 5 / = 3 ° minutes = J hour, Bs = lo miles, 
= 20 miles per hour. 

* ds 

This is the mean value of ^ for the half-hour from 1.50 to 2.20. To get 
ds 

the actual value of ^ at 2 o’clock, we continually diminish 5 /, first to 

10 minutes, then to 2 minutes, then to 2 seconds, and so on, so as always to 
include the instant 2 o’clock. 

By 

In some cases we find that the value of r- is the same, whatever value of 

ox 

Bx is taken. 

‘ In case {d), for instance, it is found that, provided 5 W is not made too 

5/ 

great, the value of ^ is always the same, whatever value of SW is taken. 

The rate of increase of the length with respect to the tension Is therefore 
Bl dl 

said to be imifonn, and ^ is equal to the actual value of for every 

value of W considered. 

So also, in general, if ~ is the same for all values of Bx^ the rate of 

increase of v with respect to x is said to be uniform, and — ^ for ail 

Bx dx 

values of x considered. 

The cases considered in § 90 may be set down as follows : — 


/years 

k inches. 

hh. 

hu 

dh 

U 

12 . 

n • 

• S 4 - 99 \ 

• 56-91/ 

. • 1-92 . 

• 1 • 

• 1*92 = mean value of ^ 

(^) 





6PC. 

1 inches. 

5 /. 

S 0 . 

SI 

60 ’ 

0 « 

TOO a 

. lO'OO'l 

. 10-03/ • 

. . 0-03 . 

TOO , 

, . dl 

* 0-0903 = mean value of 

€Lo 

w 





i hours. 

If • 

. 

s miles. 

. . 12| 

. u 22/ 

Is. 

. . 10 , 

Si. 

. 0*5 , 

6 s 

Si 

m 20 = mean value of $■ 
dt 


The student should state the other cases considered in the same way. 


93 . Example ( i ). — The following values of s in feet show the distance of the centre of 
gravity {as measured tn a skeleton drawing) of a piece of mechanism from some point in 
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its straight path at the time t seconds from some era of reckoning. Find its mean 
velocity during the interval between each pair of measurements. 

(Board of Education Examination, 1901.) 


s. 

U 

hS. 

it. 

is 

id 


0*3090 

0- 4931 
0*6799 
0*8701 

1- 0643 ; 

1-2631 1 

2*00 

2*02 

2*04 

2 *06 

2*oS 

2*10 

0*1841 

0*1 868 
0*1902 
0*1942 
0*1988 

0*02 

0*02 

0*02 

0*02 

0*02 

9*205 

9*34 

9*51 

9*71 

9*94 

Mean values 

of* 

y dt 

throughout 
J each interval 


By subtracting each value of s from the following value we obtain the values of 
ds in the third column. Similarly the values of dt in the fourth column are obtained 
by subtracting each value of t from the next value. 

Then each value of represents the increase in s, or the distance moved during 
the corresponding interval of time ot. Therefore the mean rate of increase of r, or the 
mean velocity tl^oughout each interval, is obtained by dividing each value of 5 s by 
the corresponding value of 5 t. 

The results are placed in the fifth column. — is always equal to the exact value 
of the velocity ^ at some instant within the corresponding interval, and, if 5/ is small 

enough, we may take ^ as an approximation to the actual velocity ^ at the middle 
of the interval (see §87). 

Thus in the above example the velocity at time 2*05 secs, is 9*51 ft. per second. 

Example (2). — To show that, with the dada in example i, the mean velocity — 

approaches nearer and nearer to the actual velocity when (■=■ 2*05, as the interval 5 t is 
taken smaller and smaller^ so as always to include the instant when / = 2*05. 

We calculate the values of first for the interval between the first and sixth 

measurements, second for the interval between the second and fifth measurements, 
and so on. The calculations are given in the following table : — 


5t. 

is. 

is 



it 

0*10 

0*9541 

9'S4i 

0*06 

0*5712 

9-520 

0*02 

0*1902 

9-510 


Thus we see that as the interval 5 t is made smaller and smaller the average 
5 s 

velocity — approaches nearer to the value 9*51, which we have taken as the velocity 
when / = 2*05. 

Example (3). — In example l we have fowid a series of values of the velocity 

™ = z/. The acceleration is the rate of increase of the velocity with respect to the time, 
dt 

Find the mean acceleration between each pair of values of the velocity. What is the 
probable acceleration at time / = 2*05 seconds. 
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We have from example i — 


t . 

If. 

Iv * 


hv . 

ht 

2*00 



„,r 

_ 

\ 


2*01 

9*205 

— 

— 

1 


2*02 

— 

0*135 

0*02 

675 

Mean value of 

2*03 

9*34 

— 

— 

— 

acceleration 

2*04 

— 

0*17 

0*02 

8'S 

dv 

2*05 

9*51 

— 

— 


1 ~ dt ~ dt ^ 

2*o6 

— 

0*20 

0*02 

10*0 

throughout 

2*07 

9*71 

— 

— 

— 

each interval 

2'o8 

— 

0*23 

0*02 

11*5 


2*09 

9*94 

— 

— 



2*10 




) 



As explained in example i, we have taken the mean value of the velocity as found 
for each interval in example i, as being equal to the exact value of the velocity at the 
middle of that interval. 



Fig. 81. 


Thus the value 9*34 of the mean velocity found in example i for the interval 
between t == 2*02 and t = 2*04 has been taken as the actual velocity when t = 2*03. 
Subtracting each value of v from the next, we obtain the values of Zv given in the 

third column. Dividing by the value of 5 /, we obtain the value ~ of the average 
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acceleration for each, interval as given in the fifth, column. As before, we have taken 
each value of the average acceleration to correspond to the middle of the correspond- 
ing interval of time. Thus we find that the mean acceleration between jf = 2*03 and 
I = 2*05 is 8*5. We take this as the actual acceleration when / = 2*04. 

The acceleration when / = 2*05 is approximately equal to the mean of the values 
when / = 2*04 and 2 = 2'o6, i.s. the acceleration for t — 2*05 is 9*25. 

A probably more accurate value may be obtained by the graphic method of 
interpolation described on p. 80. 

Plotting the values of the acceleration and the time, we obtain the curve (Fig. 81). 
From the curve we find that the acceleration when t = 2*05 is 9*25. 

It may happen that the values of 5 and t are not given with sufficient accuracy to 
give values of the acceleration which will lie on a regular curve when plotted. In 
this case we could draw the regular curve which seems to represent the values of the 
acceleration best on the whole, and take intermediate values of the acceleration from 
this curve. 

There are other more accurate methods of interpolation which the student is not 
yet in a position to understand, but the graphic method will usually be found to give 
values as accurate as the experimental results will allow. 


94 . The acceleration ^ may also be written 


This denotes the 


result of performing the operation of finding the rate of increase 
to t twice in succession. 

Similarly, in the general case. 


dx 


denotes the result of finding the rate of increase of y with 


d^y 

dP- 


denotes the result of finding the 


rate of increase of ^ 
dx 


with respect 


respect to x, 
with respect 


to X. 

d^y j . d^ y 

denotes the result of finding the rate of increase of with respect 

to Xn 


95 . Geometrical Representation. — If we take the two variables in any 
of the cases already considered as co-ordinates of a point, we may represent 
the rate of increase by a graphical method. 

In case (a), p.^ 170, for instance, we may take values of the age / measured 
in years as abscissae, and values of the height h measured in inches as 
ordinates. 

Plot a point A (Fig. 82) whose abscissa is 5 and ordinate 41*03, and 
a point B whose abscissa is 6 and ordinate 44*00. 

Then NB represents the increase in h which takes place, while / increases 
by the amount AN, or 

NB = 5/;, AN = 5/ 

Then the mean rate of increase of h with respect to t between / = 5 and 
^ = 6 is 


5 / AN 


= 2*97 


This is the slope of the straight line AB to the axis of / when k and / are 
measured on the same scale, as in the figure. 

If we measure N B and AN each on its proper scale, and use the numerical 
NB 

values obtained to find and if we agree to call this result the slope of 
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AB, we may still say that — is the slope of AB, even if h and t are not plotted 
on the same scale. 

Similarly, if in case (b) we plot points A and B with values of population 
as ordinates and values of time in years as abscissa, the slope of AB will 

• . dV 

represent the mean rate of growth of population, ij. the mean value of 
between 1881 and 1891, 

We thus obtain the very important result that, if we are given two pairs 



6 7 

Age i 


Fig. 82. 

of corresponding values of the independent variable x and the dependent 

variable and plot two points to represent theih, then the value of — , or 

'Sx 

the mean value of the rate of increase ^ between A and B is the slope of 
AB to the axis of x. 

The student should plot the cases given in Examples LIV., showing that 
the rate of increase in each case is given by the slope of a line. 


86. Variable Bate of Increase— aeometrical Bepresentation.— The 
following table gives the time taken by the projectile of a 38-ton gun to travel 
to various points throughout the first 8 ft. of the bore. 


^feet, travel through 
bore .... 

0 

0*1 

0*5 

Z'O 

2*0 

30 

4*0 

t seconds, time of 
travel .... 

0*000 

0*00143 

0-00273 

0*00360 

0*00490 

0*00598 

0*00695 
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5 

5*0 

6*0 

7*0 i 

8*0 

■ — — 

0*00785 

0*00871 

0*00953 

i 

i 0*01032 


Taking values of s as ordinates and values of / as abscissae, and plotting 
these values we obtain the curve OCA in Fig. 83. 

While / increases from 0*00143 0*01032, s increases from 0*1 to 8. 



Fig. 83. 


ds 


while 5/ is 0*00889, Si- is 7*9, and the mean value of the velocity ^ 
throughout the interval considered is ~ = 888 ft. per seconcL 
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I So 

In the figure 5 s — NA, 5 / = SN, and the mean velocity throughout th#* 
5 s NA 

interval SN is ^ = slope of chord SA to the axis of /. 

Similarly, the mean velocity from t = 0*00143 to / = 0*00871 is equal to 
the slope of the chord SB. 

Mean velocity from t — 0*00143 to / = 0*00695 is slope of chord SC. 

„ „ / = 0*00143 to / = 0*00490 „ „ SD. 

Thus we see that the mean velocity between any two definite instants is 
equal to the slope of the chord joining the two points on the curve 
corresponding to those instants. 

We have already seen (§ 92) that, as we diminish the interval S/, as above, 
the mean velocity ^ approaches a definite limiting value, which is the actual 
ds 

value of when t — 0*00143 seconds, 
at 

We may gradually diminish 5 t in the figure by making the point A move 
along the curve towards S, so that the chord SA passes through the positions 
SA, SB, SC, SD in succession. 

Thus, as 5 t is diminished and A approaches S, the chord SA produced 
continually approaches the tangent ST to the curve at S, and the chord may 
be made as near to ST as we please by taking A near enough to S. 

The tangent ST is thus the limiting position of the chord SA, and the 
slope of the tangent is the limiting value of the slope of the chord. But we 

have seen that the slope of the chord measures the mean velocity and the 

ot 

limiting value of ^ is the value of ~ at S. 

the slope of the tangent to the curve at S measures the actual velocity 
^ when t = 0*00143 second. 


97 . In the general case, if we plot a curve to show the connection 

dy 

between two variables^ and the value of ^ for any value of x is the slope 


of the tangent to the curve at the corresponding point. We call this the 
slope of the curve at that point. 

Note that the curve connecting / and x may be merely a curve obtained 
from experimental results, and the equation connecting and x need not be 
known. 

N ote, also, that if the rate of increase is uniform, the slope of the curve is 
everywhere the same, and the tangent, the chords, and the curve in Fig. 83 
all coincide in one straight line. 

5 y 

Note that ^ is an ordinary fraction, and means that 5 y is divided by 5 x^ 


but ^ does not mean that dy is divided by dx. is not a fraction, but a 

symbol used to denote the rate of increase of y with respect to x. In our 

present notation dy and dx standing alone have no meaning, and ^ is only 

written in the form of a fraction because it is the limiting value towards which 
a fraction approaches. 

Also, in the expression ^ ^ is not multiplied by or by ^ standing by 
itself would have no meaning. 
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08. Rate of Decrease — R’egative Rate of Increase. — It sometimes 
happens that, as the independent variable x becomes greater, the dependent 
variable y becomes less, so that the curve slopes downwards as x increases. 

If, for example, we plot the pressure and volume of a given quantity of a 
gas at constant temperature (see Fig. 52 ),/ decreases as v increases, iJ. Ip is 

negative when is positive. The value of ^ and therefore of ^ is now 

negative, and the curve slopes downwards as v increases. Thus a negative 

value of ^ denotes a rate of decrease, and is represented graphically by the 

case of a cuiv^e which slopes dowmvards to the axis of as ;r increases. 


98a. Interpolation Formula for Rate of Increase. — To find the value 
of ^ from a table of values of y and x when the values of x are equidistant 
we may proceed as shown in the following example ; — 


.r. 


ay. 

5 =>'. 


sy . 


Sx. 

no 

1393 

I TO 






II5 

1703 


II 





120 

1824 

137 

i6 

9 

4 

1 


125 

i 1961 

162 

25 

14 


1 

5 

130 

2123 1 

201 

39 

20 

6 



235 

2324 

260 

59 





140 

25S4 








The column of second differences Ty is obtained by subtracting each value of 5 / 
from the next, and so on. 


ciy 

Then the value of ^ ^ = 125 is given by the formula 

% " - \ + Jo ® 

where ^my denotes the mean of the two values of ^y lying immediately above and 
below a horizontal line through the value 125 of x. 

Thus we have, as accurately as is possible from the number of values given above, 

^ _i/ t 37 + i62 _i 9 _+i 4 4 . 1 . L±i'\ 

a'.*x=iss 2 6 ■ 2 30 ‘ 2 y 

= i(i49‘S - i'9i7 +0‘033) = 29-S23- 
So also the value of ^ for = 125 is given by ^ 

where = 25 is the value on the horizontal line through the value 125 of The 
student is not yet in a position to follow the proof of these formulae. 

Examples. — LV. 

1 . Tabulate the mean values of ^ for the intervals between each of the given 

* 

values of x in the following. What is the value of ^ when :c = 13*50 ? 


JT 

i3’25 

13*35 

J3*45 

13*55 1 

13'6S 

7 

1-52 

1-83 

2*16 

r j 

2*51 1 

j 

2*88 

1 
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2 . Tabulate tbe values of ^ from the following. Plot curves showing the values 
(^) yt (^) for any value of x throughout the above range. 


X 

16-75 

17-27 

17-76 

i 8‘22 

18-65 

19*05 

y 

3*41 

3*43 

3*45 

3*47 

3-49 

3*51 


dy 

What is the value of when x— I 7‘99 ? 

3. j is the distance moved by a piece of mechanism in a straight line in time t, 
ds 

Tabulate the values of the velocity 


5. 

t. 

0*4502 

1*00 

0*6218 

1*02 

0*7930 

1*04 

0*9639 

1*06 

1*1345 

I *08 

1*3048 

1*10 


4 . Tabulate the \^alues of the velocity from the following data, 
same meaning as in the last example. 


s. 

i. 

1*6762 

1*02 

1*3078 

1*05 

0*9386 

ro8 

0*5688 

i*ii 

0*1983 

1*14 


s and i have the 


5 . If the chronograph records of the time at which a shot flying horizontally cuts 
three equidistant screens 150 ft. apart are O’48907, 0*56331, 0*63865 seconds, find 
the velocity of the shot at the middle screen. 

6. Tabulate the values of from the following values of x and y ; — 


X. 


781 

152490 

783 

153272 


154056 

787 

154842 

789 

155630 

791 

156420 
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7 . Tabulate tlie values of ^and ^-from the following corresponding values of 
y and x. What is the value of ^ 'when ^ = 7*2 ? 

Plot three curves showing the values of (a) {c) for every value 

of X. Verify by measurement that the slope of {a) is equal to the ordinate of ( 3 ), and 
that the slope of {h) is equal to the ordinate of {c). 


X , 

y - 

6*8 i 

11-431 

7*0 

11-957 

7*2 

12*567 

7*4 

13*305 

7*6 

14215 

7-8 

15*341 


dx^ 


8. From the following list of corresponding values of y and jv, find the value of 
when = 4*0 ; — 


3 ‘S 

I 2 ' 30 ICX) 

3*7 

53*37300 

3*9 

14*65024 

4 ‘i 

16-13376 

4*3 

17*82476 

4*5 

19*72460 


9 . s feet is the distance moved in a straight line by a portion of a machine in 
time i seconds. Find its acceleration when t = 3*04. The force acting upon it is 
equal to its mass multiplied by its acceleration. Its weight is 400 lbs. The unit of 
mass is taken as 32*2 lbs, in order to obtain the force in pounds. Find the force acting 
upon it when ^ = 3*04. 


t . 

s - 

3*02 

5*2534 

3*03 

1-3859 

3*04 

I-5I94 

3*05 

1-6540 

3-06 

1*7898 


10 . In the same way find the acceleration, when /=:6*I4, from the following 
data : — 
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^ seconds. 

f feet. 

6-12 

4*2691 

6*13 

4'3992 

6*14 

4 'S 349 

6*15 

4-6765 

6-16 

4-8243 


11. s gives the distance at time t of the piston of an engine from some fixed point 
on its stroke, as measured on a large scale drawing. Construct a table to show the 
velocity and acceleration at any time between 3‘Oi and 3*11 secs. Also plot two 
curves to show {a) the value of s at any time, {b) the velocity at any time, and verify 
by measurement that the ordinate of (b) is equal to the slope of (c). 


/ seconds. 

s feet. 

3-01 

0-0065 

3*03 

0*0373 

3 'OS 

0*0922 

3*07 

0*1692 

3-09 

0*2663 

3*11 

0*3815 


12 . In the following table s is the distance in feet which the projectile of a gun 
travels along the bore in ^ seconds. 

Make a table showing the velocity v and the acceleration a for different values of 
s from o to 14 ft. 

Plot curves showing how v and a depend upon s assuming that each value of the 
speed corresponds to the middle point of the corresponding interval 


leet. 

jf seconds. 

s feet. 

0*0 

0*00000 

7*0 

0*1 

0*00143 

8*0 

0*5 

0*00273 

9*0 

1*0 

0*00360 

10*0 

2*0 

0*00490 

II'O 

3*0 i 

0*00598 

12*0 

4*0 ; 

0*00695 1 

I 3‘0 

5*0 1 

0*00785 j 

14*0 

6*0 1 

0*00871 I 


/ seconds. 


0-00953 

0-01032 

0*01109 

0-01184 

0*01258 

0*01331 

0*01404 

0*01476 


It will be found that the above values of s are not given with sufficient accuracy 
to obtain values of the acceleration lying exactly on a regular curve when plotted. 
Draw the curve representing the results best on the whole. 


13 . In the following table P is the population of England and Wales in millions 
as enumerated at each decennial census. Make a table showing the average rate of 
increase of population per annum throughout each ten years. Plot curves to show the 
connection {a) between the population and the time (b) between the rate of growth of 
population and the time. 
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i 

Year. . . i 

{ 

1 

1801 ! 

I8II 

1821 

1831 

1841 

1851 

1861 

1871 

1881 

1891 

1901 

Population . 

S -89 

i 

10*16 

12*00 

I 4 ‘i 6 | 

15-91 

i 7'93 

0 

b 

2271 

25-97 

29-00 

32-53 


14 . The table shows the average height of boys at different ages in Great Britain, 
Construct a table showing the average rate of growth in inches per annum for every 
year of age between 4 and 21. Plot two curves showing (a) the height at any age* 
(if) .the rate of growth at any age, 


Age (years) . . 

4 

5 

6 

7 

8 

9 

10 

II 

m 

13 

Height (inches) . 

00 

41-031 

44 - 00 . 

45-97 

47-05 

[ 

4970 

i 

51-84 

53*50 

54-99 

56-91 


Age (years) ... 

14 

15 

16 

1 

^7 

18 

^9 

20 

21 

Height (inches) 

59-33 

! 

62*24 

64-31 

66-24 

66-96 

67-29 

67-52 

67-63 


{British Association Report^ 1883.) 


15 . The following table shows the average strength as measured by the drawing 
power of boys at different ages. 

IVIake a table showing the rate of increase of strength per annum at all ages 
between ii and 19. Plot two curves as in the last example. 


Age (years) . . i 

1 

II 

12 

13 

14 

15 

16 

17 

18 

19 

Strength (lbs.) 

! 

37-5 

38-7 

44*2 

47*0 

52-2 

58-2 

67*8 

74-2 

76-4 


16 . From the following data construct a table showing the rate of increase of 
weight of boys at any age between 10 and 20. Plot two curves as before. 


Age . . . 

10 

ii 

12 

1 

23 

£4 

IS 

16 

1 

17 

! 

18 1 

19 

20 

Weight (lbs.) 

67-5 

72*0 

76-7 

82-6 

1 j 

92*0 1 

102-7 

1 

119-0 

130-9 

1 

1 

137-4 1 

139-6 

143-3 


17 . The following is part of the record of a rough survey with a level. 

A number of stations are fixed along a road, so that each station is 5 ft. higher 
than the one before it 
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No. of station. 

Distance to next station (yards). 

I 

30 

2 

70 

3 

27 

4 

20 

5 

23 

6 

35 

7 

30 


The stations are in the same vertical plane. 

Plot a curve to show the contour, t,£. the shape of a vertical section of the road 
between stations i and 7. Also plot a curve having as ordinate the slope of the road 
at any point, and as abscissa the distance along the road. 


18 . A body weighing 150 lbs. moves along a straight line, so that its velocity v at 
distance s from a fixed point on the line is given by the following table : — 


s feet , . . 

0 

j 

I 

2 

3 

4 

5 

V ft. per second 

5‘2 

6-S 

10*4 

i 6*9 

26*0 j 

377 


The kinetic energy is equal to where m is the mass, and the force on the 

body is equal to the rate of increase of the kinetic energy with respect to the distance. 
Construct tables and plot curves showing the kinetic energy of the body and the force 
upon it throughout the above range of values of s. 


19 . <p is the entropy of i lb. of water at temperature ^ F. Make a table to show 
the values of the mean rate of increase of (p per degree rise in temperature for the 
intervals between each of the given values of 


/ 

200 

210 1 

220 

230 

240 

250 


0*2949 

0*3101 

0*3251 

0*3399 

o' 354 S 

0*3690 


Plot a curve to show the value of ~ throughout the above range of temperature. 

20. p is the pressure in pounds per square inch of saturated steam at temperature 

’F. 

Make a table showing the values of throughout the given range of temperature. 



70 

75 

80 

8 S 

90 

95 

roo 

105 

no 

115 

d 

302*7 

307*4 

i 

311-8 

316*0 

320*0 

323*9 

327*6 

331*1 

334*5 

337-8 
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Plot two ounces showing the values of p and of ^ for any value of 5 throughout 
the above range. 

21 . The following are results of the experiments of Bartoli and Stracdati to find 
the specific heat of water. Q is the quantity of heat required to raise the temperature 
of I gmi. of water from o® C. to 0 ® C. 

The specific heat s is the rate of increase of the quantity of heat per unit rise in 

temperature, ue, s = Construct a table and a curve to show the specific heat of 

water at any temperature throughout the above range. What is the specific heat at 
temperatures of 5® and 7® respectively ? 


B. 

Q. 

3 

3*01719 

4 

4*02180 

i; 

5*02590 

6 

0*02946 

7 

7*03255 

8 

8*03512 


22 . From the tables make out a list of the vaiues of between ^ = i c6 

aS ^ 

radian and 6 = 0*^5378 radian. Note that the value of - - between any two 
values of 6 is equal to some value of cos $ between the same values of d, 

23 . Make out a list of values of between $ = 0*6981 radian, and 6 = 0*7854 

radian. Note that each is equal to a value of ~ sin 6 within the corresponding 
interval. 

24 . Make out a list of values of from 6 = 0*4363 radian to 6 = 0*5236. 

25 . From the data given in Ex. XXXV. 14, plot a curve to show the rate of 
increase in the returns per £ i increase in the capital and labour expended for different 

dT 

values of the amount already invested in the farm, ue, plot and C. 

The farmer finds that he can get 5 per cent, for his money elsewhere with equal 
safety. How much will it be profitable to invest in the land ? 
df 

Note.-— As soon as ^ becomes less than the rate of profit which he could obtain 
elsewhere, it is not worth his while to invest any more in the land. 

26 . The following values of x and y being given, find the most probable value 
of ^ when = 3 : — 



0 

I 

2 

3 

i 

4 ! 

5 

6 

y 

irS 1 

i 6 ‘o 

20*0 

23*9 

27*6 

31-1 ' 

34'S 


All the given numbers should be used. 
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DIFFERENTIA TION 

99. Differential CoefB^eient of a Piuiction.“-We have shown how to find 
the rate of increase aiy with respect to x from a list of corresponding values 
at small intervals. 

If^ is given as a function of x by means of an equation, we can calculate 
the value of fy corresponding to any value of ^x from the equation, and thus 
obtain a formula for the rate of increase. 

The process will be understood from the follov/ing example 

Example.— = 5x kik function whose rate of increase with respect to x we 
require to find. 

If X increases by the amount so as to become x + 1 x ^)1 becomes 
Six + Bx) = + 5^^ 

if ty denotes the corresponding increase in^, 

and since ^ = ^x 
subtracting, Sj/ = 

and = S 

Since this does not contain dXy it is unaltered when and 5^ are indefinitely 
diminished to obtain the limiting value 



dy 

The value of ^ is called the differential coefficient of y with respect to x, 

, dy , 

The process of finding ^ is called differentiating/ with respect to x. 

If y is expressed as a function of x in the form F(^), we may write its differential 
coefficient in the form where the symbol denotes the operation of 

differentiating with respect to :*■. 

In the same way ^ denotes the result of performing the operation — twice in 

succession upon the function/, and is called the second differential coefficient of/. 
d^ 

is called the differential coefficient of / with respect to Xy and denotes the 
d 

result of performing the operation ^ n times in succession. 
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100. Geometrical Illustration. — Consider the geometrical meaning of 
the process in the above example. 

The function jk = 5^ is represented by the straight line OA, whose slope 

Is 5. 

Let OB be any value of x and BG the corresponding 
value of y. Then, if x is increased to OD, ^ increases 
to DE. 

Thus, in the figure, BD = CF = and FE = 

Thus 5 ?^ = ^ = 5 = slope of line OA. 

Zx PC ^ 5 

This is the mean rate of increase of^ from C to E. 

For this case of the straight line it is evident that as D 
moves back to B, and F and E to C, the triangle EFO 
remains always the same shape, however small Zx may be. 

5 v 

in the limit, as E moves to C, the value of — 
remains equal to 5. 

5 is the value of the actual rate of increase of y at 
the point C or ^ = 5* 

Note that for a straight line — Is the slope of the line, 
and is the same however large the interval CE is taken. 

It follows that ^ is the slope of the line, and is the same for all values 
of X. 

The same method evidently applies to any equation j/ = ax where a is a 
constant. 



Next consider a function of x^ such as 5 x -f 2. Here the line representing 
^ + 2 is obtained from the straight line OA in the previous figure by 

increasing every value of y by 2 ; i.e. by moving the line parallel to itself 
upwards, through a distance of 2 units parallel to Oy. 

We thus obtain the straight line PA' in the figure parallel to OA. If we 

proceed as before to find the triangle E'F'C', from which we obtain 

By 

^ is equal in every respect to EFC. 

•'•| = S = 5asbefore 


and ^ = 5 every point on PA' as it is for every point on OA ; or, 

otherwise, since the slope of PA' is the same as the slope of PA, the value of 

™ must be the same, for 
ax 


^ + 2 and = 54r 

So also, in general, the effect of adding a constant 3 to ax is simply to 
move the line y = ax up through a distance d without altering its slope. 

Thus ~ is not altered, and it follows that 
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^{ax 4 - 3 ) = ^{ax) = a 
dx dx 

Similarly, it follows that the addition of a constant c to any function of x 
moves the whole curve upwards through a distance but does not alter the 
slope of the curve for any value of x. 

Therefore the value of ^ is not changed when y is increased by a 
constant, or 

S|FW4.).i(FW) 


If is a constant it does not change when x changes, and consequently 

^ . . dc 

Its rate of increase is zero, or ^ = o. 

Geometrically, the equation y ^ c represents a straight line parallel to 
the axis of x^ and at a distance c from it, and the slope of this line is o. 

Note that if y - ax then, since ^ which is a constant, ^ and 

all higher differential coefficients are zero. 


Examples. — LVI. 


Differentiate the following functions of x. Also plot the straight lines which 
represent them, and verify that in each case the slope of the line is equal to the 
differential coefficient 


1. zx, 

6 . sx + 2. 

8. - — 2‘5. 


Find the values of— 

11 . + 


2. ^x, 3. — 2x. 

6. - 3. 7 . - 3 ;r 4 - I. 

10. o-253jr — 6*21, 


12 . |( 2 - 3 *); 

15 . ^(.- 34 ; 


4 . 

8. — o‘6j? + 21. 


13 . 

16. £{ 2 U+S)-. 


where aj and c are constants. 

17 , If Vt is the volume at temperature C. of a quantity of gas which occupies 
volume Vo at 0° C., and at the same pressure, then 


Vj = Vo(l 4 - 0*00366/) 

What is the rate of increase of the volume per degree rise in temperature? 
Illustrate by plotting V{ and t for the case Vo = 100. 

18 . The current C amperes in a conductor of resistance R ohms, under an electro- 

E 

motive force E volts, is given by C 

Find the rate of increase of the current with respect to the electro- motive 
force. 

19 . If we find by experiment that the speed of a falling body and the time / 
from rest are connected by a straight line law ; prove that the acceleration must be 
constant. 
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20. A point moves along a straight line so that its distance s from a fixed point 
on the line at time / is given by the equation 

s = 1*32 + 2 * 6 / 


Find its velocity and acceleration. 

21. The length f of a stretched wire of unstretched length / is given by the 
formula 




AV 

AE 


where A and E are constants, and W is the stretching force. Find the rate at which 
the length increases per unit increase in the stretching force. 

22. The length / of a copper cable at temperature 0 ° F is given by the formula 

/ = 1560 {i -f o*ooi8(0 — 32)} 

What is the rate of increase of its length per degree rise in temperature? 


101. Bifferentiation of ax ’^, — Next consider the function = ax"^. 

Let X increase to ar 4* 5ar. 

Then the new value of_y which we denote by 

y oy a(x -f Sxy = ax^ 4* 2 axox 4* a(Bxy 

Also we have>' = ax^. 

We have here a pair of values of x and the corresponding values of/, and 
we proceed to find dy by subtraction, as in the previous paragraph. 

A subtracting 

5 / = 2ax5x 4 - a{txY 

,% ^ = 2ax 4 - a^x 
^x 

In the limit when Bx ^ o this becomes 


102. Geometrical Illustration. — We shall now illustrate the geometrical 
meaning of the above process as applied to the graphic representation of the 
equation / = ax^. 




Take the case where a = 
Plot the curve/ = ixK 
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Consider the point A on the curve when = OB = 2, and = BA = i. 
Let X increase to x -f dx = OC = 2*4, so that _5:ir = BC = 0*4. 

We thus get the point D on the curve, and if AE be drawn parallel to 
Ox, = ED = 0*44. 

Then the mean rate of increase of y with respect to x throughout the 
interval 5x is 

^ = 5!44 _ j.j 

5x AE 0*4 


This is equal to the slope ot the line AD, and measures the mean slope of 
the curve from A to D. 

As 5x is diminished C moves back to B, and E and D to A, and ^ 

approaches its limiting value which is equal to the slope of the tangent 

to the curve at A, 

We find that 


when 5x = 0*3, 

„ Sx = 0-2, 


By _ 0322$ 
^ 0*3 

y _ 0*21 
Sx 0*2 


= I-07S 
= ros 


9) 


99 


99 


^ By 0*1025 

Bx = 0*1, ^ 

* Bx O’l 

^ By 0*0506 

Sx = 0*05, ^ 

Bx 0*05 

^ By 0*010025 

Sx = 0*01, — = 

’ Sx 0*01 


= 1*025 
= 1*0125 
= 1*0025 


Thus ~ may be made as near to the value i as we please by making Sx 
ox 

sufficiently small, and is never less than i. 

/, the value of at A, which is the limit of ~ as C approaches B, is 
equal to i. 

This agrees with the result of the last paragraph, whei'e we found that, 
when y = ix% — = 2xjxx = ^, and when x = OB = 2 this becomes 
equal to i. 


103. Differentiation of ax^, — The two cases y = ax and y = ax^ have 
been very fully treated to enable the student to get a clear idea of the method 
of obtaining a formula for the rate of increase of a function. These are 
special cases of the more general classy = ^zx^ 

We shall now find the rate of increase of ax^. 

Let = X" 

Thenj^ + 5/ = (x+ 5x)” 

= x” -f nx^^^Sx -f • • . terms of higher degree in 5x(see § 45) 

subtracting 

8y = nx^^^Sx + terms of higher degree in Sx 

By . 

^ = «x*~i + terms containing Sx 
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In the limit when becomes indefinitely small, it can be proved that the 
sum of all the terms containing Sx vanishes. 

We thus get 

^ = nx*^~’\ or -^(x^) = 
dx * dx^ 

In the same way, if a is any constant, it follows that 

= nax*~^ 

As before, the addition of a constant to the value of y does not affect the 
differential coefficient, or 

+ ^) = nax^-"^ where is a constant 

Example. — To verify numerically the above result for the differential coejicient of 
for the case when « = 3. 

By calculation \vc get the following values : — 


ur. 



hx. 

Ar* 

1000*1 

1000*2 

1000300030*001 

1000600120*008 

300090*007 

0*1 

3000900*07 

1000*3 1 

1000900270*027 

3001 50*019 

0*1 

3001500*19 


Mean of above values = 3001200*13 = probable value of ^ for x = iooo*2. 
By the rule proved above for differentiating x” we get 
dv 

— = 3JC® = 3(iooo‘2)® = 3001200*12 for x = rooo*2 

This agrees with the numerical result obtained above to 8 significant figures. 

The slight error in the second decimal place is due to the assumption that is 

exactly equal to the mean value of as found above. 


Examples. — 

(I.) If y = 41-=, £ = 4 X 5«* = 20;r‘. 


(Z-; 




2ffx 


= 6 X /ja"* = 

= - 3 ' 


(6.) -^(z/--l-32) = - 

av 






194 


Practical Mathematics 


Examples. — LVII. 

Write down the values of ^ for the following cases 

1. = 2.)^ = x\ 3. J = 

_L 

Find the value of the following : — 


4. 

^ X 


5. ~ 6. y- 7. y ^ 


8 . 

du 

a. 


9. 


d^Ju 


du 


1(f)- 


10 . 

d /C\ 

13. where C is a constant. 


14. + b) where a and h are constants. 


104. To difierentiate the Sum of a IT umber of Terms. 

Let • • • where 2^2> ^3 • • • are functions of at, which 

we can differentiate. 

Let X increase to x + 5^, U2, . to ^3 + » * • 

and to ^ + 5y. 


Then By = 52^1 4- 5«2 + Bti^ + 

anda5: = |(l+^= + *3 + 
Sjtr dx 3x Bx 


and in the limit as Bx and therefore Bu^, Bu^ . 


diminished, 


and By are indefinitely 


(iy du-y^ I <^7^2 , dti^ , 

dx dx dx dx 


the differential coefficient of the sum of a number of terms is equal to 
the sum of their differential coefficients, or the sum of a number of terms can 
be differentiated term by term. 


Examples. — 

(I.) ^ {$x — 4- + Sx*) = 3 “ 104 ; + iS^r’ + 324;®, 

(2.) x(S '3 “ = ■“ 6*2 X 1*54°’® 4 - 

^ '' ds 

= - 9-3 j0‘« 4- 4^'- 


105. Velocity and Acceleration, 

Example. — A point moves along a straight line so that iu distance s feet from some 
fixed point on the line at time i seconds from some definite mstant is given by the 
formula 

J = 4^ - 5^ + 3 

Find expressions for its velocity and acceleration at a?£y time. Calculate the velocity at 
time 3 seconds. 
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velocity = ^ = 8/ — 5 

velocity when / = 5 is 40 -- 5 = 35 second 

To find the acceleration we have, if z/ be the velocity at time /, 

acceleration = rate of increase of velocity with respect to time 
dv 

and since zf = 8/ — 5 
dv 

ii=^ 

i.e. the acceleration is constant, and equal to 8 ft. per second per second. 


106 . Example. — If the pressure and volume of a gas are connected by the relation 
piP = C, where 7 and C are consianiSy find the volumetric elasticity (fa = — 1/ 

We have 

pv^ = C, and p — 

== ^ ^ = "" 2 '(~ 7 ' = vy = 7 * Cs' ^ = 7A 


■ 7 . = 7/. 


106 a. Example. — To test whether two quantities^ y arid jr, are connected by * 
relation of the form y ■=. a -h- having given a curve representing y as a function 
of X. 

Diiferentiating, we have 

^ 1 


Taking logarithms 


log^ = («- 1 ) log X + log hn. 


Thus log and log x are connected by an equation of the first degree, and the 

relation between them is represented by a straight line. 

We therefore proceed as follows : — 

From the curve tabulate values ofy for equal intervals in the value of x. 
dv 

Thence tabulate values of — as on p. 175. 

dx 

dy 

Plot log ^ and log x. If the law is of the form ^ we shall get a 

straight line. 

dy 

By substitution of the values of log ^ and log x obtained from two points on th^ 

line, the values of « — i and log bn are obtained, and n and b are determined. 

The value of a may now be found by substitution in the equation jk = a + bx** 


Examples. — LVIII, 

Differentiate wdth respect to x, 

1. 3 X® — 2A" -f L 2. 2 — 5x — 6x®. 

3 . 4x® - + 7x^ — X® 4- 2x^ — X —3. 

4 . 3x^ — 21X* -j- 6 a* — X. 5 . 3x* — 2x^ + X* — X®* 
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Find the value of the following : — 

e. I ( 3 + 5^ + 6^)- 

7. ~ {a + di c^) where a, and c are constants. 

8 - i if - h + - """' + 3 ^" - 

10- i - i). 


12. 

_ ,1-36 + 

013 + 2*1). 

m 





13. 

ii 

dx^ 

- 


3)- 

14. 

it 

M 

/ 

«r 5 

--i- +-i_ . 

3 2 Mu 

-> 

15. 

du\ 

V « -f 
s. 

i + «+i). 


16. 

U 


” ^3 + 


17. 

i( 

dx\ 

/ 

/>J X •¥ 

_i _ _£l\ 

2 V X s! x) 


18. 

a 

' I _ 

3 _ 2\ 
x)' 


19. 

u 

f 

, , I _ I 

%!x, 

)• 

20. 


’ - 3-f' + 4 + Ms). 


21. 

Si 


^ + 3 + ^2/ 

)• 

22. 

-( 

dv\ 


+ 18 

23. 

d 

*• - 3j’ + 22 - 5 


24. 

d 


+ ^X^"^ — 0 ^'^ 


dz * 




dx 

* 



25. 

du^ 

( 479 ' 

^„l-064« 


d/J: 

dA} 

> 


27. .^479^ 

) 

1 

|r0646' 


28 . Find the 1st, 2nd, 3rd, 4th, and 5th differential coefficients of jr®. 

29 . Show that {j(^) is a constant, and that any higher differential coefficient 
is zero. 

30 . From the following data verify the rule for differentiating x” : — 


X. 

.r*. 

966 

933156 

967 

935089 

968 

937024 

969 

938961 


31 . Calculate the values of 3^^ when jr has the values I2i’i, I2I*2, I2I’3, knd 
theiKce verify numerically the rule for differentiating ax** for the case when ^ = 3, 
« = 2. 


32 . Verify the rule for differentiating V x from the following : — 


hjx. 


966 

31*081 

967 

31*097 

968 

31-113 

969 

31*129 
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83 . Verify the rule for differentiating from the following : — 


X. 

X. 

406 

20*1494 

410 

20*2485 

414 

20*3470 

4IS 

20*4450 


Plot two curves showing {a) the value of a/ x for any value of x, ( 3 ) the value of 

for any value of x. Verify by measurement that the ordinate of ( 3 ) is equal to 
dx 

the slope of (a). 

dv 

34 . From the following numbers tabulate the values of — » and compare with the 

result of differentiating Plot curves showing the values of y and ^for any value 
of X within this range. 


X. 




8*Si 

0-11351 

S*S2 

0-11338 

8-83 

0-11325 

8-84 

0*11312 

8-85 

0*11299 

8*86 

0*11287 


Plot two curves showing [a] the value of y, ( 3 ) the value of value of x 

within the given range. 

35 . Do the same for^y = x^ having the following values given : — 


X. 

y=SiX%. 

91 

20*231 

92 

20*379 

. 93 

20*52*7 

94 

20*674 


36 . Calculate the values of jc* for the cases when x = 1000, root, and 1002. 
From your results find the mean rate of increase of between each successive pair of 
the above values of x, and compare with the result of differentiating x^, 

87 . Calculate the values of ^ for the cases x = 1000, looi, and 1002 respec- 

tively, and, as above, find the rate of increase of ^ for the given intervals, and compare 
with the result obtained by differentiation. 
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In the four following examples the curves should be drawn on a large scale 
between the given values : — 

38 . Draw the curve ~ 3^ + 2 from jc = 2*8 to x ^ 3*2, and measure its 

slope at the point where = 3 * Compare this value with the value, of ~ obtained by 
differentiation. 

Note. — This and the following examples will serve to give the student an idea of 
the accuracy which he can attain in measuring the slope of a curve. 

39 . Draw the curve 2 + 2x ^ from ;r = i*S to jt = 2*2. Find its slope at 

:r = 2, and compare with the value of obtained by differentiation. 

40 . Draw the curve ^ ^from x = O'g to x = ri. Find its slope at :«; = i, 

and compare with the value of ^ obtained by differentiation. 

41 . Draw the curve 7 = .r-s-a ^ 2x^‘S fxom x — 0*9 to ;c = it. Find its slope at 
X — li and compare with the value of ^ obtained by differentiation. 

42 . If a point moves along a straight line so that its distance s feet from one end 
at time / seconds always sathhes the equation x = 3*i - 5/ + 6/^ find its velocity 
and acceleration at the end of 5 seconds, 

43 . Similarly, if J = ^, find the velocity and acceleration at the end of 6 seconds. 

Plot curves showing the values of (a) the distance moved, ( 3 ) the velocity, {c) the 
acceleration, at any time from / = i to / = 7. 

44 . The distance s feet travelled by a falling body from rest in time ^ seconds, 
neglecting the resistance of the air, is given approximately by the formula s = i6t/®. 
Find an expression for its speed at any time. Plot the curve s = 16 T/^, and by 
measuring its slope to the a.xis of if at the points / = i, / = 2, if = 3, / = 4, obtain the 
velocity after falling i, 2, 3 and 4 seconds respectively. Compare with the values 
found by differentiation. Also find the acceleration. 

45 . The distance s feet fallen by a stone in / seconds is given by j = 16*1/^ — 
200/ + 5. Find expressions for the velocity and acceleration at any time. 

43 . A point moves in a straight line, so that its distance from a fixed point on the 
line at time / is given by the formula s = a + Find formulae for its velocity 

and acceleration at any time. 

47 . A mass of 200 units moves along a straight line, so that its distance s from a 
fixed point on the line at time / is given by the equation 

j= 1-3 + 2*5/+ 4*2/* 

Let V be its velocity. Then its kinetic energy is and its momentum is mv^ 

where m is the mass. Find expressions for its kinetic energy and momentum at any 
time. 

48 . The pressure and volume of a gas at constant temperature are connected by 
the equation = C. Find an expression for the rate of increase of the pressure with 
respect to the volume. Plot the curve /z' = i, and verify your result hy measuring 
its slope at the point where = i. 

49 . The volumetric elasticity of a fluid is equal to £ = — If a gas expands 

at constant temperature, so as to obey the law /z' = C, find an expression for the 
volumetric elasticity and show that t—p. 

50 . It was found from Regnault’s experiments that the total heat Q required to 
raise the temperature of i gram of water from 0° C. to C. between 0 = o and 
0 = 200 is given by the equation 

Q = e + 2 X 10-* . 0* + 3 X 10“’^ 0® 

The specific heat at temperature 0 is the rate of increase of the quantity of heat per 
unit rise in temperature. Find a formula for the specific heat ^ of water at any 
temperature. 
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51 . It was found by Weber that the quantity Q of heat required to raise the 
temperature of unit mass of diamond from o® C. to a® C. was given by the equation 

Q = 0*0947$ + 0*000497$' — 0*00000012$® 

Find a formula for the specific heat s at any temperature, and plot curves to show the 
values of r and Q for all values of $ between 0° and 200^. 

52 . This and the following examples refer to beams loaded in various ways 
(see pp. 97, 102). ;y is the deflection at a distance x from a fixed point on the beam. 
W, Wf E, I, and / are constant. 

y = gf (F*’ - 


83. 




dx'* dx^' 
w 


dx^ 

{6Px^ - 4/x® + x^) 


^ " 24EI 

fy ^ 

dx' dx?> dx^’ dx'' 


64, 


unri/y ‘^y 

dx' dx^' dx?' dx?' 


65 . Find the law connecting / and x, having given the following corresponding 
values : — 


X 

0*5 

0*75 

I 

1-25 

I'S 


3 

775 

17 

32*25 

55 


56 . A curve passes through the following points. Show that its equation is of 
the form/ = a{x -h b)** and find the values of the constants. 


X 

0*0952 

0-3784 

0*4832 

07029 

y 

2*4 

3-8 

4*4 

5-8 


107. Diffbrentiation of e*. 

If e is defined as in § 7, it can be shown that 

+ 


^ = I ^ x + + 

1.2 1.2.3 




I. 2 . 3 . 4 




where the sum of the series continually approaches a definite limiting value 
as the number of terms is indefinitely increased. 

It can be shown that such a series can be differentiated term by term, 
and that the result is the differential coefficient of the sum. 

Differentiating term by term, we find that 
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= (j* 


2 ,X , 

3;r> j_ 

1 

1 w 

I . 2 .'3 I . 2 . 3 . 4 

4. 

^ ^ r 

. “y 

I . 2 

1.2.3 1.2. 3. 4 


+ 


Thus is a function whose rate of increase with respect to r is equal to 
the function itself. 

This result shows that if we plot the curve jk = the slope of the curve 
at any point is equal to the ordinate at that point. 


Example the airvey = from x = o to x - 2, measure its slope at the 

points where x = 0*5, i, I ‘5, and compare with the values of y. 

Example {2).-—Plot the curve y — eF on a large scale from x = 0*99 to x ^ I'oi, 
and measure its slope at the point x •=■ 

The differential coefficient of may be obtained in the same way. 

We have 

= a + aox + a h a + . • . 

1.2 1.2.3 

Differentiating term by termj we get 
d 

— ab ab > bx -V ab h . . . = abe^ 

dx^ ' X . 2 

Note that the rate of increase of is proportional to the function 
itself. 


Examples.-^ 

(I.) 

(2*) 

(3.) 







We may extend this method to the differentiation of aP ; for, by the 
definition of a logarithm, 

a = and cP - 

= (logo «) z= ^ . loga a 


Example. — 


^(2'i)* = 2*i*.log« 2*1. 
=: 0742 X 2*1*, 


Examples.— LIX- 

1 . Plot the curve y = from ^= — 1 to x — + x ; then by the result just 
proved the slope of this curve at any point should be equal to (e^^) = 2^?®* = 2y, 
Vexifjr this by measuring tne slope at the points ;ip = — 0*5, x = 0*25, and x =i= 0*7. 
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2. Tabulate the values of ^ from the data given in the following table. Note 

that in each case the value of ^ is equal to some value of y within the corresponding 
interval. 


X. 


1-50 

4*4Si69 

1*51 

4'52673 

1*52 

4'57223 

1*53 

4-61818 

I ‘54 

4-66459 


Find the value of- 
3. 

0 . 


4. 


6 . 


dx 


(s> 


7. ^(^- + 5). 


9- + 

11 . 


8 - 

10 - + 

a, if, and c are constants. 


12. If sinh X = — 5 and cosh x = j show that ^(sinh x) = cosh x, and 




(j, 

^(cosh x) = sinh x. 

13. i (4-SO- 
16. 


14. f (2-3p. 


dx 

d^. 


15. |( 2 - 8 s)-. 


17. £(^). “-5^ 

d-^s 


d^i^ 

dx^ 


18. If jr = prove that ^ = 9 ^. 

d~y 

19. If_y = ad^^ find the value of — h^y, 

20. Ify = 4- find the value of — 5^+ 6j>/, 

21. If^ = Ar-“i® + Br"®**, find the values of C and D so that 

-f C ^ + Il j' may be equal to o for all values of x. 

22. If z/ = where Xj, X, are the roots of the quadratic equation in X 


Lx’ + RX + ' = o, 
iv 

dv V 

prove that L^ + R^ + j^ = o. 


23. If a body is heated to a temperature 6° and then allowed to cool by radiation, 
its temperature at time t seconds is given by the equation 6 = w’here e is a 

constant. Prove that the rate of cooling in degrees per second is proportional to the 
temperature. 
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If V is tlie difference of potential at time t between tbe plates of a condenser 

dV Y 

discharging through a resistance R, it can be shown that ^ = — |^. Show that 

this equation is satisfied if V = kb where V* is constant. What is the value of V 
when / = o ? 

25. Test the following numbers for a law of the form j/ = a + and find the 
values of the constants : — 


X 

0‘I 

0*2 

j 0-3 

0*4 

y 

5-663 

i 

6-476 

7-466 

8-675 


108. Differentiation of sin x. 

Let ^ = sin ;ir where x is measured in radians. 
Let X increase to :ir -f ^x^ and^ to j 4- 


Then y + dy ^ sin (x + Bx) 

By = sin (x 4 5;^) - sin jr 
/ dx\ . Bx 


= 2 COS 

.*« mean rate of increase of^ is 


sin 


By 

= 2 COS 

Bx 


(-t) 


. Bx 
sin 

2 


= cos (x’^ 


H' 

. Bx 
sm — 


2 J 5£ 
2 


Bx 


We notice from the tables that as the angle “ is made smaller and 
smaller the values of sin ^ and of ^ become more and more nearly equal. 


It may be rigorously proved that the fraction 


. Bx 
sm 

2 

2 


becomes equal to i 


in the limit, as the angle — is indefinitely diminished. 


^ “ Aimit of when 8;r = = cos x 

dx \ Bx j 


109. Differentiation of cos a'. 
Let y = cos ar. 
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Let X inciease to Jt* + 5-r, and^' to -f 5^. 

Then j + 5/ = cos (x + 5r) 

5^ = cos {x 4- ^x) — cos X 


= — 2 sin sin 


Sjt 

5jr 


Sx 


= ~ sin 




z 


In the limit, as cos Sx vanishes, this becomes 

^ sin X 
dx 


This result may also be obtained from the previous one by writing - 


for JT, 


110 . Example . — To verify from the tables that ~ (sin x) = cos x. 

ax 

We have 


z. 

y = sin X. 

hy. 

ix. 

iy 

hx* 

Mean value of 

& 

dx* 

23° 0' 

23° l' 

23® 2' 

\ 0*3907311 

1 0*3909980 
: 0*3912666 

0*0002669 
0*0002686 j 

ll' = 0*0002909 
/ radian 

0-9177 

0-9234 

\ 1 0*9205 


^ is equal to the mean value of throughout each interval of i' for which it is 

measured, and the mean of the two values of is approximately equal to the value 

dx 

of when x = 23® i'. 

dx 

From the tables we find that the value of cos 23° i' is 0*9204. 

•** ^ ~ ^ value X = 23® T within the limits of accuracy of the 

above method. 

Note. — dx must be expressed in radians because, in proving that j- (sin x) = cos jr, 
it is assumed that x is measured in radians. 


111 . G-eometrical Illustration. — Plot the curv^es y = sin x^ ABC, and 
y = cos JT, A'B'C', measuring x in radians. 

Then the result of § 108 shows that the slope of the sine curve at any 
point P is given by the corresponding ordinate NP' of the cosine curre. 

In particular, the slope 01 the sine curv^e at A is equal to AA' or unity. 
Note, however, that the slope is measured as in § 95* 

From A to B the sine curve becomes less and less steep, until at B the 
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slope is zero, corresponding to the point B' where the cosine curve cuts the 
axis of - 

From B to C the sine curve slopes downwards and increases in steepness 



until at C its slope is - i, corresponding to the point C' on the cosine curve, 
and so on. 

If we consider the slope of the cosine curve we see that, since the curve 
slopes downwards from A' to B', ~ must be negative, and pass from o at A 

to — I at B' as the ordinate of the sine curve changes from o at A to 4* i 
at B. 

This agrees with the result ^(cos x) - sin ;r, and gives a geometrical 
explanation of the minus sign. 

112. By a similar method to that used to differentiate sin x and cos x 
we may show that 

sin (dx + c)} = ab cos {hx + c) 

•— { j cos (J)x + c)} = - ab sin {fix + ^ 
d . 

Thus ~T- sin 2:r = 2 cos 2;ir 

dx 

sin {2x + i) = 2 cos (2jr 4- r) 

^ 3 sin {i.x 4- i) = 6 cos {7.x 4- i) 

^ sin (i — .ir) = - cos (l -- x') 
d 

cos 4;r = — 4 sin 4r 




Differentiation 


205 


^ 2 COS (Sjt - 2) = — io sin (Sjjt - 2) 
^ cos (3 - 4JI-) = 4 sin (3 - 4^) 


Examples. ~LX, 
Differentiate the following with respect to x : — 

I. sin 3x. 2. cos zr. 3 . sin 

6. cos (- 3x). '6. 3 sin (— Jx). 

8. 2 sin (2x — 4). 9.-3 cos (2 + Jx). 

II. — 2 cos (i — 3x). 12. 6 sin (2 — 5X). 


A ^ 

COS 


14 . I -002 sin (0-35 IX -f 0*273). 
Find the value of the following 


7 . 4 cos (- 2*3 Sx). 
10. 5 sin (2*5 
13 . ^ cos (J - ^x). 


16 . 2*56 cos (3*71 — i*52x). 


16 . ^ ^ sin {ni 4 - f). 


17 . ^ A sin {// 4- a). 


18 . ^ A cos (// + a). 


19 . ^ • {A sin {ct 4 - a) 4- B sin {ct — a)}. 


20 . ^ A sin [B + e). 


ai. ^3 sin (1-03/ + 2-51). 

22. ^sin (271/; +^), 

23 . F rom the following values of x and sin x find the value of i s 

and verify that it is equal to cos 20®. 


Note. — Sx must be measured in radians, i' = 0*0002909 radian. 

X. 

sia X. 

19° 59' 

0*3417468 

20® 0' 

0*3420201 

20® l' 

o’ 342293 S 

24 . From the following values of x and cos x verify that ^ cos , 

the case x = 30®. 


X. 

cos X. 

29“ 59 ' 

0*8661708 

30® 0' 

0*8660254 

30“ i' 

0*8658799 

26 . V erify that ~ cos x = — sin x for the case x = 74®. 

X. 

cos X. 

73° 59 ' 

0*2759170 

74® 0' 

0-2756374 

74® I' 

o '2753577 


= — sin X for 
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28 , Draw the portions of the curves 

y = sin X, and y = sin 

between ^ = 0*1745 radian = 10® and x = 0*3491 radian = 20°, plotting the values 
of X in radians. Measure the slope of both curves when x = 0*2618, radian = 15®, 
and compare the measured values of the slope with the values cos x and 3 cos ^x given 
by differentiation. ^ 

27 . Give the proof, as in § 108, that 

~ a sin {bx c) ^ ah cos {bx + c) 
ax 

28 . Find the first eight differential coefficients of sin x and cos x. 

Find the value of— 

29 . ^ a sin {qt + g), 80 . ~ 3 sin {ix + 4). 

81 . “ {i‘2 sin {2‘6x — 4'i)}. 

(Ps 

82 . If j = 4 sin 2/ + 8 cos 2^, prove that s satisfies the equation ^ -f 4^ = o. 

iPv 

53, If_j/ = A sin {/^x 4- B), find the value of ^ -i- i6y, 

34 . Ify^A sin {ni + /), find the value of + n^y. 

35 . y = a sin pt Ar h cos pt. Find the value of . Express ^ in the form 
A sin {pt-k- g)> (See § 37.) 

38 . If a piece of mechanism moves with a simple harmonic motion, its distance J 
from a fixed point on its path at time t is given by the equation 

/ = <* sin i2.xni -f ^), 

where g and n are constants. Find expressions for the velocity and acceleration at 
any time. Show that the acceleration is proportional to j. 

37 . In the last example, take ^ = o, a = 0*458 ft., n = and plot curves to show 

(<z) the distance J, (^) the velocity, (f) the acceleration at any time from / = o to 
t — 0*44 seconds. 

38 . A mass M moves in a straight line with a simple harmonic motion given by 
the equation j = a sin qt^ where s is the distance of its centre of gravity from the mid 
point of its path at time i. If v is its velocity find expressions for its kinetic energy 
I Mz/*, and its momentum at any time t. The force on the body at any time is 
measured by the mass multiplied by the acceleration. Find an expression for the 
force at any time, and show that it is equal to the rate of increase of the momentum 
with respect to the time, 

39 . A closed plane circuit of wire enclosing an area A square centimetres is 
rotating with angular velocity q radians per second in a magnetic field of intensity H. 
If / is measured from the instant when the plane of the circuit is parallel to the field, 
the magnetic induction through the circuit is I = AH sin qt. 

The electromotive force V in the wire, expressed in volts, is the rate of increase of 
the magnetic induction per second multiplied by lo-®. Find an expression for the 

electromotive force at any time. In the case when A = 550 sq. cms., q = — — — 5 ^ 

H = 7500, plot a curv^e to show the electromotive force at any time from r = o to 
t = 0*0545 secs. 

, (pu 

40 . Ihe equation ^ = m^u occurs in the theory of the whirling of shafts, m is 
a constant. Show that this equation is satisfied by putting 

u = A^ 4 - + C cos mx -f D sin mx. 
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41 , The equation 


(Pu P« WL 

+ El + 8EI L “ ° 


occurs in finding the shape of a strut which carries a thrust at the end, and abo a 
lateral load. Show that it is satisfied by putting 

| WL cos^ 

ji = '' ^ 

El ~ -P 
L* 

All the letters except u and x represent constants. 

42 . If j = tf sin / -f- ^ sin 2/ + sin 3/, find the value of ^ and 

fA ^ ^ 

43 . If jtr = r sin 57/ -p — cos 2 qi where x is the displacement at time t of the 

4/ 4/ 

piston of a steam-engine from the middle of its stroke, r = length of crank, / = length 
of connecting rod, find expressions for the velocity and acceleration. 

What are the values of the acceleration when / = ^7, — and - ? 

257 q 

44 . A point moves along a straight line so that its distance s from a fixed point 

on the line is given hy s = a sin [zir/t + ^ sin (3717? h) ; f, g, and h are 

constants. Write down expressions for the velocity and acceleration at any time. 
Plot a curve to show the value of s for any value of / when <2 = 1*5, ^ = 0 ' 6 ,g = 0733, 

^ = 0-951,/= 


113. DiS’erentiation of log x» 

If ^ is a function of and hy and ^x are simultaneous increments of y 
and x^ then 

5 ^ _ I 
5 jr 


This remains true as 5v and hx are made smaller and smaller, and 


approaches the limiting value 


dx' 


. dy _ I 
dx ^ 
dy 

Let^ = iogfi .r 
Then x = 

,dx 

and ~ ~ — X 

ay 

dx ^ X 

dy 


It follows in the same way that 


^{A log, {'Bx + C)j = 


AB 
4- C 
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where A, B, and C are constants. 

Since logjo x = 0*4343 we have as a special case 




0-4343 

X 


We may verify this result numerically as follows : — 
From the tables we have 



loggX-^. 

i;K. 

Sx. 

dx 

dy 

d]c (n^ean). 

5*40 

5*41 

5*42 

1*6863989 
1*6882491 
1*6900958 1 

0*0018502 

0*0018467 

0*01 

0*01 

0*18502 

0*18467 

0*18484 


We have by differentiation 

^(log, ^) = ^ = ^ = 0-18484, for JT =: 5-41 
which agrees to 5 significant figures. 


Examples. ~LXI, 
Find the value of the following : — 


£(log.S^). 

2- {log, (4-r + 3)}- 

8 . 

^^{log, 4^ + 3}- 

^{61og,(i- 2x)}. 

5- {3 log, <S^ + 4)}- 

e. 

^ {6 logio(7J + 3)}- 

S«)- 

8. £.{log.*). 

8 . 

n ^ 

^3(l0S.^>- 


11 - ^ (log, ix + 2 ). 




12. Verify the result of differentiating log^ x from the following values 


Jtr, 

log, X. 

8*6o 

2*1517622 

8*6i 

2*1529243 

8*62 

2-1540851 

8*63 

2-1552445 


Plot two curves showing the values of (a) log, x, {i^) for the above values of x, 

and verify that the ordinate of b at itny point measures the slope of a, 
d 

13. Find the value of ^ log^, :r, when = 4 ’ 1735) following values, 

and compare with the result obtained by differentiating : — 
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X. 

logic X. 

4*1734 

0*6204900 

4*1735 

0*6205004 

4*1736 

0*6205108 


14 . Plot the cuiTcs {a) y = logs x, {b) y = log^o between jr = 2 and x = 2*5. 
Verify by measurement at three places on each curve that the slope of {b) is 0*4343 of 
the slope of (a) for the same value of 

15 . Find the value of ^{log«(a: + 2)}, when x = 6*23, from the following valueSj 
and compare with the result of differentiating : — 


X, 

>' = loge (JP + 2). 

6*20 

2*1041341 

6*22 

2*1065720 

6*24 

2*1089998 

6*26 

2*1114243 


16 . If <p5 = log« — 0*695, find an expression for 

17 . li<p = 0*737 loge 4. 2*875 • - I096jf) -r 0*648, find 


Examples. — LXII 

Miscellaneous Exa 77 iples in Differentiation, 

Find the value of the following ; — 

6. “ 5 sin (3x -b 4) + 6 cos {2x - i)}. 

- ^ + 3^ - ^ + sin (2J: + l)|. 

®- £{ 4 - 3 “=’- P + ^- 3 '"“- 573}. 

9 . ““ 2*1 sin (i — 3?4 — 5 cos (2 — 4'3m) + 1*9^®'® — 6 ffu}, 

10. + 7 - + 1). 

- ^ + 6 ^-“ - - ^). 

12. y. — 3 sin {2i -f- i) + 4 cos (3/ - 2) -f sin (i - 42f) - 2 cos (i - /) 

+3 cos (07854)}. 
P 



CHAPTER XII 


differentiation of a product, quotient, and 

FUNCTION OF A FUNCTION 

114. Differentiation of a Product. ^ u . j 

Let y = uv, where u and v are functions of ^ which can be difterentiated. 
Let X increase to -h 5.r, so that, in consequence, 

u becomes u lu 

V „ V 

y )) y + ^y 

Then y -f 5/ = (u + Su)(v + Bv) 

= uv 4" v'^u 4“ 

and since/ = 

subtracting, we get 5/ = ulv 4* 4- 5wSt/ 

/, — = U — 4- "V- h 

lx lx lx lx 

. . , , , - . , 5y lu 5v , dy du dv 

In the limit, when lx diminishes indefinitely, — , — , become 

Iv , 

respectively, and the term becomes ® ^ 

dx V 


Examples— (I.)— = x ^ d *. 

Take u := x^, v = d' , 
dy dv du 

= S^rV* 4- 3^*^* = (5^ + 


{^.)—Lety = od sin { 2 x 4- x). 

Take u = sd, v = sin {2x + i) 
dy dv du 
dx = ’^Ix^'‘di 

(2JC+ I)} + {sin {2x-\- l)} X 
E3 2xd cos (2X 4* i) + 4 J:* sin [2x 4- t) 
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( 3 .) Let y = sin {^x -f i). 

Let u = 2 ^ ; z' = sin ( 3 ^ i). 

^ (3^ + I)} + {sin (3x + i)} x 

= cos {^x *f i) + 4 ^ sin {^x + l) 

log«(^- 3 ) 

{4.)L£ty=z 

s/x 

Take u = log* (jc - 3 ) ; 2 / = = ;e~|. 

g = log. (^ - 3 ) i - i ^ log. (, - 3 ), 


jlog.(j:- 3 ) + 


I 

- 3 ) 


( 5 .) To prove the rule for dijferentiaiing x** by means of the rule for differentiating 
a product for the case when n is a positive ivhole number. 

It follows from the deEnition of a differential coefficient that ^== i. 


Then 


d{sd) _ d{x X x) 
dx “ dx 
dx^ __ d{x X .r*) _ 
dx “■ dx 


dx , dx 


- dx dod 

x^-r + X ~r~ = x‘ -{-2x , X =z zx*. 
ax ^ 


dx 

,dx 


dxd 


^(fL 2 <£L) = a: “-=;»= + = 4^3 

dx dx ^ dx^^ dx ^ f 0^ - 4^ • 


In the same way, it evidently follows that as we proceed to higher powers of x the 

effect of each addition of one to the power of x is to add ^ = i to the numerical 

coefficient, and to raise the power of the differential coefficient by unity, and therefore 

if « is a positive whole number = nx^ " 

dx 


Examples.— LXIII. 


Find the value of — 

1. 4- e-^ cos X. 
dx 


2. sin {x - i). 3. sin (3 ~ 2x\ 

ax dx \o f 


4. ^ (sin 2x) log, {x d- I). 
d 

0 -r- 7 sm 4 j«r cos 6 :c. 

'ax 

d 

8 . ^ IS cos ojr cos $x, 
dx 

10. ^ cos izx -hi) cos {4x - 5). 

12 . ^ sin {ax 4 - b) sin {ax + d), 
d 

14. ^ sin {ax 4* b) cos {cx 4 d). 
16. sin {2x 4 - i). 


e d . 

6 . ^ sm 3 Jf cos 5 ;r. 

„ d . 

7. ^ 10 sin 2p( sm *jx. 

n d 

6 . ^ sin {lx 4 - l) cos ( 3 ^ + 2 ). 
11 - ^sin {zx 4 i) sin {ix 4 3 ). 
13. cos {ax 4 b) cos {bx 4 0 ). 


16. ^ AT* sin X, 


17. ^ 

dx 


18. ^ 

dx 
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19 . If ^ sin (jt + B), find the yalue of ^ + 4^ + 57. 

20 . If ^ = ( A + find the value of ^ + 4^ 4- 4^. 

21 . li y = A^“* sin {.s/’ix + B), find the value of ^ 4- 2^ + 3^. 

22. If t. = a/® sin (\/ ^ ^ + ®)’ ^ 

and / represent constants, show that 


T JL _L - 


o. 


115. Differentiation of a Quotient. 

Let / = ” where 7^ and v are functions of x which can be differentiated. 
Then, if 5ar, 5?/, 5^/, ly are simultaneous increments of x^ and 


5y = 


y = 


U 

7 / + 5z/ 
u 

V 


Subtracting 


ly = 


u + 

V 


u _ uv + vlu — iiv — ulv 
V {v + Bv)v 


Dividing by ^x we get 


du 

• ^ — 

Sy Sx 


Bv 
u — 
Bx 


Bx {v 4- ^v)v 


In the limit, when Sx diminishes indefinitely, become ^ 

’ Bx Bx Sx dx^ d£ dx 

du dv 

*[; — — u — 

respectively, and we get ™ 


Example (i). — To differentiate tan x. 


Let^ = tan x — 


where «^ = sin jc and v = cos x. 


u 

V 


du dv 
dx 


— cos -y . cos X ~ sin X ( — sin x) 
cos*jr 

= sec* x 


cos® X 4- sin® x 
cos*x 


This is an important result, and should be remembered. 
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Example {2).— y = r™ = « = <?*.£/ = sin 

sin XV ’ 

di4 dv 

If -u. 

Then dx _ sin r . ~ < f* cos x 

dx V- ~ sin* X 

^ sin :r — cos x 


Example (3).' — To verify the rule for differentiating a quotient for ike case 
X* u 

^ _ 2v/iere = jf®, zf = jr®. 

or V ’ 

du dv 

Then ^ __ ^ dx ^ dx _ > 6x^ — a-® > 2x — 

i/jt: z^ 

dv 

But we may also take y x*, and /, ^ — 4 hy the previous method for 
differentiating x\ 


Examples. — LXIV* 


Find the value of the following : 
d cos 3 x. 


d 


m 


7 . ^(secx). 

10 . 4 ^. ' 


2. sin (I - 3;r). 
£f;r ;r 

6 . 

^■3^\log^ xj‘ 

8 . ^ (cosec a:). 


8 - 

^ d f cos 

^ J 


9 . 


f/jc 


(cot ir). 


Mlog, 


11 . If sinh X = ' 


b> 


• , e^ + e- 

, cosh X = — 

r» * 


sinh : 


and tanh x — — ;; — . 
2 ' cosh X 


Find the 


value of (tanh x). 


12. Show that ^ {x log« x — x) = log* x. This result is important. 

13. Prove the rule for differentiating x* for the case where « is a negative whole 
number by using the rule for differentiating a quotient. 


14. 

d 

dx ' 

2 sin {2x — 3 ) 

5^" 

15. 

d 

dx * 

sin ( 3 ^ ~ i) 
cos( 2 jr + 3 ) 

16. 

d 

dx 

17, 

d 

2e^^ 

18. 

d_ 


18. 

d 

dx' 

' log«(x ~ l)‘ 

dx 

'(^'+SF‘ 

dx 

20 

d 


21. 

d 

log, {x - 4 ) 



dx' 

cos ( 2 j; ~ i)‘ 

dx 

*cos ( 3 I:r 4- 7 )' 




dx -loge {x - 


116, Funetion of a FimGtion. — We may require to differentiate such a 
function as sin {of) where we already know how to differentiate the functions 
sin u and x^ separately. 

L^ty = F(w) where « is a function, y(:r), of x and F and f are functions, 
which we can differentiate. 

Let X increase by the increment 5;r, and at the same time let u increase 
by Zu and y by 5y, 
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il- = to ^ ^ '^y algebra, since £ and - are algebraical fractions. 
Now let dx and consequently Su and 5^ be indefinitely diminished. 

Then, in the limit, g, g, | become £, and g respectively. 

• ^ ^ X ~ 

dx du dx 

Note that, since g and g are no longer fractions, this does not follow 
at once by cancelling du. 


Example y = sin {x^). 

This is a sine of a fourth power and both of these are functions which 
already differentiate. 


dx ' 


dy , 


du 

■du^T.= 


Let u •=. i then y = sin u 

^/(sin u) dx^ / X , 

~~X~ «) X 4^ = 4^ cos a*. 


we can 


Example {2),—y = {sin x). 

Let sin jr = « ; then y = log^ u 
^ ^ ^ _ ^(^Qga fl^fsin x) _ I ^ 

dx ~~ du dx du ^ dx ”” u ^ 


cos X 
sin X 


= cot jr* 


Example {^).—Zety = (i — x)\ 

Let « = i — x; then_>/ = 

= 6u‘^ X (~ r) = ~6(i - jr)5 


and ^ X ^ , 

du dx 


dx ' 


du 


dx 


Similarly + hY = a7i{ax + ^)»“i where a’ and h are any constants. 


Example ( 4 ).—/ = log, 

We must here combine the various methods of this chapter. 
^ — 3 

= ry ; then_;^ = log,, w 


Let 


sj Zx \ 
dw 


To find 


dw 


and * = — = ix ^ 

dx dw dx w dx 
let w = ^ where « = .a; - 3 , e/ = V^TT. 

du dv 

lhen^=!±l!g 

dx 


+ I — (jr — 3) 2 j: + I 

2JP -f I 

a/ 2 J? + I ■" • > 

-~£2^:(see example 3) 

^ + 4 

(2X + l)^ 
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245. Laws of Multiplication.— We can now show that the product of 
two complex numbers, as here defined, obeys the same laws of multiplication 
as the products of ordinary scalar algebra (7/. § 176). 

Considering the vectors which represent them, we see that — 

(1) Complex numbers obey the commutative law of multiplication. 

In multiplying two complex numbers it does not matter which we take 
first, for in multiplying their moduli and in adding their arguments we may 
change the order of multiplication or addition without affecting the result. 

Thus P,s,x’'0 = Pr<j,+e = ^Pe+'P = 

For example 2^0° x 345“ = 6-5° = 3^5° x 230° 

(2) Complex numbers obey the distributive law of multiplication. 

For let OB = OA + AB. 

Then the effect^ of multiplying each of these three vectors by a fourth 
vector rQ is to multiply the modulus of each vector by the same quantity r, 
and to turn each through the same angle 9, that is, to enlarge the scale of 
the figure OAB in the ratio r : i, and to 
turn it through an angle 6 without altering 
its shape, so that it takes up the position 
OA'Bk 

It follows that the product (represented 
by OB') obtained on the left-hand side of 
the equation is the sum of the products, 
represented by OA' and A'B', obtained on 
the right. 

(3) Complex numbers obey the associa- 
tive law 

a X dc =: a3 X c — ac X 3 

This is evident from the definition of 
multiplication. 

All the results and methods of ordinary 
scalar algebra follow from these laws, and 
hence we are justified in using the same algebraic methods in dealing with 
complex numbers as we are accustomed to use in dealing with arithmetical 
numbers. 

Thus the product of two or more complex numbers can also be obtained 
algebraically without reference to the vectors which represent them. 

Example.— (I + /)(4 -f 3 /) = i x 4 -h i x 32 4 * f x 4 + f X 3 / 

= 4 + + 4f ~ 3 since - 1 

= I 4- 7f 

Compare with Example (3), p. 412. 



246. Division. — This must be a process which is reversed by multipli- 
cation. Hence, to divide by a complex number x + ijf = r^, we must 
divide the modulus by r, and subtract 6 from the argument. 


If and ^2 + 


+ fyi _ 

rj + 



For example, in Fig. 203, to divide OP'= 6,ooby 2i(,o, we must divide its 
length by 2, and move it back in a counter-clockwise direction through 40°. 
thus bringing it into the position 0 P = 3„o. 
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Differentiate botli sides of this equation with respect to t. 


d d de d9 

-j^(a sin e) = a^(sm9)X ^ = a cos 9^ 

d , m deb 

It Icos <!> ^ 

Now ^ is the angular velocity of the connecting-rod PQ, and ^ is the angular 
velocity of the crank OP, and is constant and equal to cv. 


d<b 

I a cos 0 =/ cos 


d<f> __ a cos 0 
dt ~ ^ I cos 4> 


Now PR = 


PN ^ QM 
cos NPR “ " cos ^ 


d<l> 60 


cos 0 

a 

cos (p 


i,e. PR is proportional to the angular velocity of the connecting-rod PQ. 


Find the value of — 


Examples. — LXV, 


2. i- 


dx* \ X 


dx’ 2 Ar 3jp‘ 


4. 

7. 


dx' 2 — 2^* 

d I 


8 . ^V4-3^. 


6. j- V2X+I. 


dx tj S “ 'AX 


^V2-**+4*- 1. 




10. Si - 3* + S- 11- Tx + + 12. ^ log, (2X -h I). 

IS. ^ . log, (3 - 4*). 14. ^ . log, (I - ar). 16. ^ log, (ar» - -f 5) 


18. ^ . log, (2ar’ - 3ar -f 4). 


17- ^log. + 


18. We have log. (a:= -h a; - 12) = log. (a: - 3) -t- log, (ar -f 4). Differentiate both 
sides of this equation separately, and verify that the result is the same in both cases. 


Differentiate with respect to x — 
19. Sin=«j:. 20. Sin;*:*. 

28. M'>. 24 (^*)^ 

27. 2*. 28. Cos {e^), 

81. Loga sin (3;i: + 2). 


21. Log, (;r*). 
25. Sin* X, 

29. Log, (tf*). 
82. Log tan x. 


22. (log, j:)». 

26. Log, cos jr. 
80. Cos* {2x — i). 
SS. Sin* X cos* x. 


84. 


COS'* X 

87. Show that 


85. Sin”* X cos” x, 
d 


88. Show that — ae^* *>. 


d{x 4- o) 


= nX"-K (Put X Ar a = Zj and x •- 


■a.) 


88. Find ^ loge ax^ where a is any constant. 
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Find the value of — 


39- ^ log. (^ + + «•). 


41. i log, 

ax 


2-y + 3 
,r + 2‘ 


4f>. 4- ■- 

ax 2a 


X — a 
X a 


42. 



-y - 4 
V2Je - 3 


43. Prove that OR in Fig. 89 represents on some scale the linear velocity of the 
point Q. 


^>1 Tr.. /(I +,X)(I -2X) 

differentiating. 


Take logarithms of both sides before 


46. Find $ when y = sin-^;r and when_>' = cos~i:r. 
ax 

dx dy I 

First find -,then 2 ^ = ^- 

dy 


Explain by means of a curve the geometrical meaning of the ambiguity in the 
sign of 
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117. Let a and B be two neighbouring points on a curve representing y as 
a function of x. Let {x^, yi) be the co- 
ordinates of A, and {x-^ + Sx, y^ •+ iy) the 
co-ordinates of B. 

Then, if AN and NB are parallel to the 
axes of X and y, AN = Sx, NB = Sy. 

Then ^ is the slope of the chord AB, 

It appears evident from the figure, and 
can also be proved analytically, that AB 
is parallel to the tangent to the curve at 
some point C between A and B. 

Now ^ measures the slope of the tan- 

dx ^ t IG. so. 

gent to the curve. 

^ = slope of chord AB = value of ^ corresponding to some point 
C between A and B. 



5 / 


.dy . 


= ^^x where the value of is taken for son^e value of x between 


rj and x^ + 




If ^x is sufficiently small, we may take the value of ™ at A instead of at 

C in the above equation, with an error w^hich is, in general, small compared 
with Sx, 

Thus, if a small variation Sx occurs in the value of r, the corresponding 

... • dy 

variation my is 

Example (i),—TA£ radius of a circle is found hy masurement to bey 2^ inches^ 
and the area is calculated from this value. 

If there may he an error of 1 per cent, in the observed value of the radius^ what is the 
possible error in the calculated value of the area ? 

Let X = the radius, y the area ; 

then^ = vx* 

But if there is an error Sx in the observed value of x, it has just been shown that 
the consequent error myhSy-^Sx- 2TexSx, 

if Sr = (2 per cent, of x) = 


50 

Sy = 2irxSx = 


2S 
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And the percentage error in y is 


100. 

__ 


•XJC* . loo 
25 * TX" 


= 4 per cent. 


EX-iMPLE (2). — An electrical rests lance y is measured by balancing it against a 
known resistance w by means of a slide wire bridge. / — x and x are the resistances of 
the proportional arms of the bridge corresponding to y and m respectively. 

It is required to find the error in the value obtained for yy due to a known small error 
a in the value of x. 


It is known that 


/-X / 

la, 


* dv „ 

• Sy = ^ Sx = 5x 

■' dx ar 


We have Bx ~ a 


percentage error in j = 100 


y 


—fj \ X 100 . ir 

x(/ - x) 


Example (3). — The angle K of a triangle is found by measurement to he 63®, and 
ike area is calculated by the formula | he si 7 i A. 

Fmd the percentage error in the calculated value of the areOy due to an error of in 
the obse/ved value of A. 

Let S = the area. 


Then S = J <5*: sin A 

= ~ 5A = i cos A . SA 

aA 

5^ 

percentage error in S = 100 = 100 cot A . 5A 

Now 5A = I® = 0*0175 radian 

percentage error in the area = loo X cot 63° x 0'oi75 = 0*89 per cent. 


Example (4). — An error equal to l in the fourth decimal place is made in obtain^ 
ing the logarithm of a number as the result of a calctdation with four -figure log tables. 
To find i/ie consequent amor in the nutnber. 

Let X be the logarithm obtained, and y its antilogarithm. Then we require to 
End the error in^ due to an error of o*oooi in x. 

We have — 


* = logi« J' 


dx 

5^ = ^. 5^ = 
0*4343 


y 

when Sx = 0*0001. 

4343 


Thus the difference in a number corresponding to a difference of i in the fourth 
decimal place of its log is number. This enables us to calculate the table 

of differences for antilogarithms. 


Examples.— LXVX. 

1. The radius of a sphere is found by measurement to be 5 ins. Find, by the 
methods of this chapter, the error caused in the calculated volume by an error of 
I per cent, in the measured value of the radius. 

2. An error of 0*1° is made in measuring the value of an angle 6. What is the 
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consequent error in the value of the sine of the angle ? Estimate the numerical value 
of this error (i) when 6 is small, (2) when B is nearly 89°. 

3 . The side ^ of a triangle is calculated from the formula a* = ^os A. 

Obtain expressions for the error in the value of consequent upon a known small 
error, (i) in the value of the angle A, (2) in the value of the side c. 

4 . The value of the acceleration due to gravity, is found to be 32*2 by calcula- 
tion from the formula T = where T is the time of a complete oscillation of a 

pendulum of length /. What will be the calculated value of ^ if the value of T is 
measured i per cerit. too large ? 

5 . If V cubic feet is the volume of water displaced by a ship when drawing h feet 
of water, and if for a certain vessel V = 1200/^^ ®, find an expression for the change 
produced in V, at any given draught by a change of I inch in h. Hence find an 
expression for the cross-sectional area A at the water-line for any value of h. 

6. If is the reading of a tangent galvanometer when a current^ passes through 
it, then y — C tan x where C is a constant. Find the percentage error in the 
estimated value of the current due to an error of i® in the observed value of x, 
(l) when .t: = 20® ; (a) when a? = 45® 5 (3) when ;r = 70®. 

7 . A searchlight is half a mile from a straight shore. Find the distance travelled 
along the shore by the beam at a point one mile from the point on the shore nearest 
the light when the projector is turned through an angle of one minute.^ 

8. A captive balloon at a vertical height of 2000 feet is travelling in a horizontal 
direction at 20 miles per hour. Find the rate at which the cable is being paid out 
when 2500 feet of cable are out. 



CHAPTER XIV 


EXPAMSION' OF CERTAIN FUNCTIONS IN SERIES 

il8. In Chapter VIII. it was seen that when the values of two variables j 
and X give points lying on a regular curve when plotted, and the equation 
to this cun^e does not seem to take any simple form, the law connecting y 
and X can be found in the form 

j = a + ^x + cx^ + dx^ 4 * . ‘ • 

We found that the coefficients etc., are in general smaller and 

smaller as the series is continued to higher powers of x, and that we can 
usually obtain as close an approximation as we please to the actual law con- 
necting/ and x^ by taking a sufficient number of terms. 

When / is given as a function of jr, it is often possible to find an 
equivalent series of the above form, by which the value of the function can 
be calculated. 


119. Sin X and cos x. 


X 


Example (i). — To find a series for sin x in ascending pcnvers of jc. 
Assume that there is such a series. 

Let sin ;«; = a -f T cx'^ + dx^ + . . . , 

Since this equation is assumed to be true for any value of x, we 
= o. 

We geto = <z4“04-o-i- . . . 


«.*(!) 
may substitute 


d: = o, the sum of /II the remaining terms vanishing since we have assumed 
that the sura of the series is not infinite, however many terms are taken. 

Dififerentiate both sides of the equation (i). 

cos X =: b + 2ex -f ^dxr^ 4* ( 2 ) 


We here assume that an infinite series can be differentiated term by term, and that 
the result is the differential coefficient of the sum. 

Putting X = o in equation ( 2 ), we get 

I = ^ 4- o4-o . . , 

A ^ = I 


Differentiating both sides of equation ( 2 ), get 

--sinx = 2.d42.3.d^.x4-3.4.^*-5r^+ * •* 
Putting X = o, we get 

o = 2r = 0 
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Differentiating again, and putting = o, wc get 


d- 


I 


1.2.3 


Similarly, we may find the values of the constants ^ . to as many terms 

as we please by differentiating any number of times, and substituting = o after 
differentiation. 

We find that the coefficients of all the even powers of x vanish, and that the 
series is 


sin 


1. 2. 3 + 1. 2. 3. 4.5 1. 2. 3. 4. 5. 6. r"*" 


We may use this series to calculate the value of sin x when x is known. 

It is, of course, assumed in the differentiation of the above series that x 
is measured in radians. 


Example {2). — Show in the same way that 


1.2^ 1 . 2. 3. 4 I. 2, 3. 4. 5. 6 


+ . . . 


Example (3). — To calculate the value of sin 10® correct to four decimal places. 
We have 10® =0-1745 radian 

in the series 


sin = jp — - 


1.2.3 1.2.3. 4.5 


we must take x = 0*1745. 

It is most convenient to arrange the work as follows, so that each term can be 
calculated from the preceding 


Positive Negative 

terms. terms. 


X — 0*1745 
xp — 0*03044 

X 


I . ; 

^5 


6 


0*1745 X 0*005073 


I. 2.3.4. 5 

1.2.3. 4. 5. 6. 7' 


X* 

X — = 

1.2.320 1.2.3 

'i.2-3-4-S^42~i-2.3-4-5 


= 0-1745 

se 0*000884 

X 0*001522 =0*0000013 

X 0*00072 = 0*00000010 


sin 10® =0*1745 —o’OooSS 

= 0*1736 

to four decimal places. 


We find from the tables that sin 10® = 0*1736. We see that the successive terms 
in the series for sin x get smaller and smaller. We have omitted all terms beyond 
ed 

^ ^ ^ ^ assuming that their sum will not affect the fourth decimal place ; 

this may be formally proved. 


Examples. — LXVII. 

1 , Calculate the value of cos 10®, correct to four decimal places, and compare 
with the tables, 

2 . Calculate the value of sin 5° correct to four decimal places, and compare with 
the tables* 
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3. Calculate the value of sin 20° correct to four decimal places, and compare with 
the tables. 

Note that as the angle becomes larger we require to take more terms of the series 
to obtain a value of the sine correct to any desired degree of accuracy, and that as x 
becomes smaller and smaller sin x becomes more and more nearly equal to x. 


120. Log, (1 + xy 

Example (i ). — To find a series for (r + Jf). 

Assume log* {l x) = a ifx + cx^ + dx* + ex* 

Putting X = o wt have a = log, (i) =0. 

Diiferentiating with respect to x we have 

y— ^ ^ + 2ex 4- + 4^^ • • • 

Substituting x = o we have 6 — 1. 

Differentiating again, we get 

{iT x r = + 2 . 3 ^^ + 3 . + ... 

Substituting jc = o we have ^ = — 

Differentiating again, 

r^i^=2.3</+2.3.4«+ . . . 

Substituting = 0, we have 

Similarly, and so on, and the series is 

2345 

It can be shown that the assumptions involved in this proof are permissible when 
X is numerically less than i. 


Example (2). — To calculate log^o 1*05 correct iofour decimal places. 
We shall first find log«(i'o5) by putting ;r = 0*05 in the above series. 


log.(i*os) = 0-05 • 


(o’o5)^ 4. (o'05)* . 


Positive terms. 

X- 0*05 

0*0025 _ 

T = ^ — 


Negative terms. 

0*00125 


X* 0*000125 

_ „ A — 0*0000417 

3 3 

^ 0*0 0000625 _ 

T ^ ^ 

logdCi + x)^ 0*05004 
= 0*04879 
A logi, ros = 0*04879 X 0*4343 
= 0*0212 


0*00000156 
— 0*0012516 


The value given in the tables is 0*0212 to four decimal places. 


We do not here consider the question of how far the assumptions Involved 
in the proofs of the series of this chapter are allowable. The student may 
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satisfy himself by numerical examples, like the above, that the results 
obtained are correct for the series which we treat of here. 

At the present stage, he will not meet with any series where these 
assumptions cannot be allowed. 


Examples.— LXVIII. 

1 . Calculate logio I'OI, log,o i*i, logio 1*2, logi^ 1 * 3 , correct to four places of 
decimals, and compare with the tables. 

Note that more terms are required as x becomes larger. 

2. If X = - v/e have 

n 

log {1 + x) = log ■ = log (« + i) - log n 

Thus if log « is known wc can calculate log (« + i) by using the series for 
log (i 4 - x). Calculate logjo 3 having given that log^, 2 = 0*3010. 

3 . An important property of the function ^ in its physical applications is that its 
rate of increase with respect to x is equal to the function itself (p. 200). If we define 

^ as a function of x such that ^ is always equal to show that if there is a series for 
y in ascending powers of x it must be 

given that y i when x = 0. 

Note that this is the series for given on p. 199, 


1 + 


4 . We have 


X ^ l 

.r + I 


Hence prove that 


log^ X= 2\ 


+ I 

and calculate loga 2 and log^ 3. 




121. Exponential Values of Circular Functions. 
We have shown that 


sin 2- = ;ir — ■ - 


1-2.3 1 . 2 . 3 . 4 

I + — £ 

1.2 I. 2. 3. 4 


Comparing these series with the series 


= ~ — + = 

1.2 1 . 2.3 I. 2 . 3. 4 


+ 


I. 2. 3 * 4. 5 


we see that it appears probable that there is some close relation between the 
exponential function e* and the circular functions sin jr and cos x. The 
difficulty is that the signs are alternately positive and negative in the series 
for sin 2- and cos x^ while they are all positive in the series for 

To remove this difficulty we may introduce the imaginary quantity >/ — i. 
If we use this quantity as if it were real in algebraical work, of which the 
result is re al an d can be tested, we find Jmt the result is correct. It is usual 
to write V - I = so that = - i, z'S = - i x f = - f, = (- 1)2 = + i, 
z® = f, and so on, all even powers of i being real ’ 



225 


Expansion of certain Functions in Series 

If we substitute ix for x in the series for we get 

ix^ , ... 

— j IX — ^ j 2 2 '^ i . 2 . 3 . 4 ' i * 2 . 3 . 4‘5 

-(■- r^i + itrr: + rfc -•• ■) 

= COS + i sin x 

Similarly = cos .r - i sm x. ^ 

From these equations we get cos x 


2 

,ix _ g-ix 


sin X = 

EXAMPLE.-By means of these expressions for cos x: and sin x;, show that 
sin 2;f = 2 sin x cos 

Th^fuS“^whkh^a“e‘'Sned by omitting f from the exponential 
values of the circular functions are called the hyperbolic functions. 

Thus we have ^ 

The hyperbolic sine of which is written sinh x - j 

^ 4 " 

the hyperbolic cosine of 4 r, \vhich is written cosh 2: - ^ ^ 

, sinh X J — cosech x = — , coth x = .„„v, 

tanh a: = sech at - siuh ad tanti ar 

Expanding the values of and in the above definitions, we have 


sinh X ^ X + - 


'1.2.3''’ 1. 2. 3. 4-5 

x^ X* 

cosh ;r = I 4 * : — ;; + 


+ . . . 




rpr V = cosh X is a catenary, and has been plotted in Fig. 57* 

ThP value of e being known the hyperbolic functions may be calculated 
fronT tL definWonsTriom the seriesYo any desired degree of accuracy. 
EXAMPLE.-Calculate the value of sinh 0-1745 correct to four decimal places. 

We have sinh a: = * -f Y7i73 iTiTsTTrs I . 2 . 3 . 4 . 5 • 6 • 7 

= o-i74S + ooooS84 + 0-0000013 + 0-00000010+ . . . 

= 0-I7S4 

Otherwise l°g '' “ 

Multiplying log = 0-07577 = log figofi 

Subtracting from o, ^ 

log = 1-92423 = ° 

Subtracting ^-.r« _ = 0 - 350 S = 2 sinh 0-1745 

Subtracting sinh 0-1745 = o‘i754 

We have ^(smh = cosh 2r, and ^(coshut) = sinh x (Ex. LIX. 12.) 

Example . — Find the value of cosh~^ 

Let = cosh’i 1-103. ^ ^ 

Then 1*103 = cosh 

^ — 2’206 + = O 

Multiplying by - 2-206^’^ +1=0. ^ 
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Solving this quadratic for we get 
^ = 1-569 or 0*637 

X = loge 1*569 or loge 0-637 = 0*450 Or -“ 0*450 
Examples. — LXVIIIa. 

1 . Plot the curves^ = sinh x, y tanh x from = — 5 to = -j-5, 

2 . Prove the formulge cosh“ x — sinlr x — 1 

I — tanh* X — sech^ x. 

What are the corresponding formulae for circular functions? 

3 . Show that ii x = a cos < 1 )^ y = a sin 4>, [x^y) is a point on the circle, x^-^^y^zza^. 
Show that \{x^ a cosh 4 >, y^ a sinh {x, y) is a point on the rectangular 

hyperbola, — jr = <3^. 

4 . Prove that sinh {x ± y) — sinh x cosh y i cosh x sinh y^ 

cosh {x:Ly) = cosh x cosh jj/ db sinh x sinh y, 

5 . Prove that sinh 2jr = 2 sinh cosh x. 

cosh 2 x = cosh^ X 4- sinh* x = 1 2 sinh* x = 2 cosh* or — r. 

What are the corresponding formulae for circular functions ? 

6. By means of the series calculate the values of sinh 0*2 and cosh 0'2 to four 

places of decimals. A ns. 0-2013, i‘020i. 

Evaluate 

7 . tanh-^o-S, tanh-^-o'S)* {o'S 5 > “*0*55.) 

8. sinh*”^ 1-3. (roS.) 9 . tanh-^ 0*65, tanh™* 0-2. (0*78, 0-203.) 

10 . Express 5 sinh ^ + 4 cosh a: in the form A sinh (;r + B). (3 sinh (;r -f n).) 

11 . When X is small, show that the following approximations may be used : — 

x^ X?' xi^ 

■a? + for sinh x^ i + 'T cosh for tanh x, 

o 2 3 

12 . If sinh u = tan <^, show that cosh x = sec and tanh = sin <p. Hence, 
if sinh « = 1*5, find cosh u and tanh u by means of the trigonometrical tables. * 

13 . A mass M moves in a straight line, so that its distance s from a fixed point 
at time t is given by ^ sinh («/ -p g). Find expressions for the velocity and 
acceleration at any time 2!^ and show that the force on the mass at time i is repulsive 
from the fixed point and proportional to s, 

{velocity = a 7 t cosh (fU -p i)i acceleration = sinh (ni -p 

d'^s 

14 . If j- = 3 cosh 3 if + 5 sinh 3/, prove that ^ = pj, 

d^y ^ 

15 . If j = A cosh nx -p B sinh 7 tx, show that = «*_;/, and determine A and 

B if = 0 when ^ = o, and jj/ = I when ^ = “• (A = 0, B = 0*85.) 

16 . If z' = A cosh 7 tx + B sinh nx^ determine A and B so that v may be . 

when X = Oi and z/ = o when .;r = L. ^ ^ (A = z/q, B = —Vq coth liL.) 

17 . Prove the following identity, which is useful in calculations relative to 
composite telephone lines : — 

^2 "P ^2) + ^ sinh (02 — Bo) 


sinh 02 cosh 02 -P Zn cosh 0 i sinh B„ = ^ sinh 


18. Show that ^ tanh x = sech* x, coth x = — cosech* x. 

dx dx 

19. Find the values of^ (sinh^^ ^^^Yx ^ ^ 4^*) 


Differentiate — 

20. sinh 2x cos 3^. 

21. logsinh x. 

23 cosh (3^ *P I) , 
cos (4.r — 2) 
24 . logsech x. 


Ans, 


7,5 


- I I 


(2 cosh 2x cos 3.37 — 3 sinh 2 x sin 3;r.) 
(coth X.) 22 . sinh* x. (3 sinh* x cosh x.) 

( 3 sinh (347+1) cos (4^7 — 2 ) +4 cosh ( 37 t:+i) sin (4^?— 2) \ 
\ cos* ( 4 J 7 — 2) / 

( — tanh .*:.) 
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MAXIMA AND MINIMA 


(1.) Q-raphic Method* 

122 . The following table gives the density and the volume in cubic 
centimetres of i grm. of water at temperatures ranging from o° C. to 
100 ® C. 



Density. 

Volume of i gnn. in cc. 

0 

0-999874 

roooi 27 

! 

0-999930 

I ’000070 

2 

0-999970 

1*000030 

3 

0-999993 

1*000007 

4 

roooooo 

roooooo 

5 

0*999992 

I '000008 

6 

0*999969 

1*000032 

7 

0*999931 

1*000069 


0*999878 

1*000122 


We see that as t increases from o® C., the density increases until / = 4 *^ 
and then diminishes, while the volume decreases until / = 4 ® C. and then 
increases. 


<3 1*000100 


dS 


l *000000 


OD Ch 


•gO-909900 


0 - 09 Q 850 



2 3 4 5 6 

Temperature, Cent 


Fig. gx. 
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Plotting the curves D and V (Fig. 91) to represent the density and 
volume as functions of the temperature, we see that for the value 4° C. of / 
there is a point on D which is further from the axis of i than any point on the 
curve in its immediate neighbourhood. Similarly, for the same value of / 
there is a point on V which is nearer to the axis of / than any point on the 
curve in its immediate neighbourhood. We express this by saying that for 
the value 4° C of / there is a maximum value 1*000000 of the density and a 
minimum value i *000000 of the volume. 

If^ and X are two quantities connected in such a way that as x increases 
there is a value of jt for which y stops increasing and begins to decrease, 
that value of^^ is called a maximum value.^ 

If there is a value of x for which as x increases y stops decreasing and 
begins to increase, that value ofy is called a minimum value. 

When the values of y and x are found by experiment, as in the above 
example, we can sometimes detect the maximum and minimum values 
without plotting the curve, but the method of plotting has the following 
advantages : — 

(1) When the maximum or minimum value is between two tabulated 
values the shape of the curve in the neighbourhood may indicate the position 
of the maximum or minimum value. 

(2) It shows by the slope of the curve, near the maximum or minimum 
value, whether y approaches that value rapidly or slowly, and consequently 
what error will be made by taking a value of r, which is slightly greater or 
less than the true value. 

123 . Instead of having a tabulated list of values of y and x, found by 
experiment, we may have y expressed as a function of x by an equation. 

If we plot a curve having values of y as ordinates, and values of x as 
abscissas, we can find the maximum or minimum values by inspection of the 
curve. 

Example (i). — T<? divide 16 into two parts so that their product is a maximum 



4 8 12 16 

Value of one of the parts 


Fig. qa. 


Plot a curve for which values of one of the parts are abscissae, and values of the 
product are ordinates. We see that the maximum product is 64, given by the point 
M, for which the two parts are each equal to 8. 
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Example (2). — IVhm iS tke sum of a number and the square of its reciprocal a 
minimum f 


Let X be the number. Then we require a minimum value of = :r -f- 

Plotting the curve to represent this equation, we see that y is a 
where x = 1*26. 

The student should plot the curve. 


JL 

minimum, 


Example (3), — Find the maximum and minimum values of — 6d + 9^ + 3. 
Plot the curve ~ + qjc + 5. 



We see that there is a maximum value 9 where a; = i, and a minimum value 5 
where x = 3. 

Note that the maximum value of y is not the greatest possible value, but merely 
the greatest in the immediate neighbourhood on the curve ; there are, of course, 
greater values when x is very large. Similarly, the minimum value 5 of y' is not the 
least possible value. 

Example (4). — Find the maximum and minimum values of y ^2 sin f Hh 4 sin 3/ 
between ^ = o and t = 

The curve representing y/ as a function of / has been drawn in Fig. 63. 

We see that for the first half undulation, from / = o to / = tt, there are two 
maximum values l*S, where / = 0*837 radian and where /= 2*204 radians, and a 
minimum value 1*5, where ^ = 1*57 radians. 

Example (5). — If there are n voltaic cells each of EMF e volts and internal 
resistance r ohms, and if x cells are arranged in series and ^ rows in parallel, the 
curretii that the battery will send through an external resistarxe R is given by 

xe 

<3 ~ I.,,, amperes 

— + R 
n 

If there are 20 cells, <? = 1*9 volts, r = 0*2 ohms, R = 0*25 ohms; how many cells 
must be in series to give the greatest possible current f 

We have, snbstitating. C = 




230 


Practical Mathematics 


By calculation we find the following corresponding values of C and x x — 


X 

I 

20 

10 


7 

s 

6 

C 

7 ' 3 i 

8 '93 

13*2 

18-52 


19 

i8-68 


We first calculate the positions of a few points to get a general idea of the shape 
of the curve, and then calculate vaiues closer together in the neighbourhood of the 
maximum. 



Fig. 94- 

Plotting the above values of C and r, we get the curve, Fig. 94. 

From the curve we see that the greatest current of 19 amperes is obtained when 
5 cells are in series. 

We may here note an advantage of the graphic method. We may wish to know, 
not only how many cells in series will give the maximum current, but also whether 
it will make more difference to have too many cells in series, or too few. 

As the curve fails away from the maximum much more rapidly when x is 
diminished from the value 5 than it does when x is increased, we can see that it will 
make more difference if there are too few cells in series than it will if there are too 
many, as compared with the arrangement which gives the maximum current. 

This method is valid, although there are only a few points on the above curve 
which correspond to any possible physical arrangement. 

Examples. — LXIX. 

1 . Find a number such that the sum of the number and its reciprocal is a 
minimum. 

2 . The square of a number is added to 54 times the reciprocal of the number. 
Find the number so that the result may be a minimum. 

3 . Divide i into two parts so that twice the cube of one part together with 3 times 
the other part shall be a minimum. 

4 . A straight line 10 inches long is to be divided into two parts so that the cube 
of the length of one part together with three times the square of the length of the 
other part shall be a minimum. What are the lengths of the two parts ? 

6. The log of a number to base 10 is subtracted from the square of the numbej. 
For what numbor Is the result a minimum ? 
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6. Find the values of x for which the expression 2x^ ~ 2ix' 4~ 6o;r 4- 5 is a 
maximum or minimum. 

7 . Find the values of x for which the expression x^ — 3.^^ — pjr + 8 is a 
maximum or minimum. 


8. Find a value of x between o and 1*5 for which the expression 5*624 — 
0*79354? — 1*21 cos 4: is a minimum. In calculating take x in radians. 


9 , Find a value of 6 between o and -r 


for which the expression r sin 0 — j cos 20 is 


a maximum for the case when r = 0*5, / = 3*5. 

10 . An open tank is to be constructed of sheet iron with a square base and 
vertical sides so as to contain 4 cubic ft. of water. Find the wndth and depth so that 
the least possible quantity of sheet iron may be used. 

11 . A circular filter paper is of diameter 1 1 cms. It is required to fold it into a 
cone. Find^ the height and cubic contents of this cone so that the latter may be the 
greatest possible. 

12 . An open cylindrical can is to be made to contain 255 cubic ins. Plot a curve 
to show the total area of tin plate that will be used for different values of the diameter 
of the base. Find the ratio of the height to the diameter of the base so that the least 
possible quantity of material may be used. 

13 . A rectangular sheet of tin 24 ins. by 18 ins. has four equal squares cut out 
at the corners, and the sides are then turned up so as to form a rectangular box. 
What must be the size of the squares cut out so that the cubical contents of the 
box may be as great as possible ? 

14 . Describe a circle of radius 3 ins. Inscribe rectangles in this, having their 
sides in various ratios. Plot the areas of the rectangles and the length of one side. 
Show that the greatest rectangle which can be inscribed in the circle is a square. 

16 . It is known that the weight of coal in tons consumed per hour in a certaiji 
vessel is 0*3 + o*ooiz/* where v is the speed in knots. The wages, interest on cost of 
vessel, etc., are represented by the value of i ton of coal per hour. What value of v 
makes the total cost of a voyage of icx>o nautical miles a minimum ? 

(Board of Education Examination, 1902.) 

18 . The strength of a rectangular beam of given length, loaded and supported in 
a given way, is proportional to the breadth of its cross-section multiplied by the square 
of the depth. 

Find the breadth and depth of the cross-section of the strongest rectangular beam 
which can be cut out of a cylindrical tree trunk i foot in diameter. 

Take various values of the breadth, and measure the corresponding depth of the 
beam from a figure drawn to scale. Plot a curve to show the corresponding values of 
the strength. Then find more exactly by calculation the values of the breadth, depth, 
and strength, near the case of maximum strength ; and plot the corresponding portion 
of the curve on a larger scale. 

17 . The stifeiess of a beam varies as the breadth and the cube of the depth. 
Find in the same way as in the last example the breadth which gives maximum 
stiffness. 


18 . As in example 5 worked out in full above, find the maximum current and the 
number of ceils in series when there are 48 cells each of E.M.F. 1*4 volt and 3 ohms 
resistance, and the external resistance is 16 ohms. 

19 . A battery of internal resistance r and E.M.F. € sends a current through an 
external resistance R. The power given to the external circuit is 


W = 


TR + r)^ 


If ^ 3'3 j and r = 1*5, with what value of R will the greatest power be given to 

the external circuit. 

20 . The power given to an external circuit by a generator of internal resistance r, 
pd E.M.F. €, when the current is C, is W = Ctf — CV. Find for what current this 
is a maximum for the case when if = 20 volts, r = i *8 ohms. 

21 . A and B are two points on the same side of a plane mirror CD. A, B, C, and 
D are in a plane perpendicular to the surface of the mirror. A ray of light starts from 
A, is reflected by tint mirror at P, and passes to B. Plot a curve to show the total 
length of the path of the ray of light for different positions of P in CD, and show by 
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means of this curve that the path is the shortest possible when AP and PB make 
equal angles with the mirror. AN, BM are perpendicular to CD. In your figure 
take AN = 25 units, BM = 15, MN = 30.^ Draw the figure on squared paper, 
and erect ordinates from each supposed position of P in CD to represent the total 
length of the path of the ray corresponding to that position, 

"22. Light passes from a point A in air to a point B in glass. A and B are in a 
plane perpendicular to the surface of the glass, cutting the surface in a straight line 
CD. A ray of light passes through the air with a velocity of 300,000 kms. per 
second, and through glass with a velocity of 182,000 kms. per second, crossing CD at 
the point P. 

Plot a curve to show the time taken by the light to pass from A to B for different 
positions of P in CD. 

AN and B M are perpendiculars drawn from A and B to CD. Take AN = 10 cms., 
BM = 15 cms., MN = 20 cms. Verify that the least possible time is occupied by the 
ray of light in passing from A to B when sin PAN : sin PBM = velocity in air ; 
velocity in glass. 

23 . A weight W is being pulled along a rough horizontal surface by means of 
a rope inclined at an angle d to the surface. The pull required is equal to 

juW 

; — where ^ is the coefficient of friction. Find the angle for which the 

cos $ -j- ju sin 0 

pull required is a minimum in the case where /x = o'6. 

24 . A certain patented article costs ij^. 6 d. to make. The following table gives 
the number sold at different prices r — 


Price . . 

7.S. od. 

2 s. 6 d. 

3.f. od. 

3J. 6d. 

4^. od. 

4J. 6d. 

No. sold 

3600 

3100 

2640 

2080 

1300 

700 


Find the price at which it must be sold so that the total profit maybe a maximum. 


124. (II.) Maxima and Minima by Differentiation. — The maxima 
and minima values of a function may be found by means of the differential 
calculus. 

Consider the curve, Fig. 93, p. 229, representing the function ^ = jjr® - 6r’ 
4* + 5* 

Imagine a point (r, y) to move along the curve in the direction of 
Increasing x. Then, as the point passes through the maximum P, y stops 

dv 

increasing and begins to diminish, i,e. ^ which measures the rate of 

increase of y^ changes from positive to negative by passing through the 
value o. 

dy 

Similarly, ^ ^ 3;t the minimum Q, changing from negative to positive. 

dy 

Otherwise, we have seen that ~ measures the slope of the tangent to the 


curve measured with respect to the axis of x. At the points P and Q the 
tangent is parallel to 0,r, and its slope is zero, ue. ^ = o* 

We thus get the following method to find the maximum and minimum 
values of y when expressed as a function of x, 

• dy , dv 

Find Then the equation ^ = o gives values of x for which j is a 
maximum or a minimum. 

To distinguish between maximum and minimum values: Suppose a 
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point (^,/) to move along the curve in the direction of increasing r, through 

dy 

a maximum such as P, where ^ = o- Then the tangent to the curve drawn 

through this moving point is turning round the point in the same direction as 
the hands of a clock, and the angle which this tangent makes with Ox is 
decreasing. 

dy , , d^y 

Therefore “ is decreasing, and which measures the rate of increase 
dy , 

of ^ is negative. Similarly at a minimum, such as Q, the tangent is 
turning in the opposite direction to the hands of a clock, the angle which it 
makes with Ox is increasing, and therefore ^ is increasing and ^ is 
positive. 

Thus, to tell whether a value of found by putting ^ = Oj gives a 

maximum or a minimum, differentiate again the expression for ^ so as to 
d^y 

get ^ and substitute the value of x found. 

If the result is negative jk is a maximum, if it is positive^ is a minimum 
for that value of x. 

. d^y 

In the special case, when ^ = o^y is neither a maximum nor a minimum, 

but this case need not be considered at the present stage. 

We shall now consider some of the examples already solved by the 
graphic method in § 123. 


Example (i). — To divide 16 into two parts so that their product is a maxi?num. 

Let X be one part, then 16 — x is the other part, and their product y = x (16 — x) 
^ l6x — 

^ = 16-2* 
ax 

dy 

For a maximum or minimum ~ = 0 
dx 

16 — 2x = Of X = s 

Also = — 2, and since this is negative for all values of x, y can only have a 

ajT 


maximum value. 




Comparing this result with the curve Fig. 92, we see that the condition that is 

negative expresses that the slope is always decreasing as we pass along the curve in 
the direction of increasing x. 

Example (2). — For what number is the sum of the number and the square of Us 
reciprocal a minimum ? 

As before 1/ = x + A 
x 

I ^ L 
dx^ sd 


For a maximum or minimum value ^ = o 

dx 


/. I - ^ = O, JT = V2 = l‘26 


which is the same as the value found from the curve. 



4 Practical Mathematics 

Example (3).— 7 ^> find the maximum and minimum values oj 
y ■=. sd — 6x“ + 9 -^ + 5 

Sx^ -I2X + 9 


/. for a maximum or minimum value 

^ — J2X + 9 = 0 

^ = 3 or I 

Also ^ = 6x — 12 

:r = 3, ^ is positive, and therefore y is a minimum. 

For = I, ^ is negative, and therefore;/ is a maximum. 
dx* 

Substituting the values 3 and I for x, we get 5 as the minimum, and 9 as the 

maximum, value ofy, , , • ^ 

These results agree with those already obtained by plotting. 

In this case we might have distinguished, between the maximum and minimum 
values by substitution, but the above method is more general. 


Example (4).— shall ust the method of this paragraph to find the arrangement 
of a number of cells to give the maximum current with the data given in exatnple 5, 
p. 229. 


We have C = 


rgx 


+ 0*25 


- ^^9 


o‘oix 4- 


0*25 


The value of this fraction will be a maximum when its denominator is a 
minimum, 

0*25 

Let y = o‘oi:r + 


,% for a minimum value 


dy 0-25 


0*25 ^ 

x^ = 25, and ;r = 5 


i.e. there are 5 cells in series, and C = 19, as we hnd by the graphic metho<L 

It is evident from the physical conditions that this value of C is a maximum and 
not a minimum. 

Example (5). — The following case occurs in studying the flow of atr through a 
small opening, ^ ^ 

For what value of x is -- x ^ a maximum, 7 bring 1*4? Plot the values near 
the maximum value. , (Board of Education Examinatien, 1902.) 


* 1+' i. ~ 

We have y = xt x t sd* = x^ — x’^ 


±-12j _ (to - I 2 a^‘) 

di- 7 7 “ 7 ' 
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For £ niaximum or minimum value ofj, ^ = o 

X = o, or lo - = o 

The case x = o is evidently not a maximum value. 


When lo — I2x^ = o, x = = 0*528 

We know from physical reasons that this value of x gives a maximum value of y. 
The student should satisfy himself that this is so by plotting the value of y for 
X =r 0*528, and for two values of x respectively a little greater and a little less 
than 0*528. 


Examples. — ^LXX. 


Find the values of x for which the following expressions have their maximum and 
minimum values : — 


1. 2 x^ — I3jr -{- 2.pr -h 18. 

3 . X* — I2x^ 4 - 28x^ 4- 40. 


2 . 2x* ■ 
4 . 3 ^^- 


• gx ^ — 24X 4- 12. 

- i6x’ — 6 x‘ 4- 48X 4-17. 


Work Examples LXIX., with the exception of numbers 21, 22, and 24, by the 
method of this chapter. 

5 . It was shown in example 2, p. 219, that in measuring an electrical resistance 
by means of a bridge wire the percentage error in the result due to a given small error 

. where x is the variable 


in the position of the sliding key is proportional to 

distance of the key from one end of the wire, and / the length of the wire. 

Show that the percentage error is a minimum when me proportional arms are 
equal, /.^. when the key is in the middle of the bridge wire. 

Plot a curve to illustrate your result, taking / = 120 cms., and x varjdng from 
o to 120 cms. 

6. In measuring an electric current by means of a tangent galvanometer, the 
percentage error due to a given small error in the reading is proportional to 

tan X 4“ 


tan X 


Show that this is a minimum w'hen :r = 45° 
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INDEFINITE INTEGRALS 

125. We have already shown how to find the rate of increase of various 
functions of a variable. 

We often require to perform the converse operation, having given the 
rate of increase of a function to find the function. The function of ^ whose 
rate of increase is equal to is called the indefinite integral ofy with respect 
to jr, and is denoted by the symbol fydx. 

For example, we know that the rate of increase of with respect to ;r is 
and therefore the integral of 6x^ with respect to ;ir is or J 6x^dx = 

The two equations ^ ^ jSx^dx = are two different ways 

of expressing the same thing. 

We know that = 3^^, and /. 

We know that ( 2 ^' + i)} = 2 cos {zx 4- i), ,% J 2 cos {2x + i)dx 

= sin ( 2 ;ir 4* i). 

In the same way it follows 

jx^dx^lx^ 

because x^ is the result of differentiating 
So also 

f^dx = 

JcQS ( 2 x 4 i)dx * ^ sin,( 2 jr 4 i) 

Thus we see that every result in differentiation gives a corresponding 
result in integration. 


Examples. — LXXI. 

Find the values of the follovnng expressions, and 
your results are correct : — 

1 . J 3 x-Vx. 2. Jx‘dx, S. Jx*dx. 

5. J ^r‘*dx. 6 . J d^dx. 7. J '^e^^dx, 

9. Jcos xdx. 10. J 3 cos (^x 4 

12. j2 cos ( 3 ;r 4 i)dx. 13, ja cos {bx 4 c)dx, 

15. jsin xdx. 16. J 2 sin {zx — '^)dx. 

18. ^5 sin {2x — i)dx. 19. jasm {bx 4 £)dx. 


prove by differentiation that 

4. jx*^dx, 

8 . jae^^dx. 

11. Jcos {sx+i)dx. 
14. sin x)dx. 

17. Jsin (2x ~ ^}dx. 

20. ^log(x4S)- 
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21. I — - — which is usually written 

j + 5 _ J ^ 

22. /— . 23. 24. ~lc 

j X J x + ^ ax 


24. |log.(.. + s). 25. 


128. In w'orking through the above examples the student has obtained 
number of standard integrals corresponding to the differential coefficients 
previously obtained. We may here collect them for reference. 

^ + 1 

jx'^dx = — _pY except when ;z = — i 


ja sin [bx + c)dx = ^ cos {bx 4- d) 

Ja cos {bx + c)dx = j sin 4- c) 


■ A , , s 


127. Arbitrary Constant. 

We have = 7^:^, + S) = 7 A - 3) = 7^. 

Thus Jyx^dx = or :ir" 4- 5, or — 6, or, in general, :r^ + C 

where C is any constant, because all expressions of the form x^ 4- C have the 
same differential coefficient yx^. 

In the same way, each of the integrals in the above list is intermediate to 
the extent of an arbitrary constant. Thus the full expression for jx^dx is 

• 4- C. We usually omit the constant, but it sometimes has to be taken 

w 4" t 

into account. 


128 . Examples. — 

= “4" = l'2X^\ 

J 2 '5 


j^dx = J6x 


-Zdx = - -ar-2 = - 3 

2 X- 


rji-nn « 0*37 


jz sin (600/* 4 - o ‘$ 2 yfi)dt = — cos {Soot 4 - 0*5236). 

= — 0*0033 cos (600/ 4- 0*5236) 

vs^- 

J3*2 cos (20 — ry)dQ = i*6 sin (20 - 1*7), 


fcx^dx = 
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ja sin (ir+ cx)dl = - jc°s + ")• 

Ja sin (^/ + cx)dx = ~ — cos (ii + cx). 

The symboU dx and dt in the last two examples show whether x or t is considered as 

variabU. 

Example. — Fhid Jpdv Jiaving given tkai = C. 

C 

■We have / = ^ 


We have already shown that a sum or difference can be differentiated 
term by term. It follows that a sum or difference can be integrated term by 
term. Thus — 

J(5jr2 - 3:ir + 2)dx = %x^ - %x^ + 2;ir 
j{a sin {bi -f 4- kt ^ g}di = ~ ^ cos {bl + ^r) + + gi 


Examples. — LXXII. 


Evaluate the following 


1 . 

6 . l/sjxdx, 

9 . Jsdx. 

If- 


21 . 


2 . fx^odx. 

6 . fx^'^dx. 

10 . Jdx. 


1 % 

22 . JcPdt. 


1 [—. 

'• jxO-» 

11 . jcdx. 

la fe. 


23 . f2e>=‘dx. 


-li- 

8 . 

12 . 

16 . f^'^du. 


24 . I i,/.. 


25. 26. Jrsee-^-^vdy. 27. 

28. /sin (:r — 3) dx. 29. /cos (x — 2)dx. 30. J 2 cos (i — x)dx. 

31. /2 sin u du. 32. /3 cosjj/ dy. 33. je^ cos ( 3 *^ + 2)dx, 

34. J3 sin { 2 x - i)dx. 35. /i*3 sin (27^ - 1*5708)^//. 

36. /i*3 sin (2*50 + 6^0. 37. /2'3 cos (i - 30 W0. 

38. /A sin (27// + e)dt. 39. /A r cos [rqt + e)dL 

40. / vy~dx when y = mx^ and also when y^ = 4ax. 

k 

41. Jmx^dy where m — - and x by. 

42. sin {bt + cx)dx where = 5.^ -f- 2. 

43. [ pi^x^dv y constants. 44. jxydx when_y = bx -k- c, 

45. jx^ydx wheny = mx + e, 48. jpdv •whtnpv^ = C. 
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47 . wlien J>v* = C 

(i) when s = i*37» (2) when x = i, (3) when s = o‘8. 


48. 


I 


where A = and^ = mx. 


49 . If ^ = 5 ** + - J. find >. 

61. ^ + 5. find.J'. 


50. If = 2 sin 2 x + 4 j findy. 


50 ^ L. 

“ 1 + or 


+ i*2jr* 4- sin (3^ 4* l) + 2*6, hndy. 


64 . Ji4^ — 3/® + 2/ — i)^/. 
66. 4- 3-r — — 2)f£r. 

ijx® 4- 4“ 


Evaluate the following ; — 

63 . Jisx^ — 2x + 4)dx, 

56. /(3^* + 4J^--5K^. 

67. J(i* - f»» - 3-iJ* - ^ - S)<&. 68. J(fi 

69. J{5«* ~ a sin (x -f ^«) + ^ cos (<z 4- 

60. J^6a sin (i - 3a) - 5ce-^‘-» - -J- - 

61. jvy^xdx given 4* 4-/“ = 

62. If y = «/» - 3?^® 4- 2x*“, find ^ and Jy/fiw. 

83. If ^ ^ + S. find ^ and^. 

64. ^ ^ ~ equation connecting p and v» 

65. If y is the deflection at distance x from the fixed end of a uniform beam of 
length /, fixed at one end and loaded with a w’eight Vv at the other ; then, if v,'q 
neglect the weight of the beam 




W 

(/-ar)gj 


E and I are constants depending on the material and shape of the beam. It is known 

dy 

that the deflection y and slope ^ are zero at the fixed end where .r = o. Find an 
expression for y in terms of at . 

Note. — The arbitrary constants of integration may be found from the given 
conditions at the fixed end. 

66. For a beam carrying a uniformly distributed load w per unit length, and 
fixed at one end, 

dx‘ SEP 

Find y in terms of x, 

67. Find the equation to a curve whose slope at any point is equal to the value of 
AT® for that point. Verify by plotting the curve from the equation for the case when 
the curve passes through the point (l, 2) and measuring the slope. 

Evaluate 

68 . fsec^xdx. {v. Ex. i, § 115 .) 69. fcostc^ xdx, (v. Ex. LXIV. 9.) 

70. Jsinh {ax 4- ^)dx, Jcosh {ax 4- B)dx, 

dy 

71. The slope of a curve is given by ^ = 2 a? 4- 3, and it passes through the point 

jc = I, y = 2. Find its equation. Plot the curve. 

72. A point moves along a straight line so that its velocity at time / is 3 sin zt. 
When / = o it has moved one foot. Find an expression for the distance which it has 
moved at any time i*. 
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DEFINITE INTEGRALS— GRAPHIC METHOD 


129. An Area as the Limit of a Sum. 

Let AB be a portion of a curve representing / as a function of .r, AM and 
BN the extreme ordinates, and let OM = ON = d. 

Then, to find the area ABNM by the mean ordinate method, we divide 

the interval MN into any number 
of parts and thus divide the figure 
into strips. Although it is not 
essential, we shall take the strips 
as being of equal width. Let Bx 
be the width of one of the strips. 
Then we multiply the width Sx of 
each strip by the ordinate / at its 
mid-point, and thus obtain an ap- 
proximation to the whole area 
ABNM as the sum of a number of 
terms j^dx from x = a to x = d. 
We denote this sum by the sym- 
bol 

In working examples on the graphic method of finding areas we found 
that we got more and more accurate results as w'e divided M N into a greater 
and greater number of intervals 5x, and consequently diminished the size 
ofSjr. 

The result can be made as accurate as we please by dividing MN up with 
sufficient fineness into equal interv^als $x. 

We express this in mathematical language by saying that the sum 
approaches a definite limiting value as 5x approaches the value o. 
This limiting value defines the true area of the figure ABNM. 



/: 


130. Definite Integral as the Limit of a Sum.— We use the symbol 

b , , j 

j/Rx to denote the limit of the sum as Sx approaches the value o. 

If we have given a series of corresponding values of / and x between 


X = a and jr = ^, we may find the approximate value of J ydx as follows : — 

Plot a curve from the given values of / and x. Then the area enclosed 
by this curve, the axis of x^ and the ordinates 2 X x — a and x — b\s equal to 

J ydx^ and may be found approximately by any of the practical methods for 

finding areas. 

J ydx is called the definite integral of / with respect to x between the 
limits and b* 
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The connection between the definite integral and the indefinite integral 
already treated, will be shown in the following chapter. 

Note. — The student may find some dijficulty in understanding the reasoning of 
these two paragraphs ; but he will probably find the difficulty removed in the follow- 
ing worked examples. In reading these he should draw all figures for himself, and 
verify all measurements and calculations. 


Example (i ). — 7%/ following art corresponding values of y and x. Find the value 

of 


X 

1 

2 

2‘7 1 

3-8 

47 

51 

57 

6 


0 

1 

1-87 

2*89 

3-2 

2*85 

2*23 

17 

1 


Plotting the given values of x and y, we get the curve, Fig. 96. 



The area enclosed by this curve, the axis of x, and the limiting ordinates at = i 
and a: = 6 is found to be 11*3. 

We have shown that j ydx is equal to this area, 

ydx = 11*3 



Example (2). — The following are corresponding values of x and y. Find ike value 
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X 

2 

3 

1 ! 

3'5 

4*3 

5*3 

6-4 

8 

/ 

077 

1*2 

1*26 

i*i8 

0*8 

o'33 

0*1 

Try* 

rS6 

4-52 

4*99 

4'3S 

2*02 

0*34 

0*03 



By calculation we find the values of iry given in the third line. 
Plotting and x we get the curve (Fig. 97). 

The area under this curve is found by Simpson’s rule to be 13*85* 


rrj'^dx = 13*85 



E X AMPLES . — LX XIII. 


/ 6-a 
1*2 


X 

1*2 ^ 

1*6 

rp 

2-5 

3*5 

4*2 

4*9 

5*9 

6*2 

y 

5*00 

4*24 

3-80 

3*34 

1 

3*06 

3'i4 

3*34 

37S 

3*91 
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% 


X 

4 

6 

1 

S 

10 

y 

64 

214 

j 

508 

994 


Find the values of 



and 



3. 


X 

I 

1 

3 

6 


10 

y 

5 

29 

215 

509 

995 

i 


Find the values of ^ ydx^ j ydx, j ydx, j ydx^ j ydx. 

Plot a curve to show the i-alue of ^ ydx for any value of the upper limit x from 
jr = I to ;c = 10. 

The following are corresponding values of y and x : — 


X 

2*80 

3‘57 

4*13 

4-77 

5-31 

5-90 

y 

8-365 

9-445 

io*i6o 

10*920 

1 1 '520 

12145 


Find the values of the following integrals 



6 . 

8 . 



xydx. 


3 . 


{r 2 y* 4- 2 '$X ~ 3) dx. 


r5i 

j Ti 


xy^dx. 


131. Work done by a Variable Force. — We know that if a constant 
force F moves a body through a distance in its own direction the work 
done is equal to Fj. 

Consider now a body, such as the piston of a steam-engine, which is 
pushed forwards by a force which varies gradually throughout the stroke. 

As the force is not the same in two successive portions of the stroke, we 
cannot now find the work done by multiplying the force by the total distance 
moved. 

If, however, we suppose the force, instead of changing gradually, to 
change by short steps ; in other words, if we divide the stroke s into a 
number of small portions each equal to Ssj and suppose the force during each 
step Ss to remain constant and equal to its actual value F at some point of 
that step, then the work done in moving through any step $s is F5j. 

We obtain an approximation to the value of the work done in the whole 
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stroke by adding together the values of F5j for all the steps ; i.e. if and 
are the distances of the piston from some fixed point on the line of its motion 

at the beginning and end of the stroke, F5 j is approximately equal to 

the work done in the stroke from to s^. 

As in finding an irregular area, we get a more and more accurate result 
by imagining the stroke cut up into smaller and smaller steps, and we may 
say as before that the work done in the stroke from Si to Jj, when the force F 

is variable, is the limit which approaches as approaches the 

value o. 

Now we have used the symbol f Yds to denote the limit of the sum 

J ~i 

the work done — ^ Fds 

J 

We may find the value of this integral by plotting a curve in which the 
ordinate and abscissa are corresponding values of F and s from s = Si to 

s = J’g. The area under this curve then gives the value of j J Yds, which 

is equal to the work done. 

This is the principle of the use of the indicator diagram of a steam or 
gas engine to find the work done in the stroke and the average pressure. 
By mechanical means the engine is made to trace automatically the curve 
showing the value of the pressure in the cylinder at different parts of the 
stroke. 

From the area of this diagram the work done during the stroke can be 
found. 

Similarly, if the connection between the force F and the time / is given, 
F5/ is the impulse or gain in momentum during the short interval of time 5/, 

and r * Ydt is the total gain In momentum between the times and /j. 


Example (i). — P is the resultant pressure on the piston of a steam-en^ne at distance 
s from the beginning of the stroke. Find the work done as the piston moves forwards 
through the stroke of 20", 


/ inches 

0 

I 

4 

6 

8 

11*5 

15 

19 

20 

Plbs. 

38000 

38500 

385^ 

3SSOO 

27500 

19000 

15700 

IIOOO 

385° 


/•20 

Work done = / Yds ft. lbs. 


Plotting P and s we get the curve BC (Fig, 98). 

The area A BCD is found to be 494600. 

Yds = 494600 

and the work done = J Yds = 41200 ft. lbs. 
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Example (2 ). — A car weighs 10 ions. It is drawn hy the pidl P Ihs,^ varying in 
the following way^ i being the time in secoftds from starting. 


p 

1020 

980 

1 

882 

720 

702 

650 

713 

722 

00 

0 


0 

2 

5 

8 

10 

13 

16 j 

19 

22 


The retarding force of friction is constant^ and equal to 410 lbs. Find the speed oj 
the car at the time 22 seconds from rest. 

(Board of Education Examination in Applied Mechanics, IQ02.) 

A force of 410 lbs. is required to overcome the friction. The remaining force 
P — 410 is available for getting up the speed of the car. 

The total impulse or gain of momentum from rest is equal to J (P — 410)^//. 

Plotting the values of P — 410 and /, we get the curve shown in the figure. 

Note that, although we require the whole area between the curve and the axis for 
which P — 410 = o, we need not include the whole of this area in the figure. In 
finding the area we may reckon the whole ordinates from the axis P 410 = o, 
although only their upper portions are actually shown in the figure ; e.g. ai the 
point A we reckon the ordinate in calculating the area to be 472. 
rasj 

The value of J (P — 410)^/ is found by Simpson’s Rule to be Sioo. 

This is the momentum at 22 seconds from rest. 


Mass of car = 


speed = 


22400 

32*2 

momentum 


8100 X 32‘2 


1 17 ft. per sec. 


mass 


22400 
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3. / is the pressure of a quantity of steam at Tolume 2t. 



687 

3X*3 

19*8 

14*3 

irs 

V 

2 

4 

6 

8 

10 


Find the work done as the steam expands from volume 2 to volume 10. 

4 . From the following data find the work done in expansion from volume 4 to 
volume 10. 


V 

4 

1 

s 

6 i 

8 

10 

P 

717 

49-6 

38-5 

3 i '5 

287 


6. A force moves a body along a straight line in its own direction. F is the value 
of the force at a distance s from the stariing-point. 

Find the work done in moving tr.o body a distance of i *85 ft. 


Fibs. 

7 

90 

j 

207 

290 

225 

180 

0 

s feet 

0 

0*25 

0*5 

0*9 

I'2 

1*5 

rSs 


6. P is the resultant force at time z* on a portion of a machine which moves along 
a straight line. Its weight is 270 lbs. If it has a velocity of 2 ft. per second at 
time / = o, what is its velocity at time t = 0*3 seconds. 


t seconds 

0 ! 

0*05 

0*1 

0*125 

o*rS : 

1 

0*20 

0*25 

0*3 

Plbs. 

0 

307 

428 

440 

i 

42s 

330 

I 7 S 

0 


7. V is the speed of a car at time / from rest. 


i seconds . 

0 

5 

10 

IS 

20 

25 

30 

v ft. per sec. 

G 

3*7 

i 

7*5 

10*85 

I2-9S 

137 

14 


Find the distance s travelled from rest in 30 seconds 



Jo 


Also find the distance travelled from rest in 16 ‘3 seconds. 
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8. The following table gives the acceleration a of the reciprocating parts of a 
large gas-engine for different values of the time t. The velocity gained between times 

and /j, is j odL The velocity is o when / = o. Find the velocity (i) when 

i = 0*087 seconds, (2) when t = 0*1333 seconds. 


i seconds . 

0 

0*0167 

0-0333 

0*0500 

0*0667 

0*0833 

0*1000 

0*1167 

0-1333 

a ft. per sec. 
per sec. . 

1 

453*2 

i 

i 

429*5 

362*1 

261*9 

i 43‘8 

24*1 

-82*8 

-167-5 

—226*6 


9 . The shearing force across a beam at a point A is 300 lbs. w is the load per 
foot at a distance x feet from A. The shearing force at a distance x from A is 

obtained by subtracting I wdx from the shearing force at A. Find the shearing 

force (i) 6*5 ft. from A, (2) 3 ft. from A. 


X 

0 

I 

2 

3 

4*1 

4-6 

5*3 

5-8 

6-5 

w 

10 

10 

i-i 

17 

22*4 

23-2 

22 

I 9 ‘i 

10*4 


10 . If 5 is the specific heat of a body at temperature the total heat given to 


unit mass of the body in raising its temperature from $i to 6 ^ 


is 

J «I 


The follow- 


ing table gives the specific heat of water at temperature 6 . Find the total heat 
required to raise the temperature of a gram of water from 0° C. to 20° C. 



5. 

0 

1*00664 

2 

I -00543 

4 

1*00435 

6 

1-00331 

8 

I *00233 

10 

I *00149 

12 

1*00078 

15 

1*00000 

16 

0-99983 

18 

0-99959 

20 

0-99947 


11 . Find the total heat required to raise the temperature of a gram of water from 
4° to 31®, The values of s up to 20® are given in example lo. Beyond 20® we 
have — 
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iPC. 


22 

0-99955 

24 

0-99983 

25 

1*00005 

26 

1*00031 

28 

1*00098 

3^ i 

1*00241 


182. Definite Integral of a Function. — Instead o(having corresponding 
values of j and x given in a tabulated list, we may have j', expressed as a 
function of x. From this we may calculate a series of values of y and 
proceed as before. 

In general, if F(.r) is any function of x which can be represented by a curve 
between the limits a and b of Xj we can find the value of j 'F{x)dx by a graphic 
method. 


Example {i),—Pind the value of J sddx. 


Calculate the values of for a number of values of x between 2 and 3. 


X 

2*0 

2*2 

2*4 

2*6 

2*8 

S'o 


8*0 

10*65 

13 ‘S2 

17-58 

21-95 

1 

27*0 
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Tile value of is then given by the area ABCD enclosed by this curve, the 




ordinates at its extremities, and the axis of This area is found to be 16*24, 


.-.r 


x^dx = 16*24 




Example {2),— Find the value of J* sin* %d^. 


Calculate the values ’of sin* 0 for a number of values of Q between o and 

2 

taMng d in radians. 


9 degrees . 

0 

xS 

36 

54 

72 

90 

$ radians . 

0 

0*3142 

0*6283 

j 

0-9425 

1*2566 

1-5708 

sin 0 . . 

0 

0*3090 

0*5878 

0*8090 

0-9511 

I’O 

sin* 6 . . 

0 

Q- 09 SS 

0-345 

0-654 

0*904 

1*0 


Plotting sin *0 and Q, we get the curve shown. 



0-314 0*628 0-942 V2B7 fSTI 

Values of ft. 


Fig. xoi. 


By Simpson’s Rule the area between this curve and the axis of 0 is found to 
be 0785. 



& in ^ 9 d $ = 0*785 


Note that, although it is convenient to take 0 in degrees when plotting the curve, 
we measure 0 in radians when finding the area. 
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Example (3). —In finding the pirimder of an ellipse of major axis 2 and 

eccentricity 0*5, Wi require to find ike value of the expression jfi — 0*25 sin® ^d<p, 

J 0 

To find the value of this integral by a graphic method. 

Plot the curve y — 0*25 sin* ^ between the limits ^ = o and = 1-5708. 

Set down the work as follows : — 



Fig. 103 . 


On plotting these values we get the curve shown. 

The area enclosed by this curve, the line = o, and the ordinates for which (S> = o 
and = 1*5708 = ^ is found to be 1*47. 

A JVi - 0*25 sm*4> dtp = 1*47 

Example (4). — A gas expands so as to follow the law pv = C. When the volume is 
I cub. ft. the pressure is 2116 lbs. per square foot. Fmd the work done as the gas 
tq fill o volume of $ cub. ft» 
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We know chat the work done in expanding from volume Vi to volume is 



We have ^ C, and therefore / = -. 

To find C we have, when v = i, / = 21 16. 

/, C = 2116, and/ = 
Calculating values of /, we get — 


V 

1 

1*25 

i*S 

2 

2*5 

3 

p 

2116 

1 

1690 1 

1411 

I 

1058 

84 

, 

0 


Plotting these values we get the curve shown. 
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The area under this curve is found to be 2321. 


work done 



2321 ft. -lbs. 


Examples.— LXXV. 


Find the value of the following integrals by a graphic method .* 


r 




J I 


■■ ;:f- 


sin B dd. 


4. / 

/ 

•3 

6 , J 

■^'252 i 

n 

dx 

rs 


Xj^f<^ — dx. 

0 

10. 

/ x^'^ii - ;c)iV.r. 

11 ./ 

12. 

j sin® BdB. 

13. 1 

J 


9 . f (i — 

J 0 


dx 


V I — 0*25 sin® (pdtp. 


14 . A quantity of steam expands so as to follow the law = 8000, where v is 
the volume at pressure J>. Find the work done as the steam expands from volume i 
to volume 10. 

15 . A quantity of air expands so as to follow the law = C. / = 21160 
when v = i. Find the work done in expansion from volume 2 to volume 5. 

16 . In a paper by Lord Kelvin, on motion in an elastic solid, it was required 

to find the value of I (p — i)r^dr, when the following values were given : — 

J 0 


r 

0*00 

0*02 

0*04 

o‘o6 

o*o8 

0*10 

0*20 

0*30 

i 

0*40 

0*50 

0*60 

0 

-■4 

0 

o*8o 

0*90 

roo 

P 

ZOI‘I 

78-5 

64-4 

49 '6 

39 ‘S 

31*8 

xi*8' 

1 

5-00 

j 

2*46 

1 

1-34 

0*82 

o‘S 3 

0*38 

0*36 

1*00 


Find the value of this integral. 


133. Variable Iiimit of Integration- 

Consider the definite integral j ydx^ where the lower limit a is fixed 

and the upper limit x starts from the value a and gradually increases. 

Let AB be the curve representing^ as a function of x. 

Let OM = a and ON = the upper limit x. 

Then J ydx^ which we shall denote by I, Is equal to the area ABNM, 

and, as the upper limit x increases, N starts at M and moves along O^r 
through the positions N, N', N", while B moves along the curve AB. At the 
same time the value of I continually increases in the case shown in the 
figure. 

Thus for every value ON of there is a definite value of I equal to the 
area ABNM, and I is a function of x. When N moves to N' an amount 
equal to BB'N'N is added to I, and so on. 
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If at various points on Ox we erect ordinates to represent on some con- 
venient scale the value of the area under the curve AB from AM to the 



respective points, we obtain a curve representing the definite integral I as a 
function of x. 

In the figure the curve MCC'C'^ is drawn so that any ordinate N'C' 
represents the area AB'N'M between AM and C'N' on some convenient 
scale. 

This curve represents I, or i ydx as a function of x. 


Example (i ). — Plot a curv6 representing^ 
to X ■=■ S, 


f. 


Pdx as a function of x from x =. 2 


Let I = 



We have already (example x, p. 249) found the value of I when = 3. We must 
now find the value of I for other values of x between 2 and 6, and plot a curve in 
which the ordinates shall represent the values of 1, and the abscissae the corresponding 
values of X, 

First draw the curve = P from x = 2 to x — 6, This is the curve AB (Fig. 105). 
To get the curve CD representing I, proceed as follows. Divide the area into any 
number of strips of equal width. In the figure we have taken 8 strips each of 
width 0*5. 

When or = 2, I = Pdx = 0 C is on the required curve 

When jr = 2*5, I = J Pdx = area ACFE 

= CF X (ordinate of curve AE at point x = 2'25) 

= 0-5 X 11-4 = 57 

Set off FG equal to 5*7 on the scale for 1. Then G is a point on the required 
Ciurve. 

To get the value of I when = 3, add the area of the next strip EFHK, which 
is 0*5 X 20*8 = io'4. This gives the point L on the curve CD. Similarly, successive 
points on the curve CD are obtained by adding in succession the areas of the strips 
into which the area under the curve AB is divided. 
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Finally, the ordinate at D represents the whole area ABMC, which is eqaal to 
j^x^dx, 

^ The scales on which I and x are represented need not be the same. The student 



Fig. Z05. 


should form an estimate of the greatest value of I that will be required before choosing 
the scale on which I is to be represented. 

The area of each strip is equal to its base multiplied by its mean height, and may 
be represented by that height if a suitable scale be chosen for I. Thus the additioiiL 
of the areas of successive strips may be very rapidly performed with a pair of dividers, 
by marking off lengths equal to the mean heights of the successive strips. 

In the above example the width of each strip is 0*5, and its area is therefore 
numerically equal to one-balf its mean height. We choose the scale of I so that the 
mean height may represent the area, we take the scale for I eq^ual to twice the 
scale for Thus the curve CD maybe rapidly constructed with dividers. The area 
of the first strip AEFC is 5*7, and 57 on-the scale for I is equal to the ordinate 11*4 
at the mid point of CF on the scale for at®, and the point G is obtained by marking 
off, on tbe ordinate FE, a length equal to the ordinate to AB at the mid point of CF. 
Similarly, L is obtained by adding to this length on the ordinate HK a length equal 
to the ordinate to AB at the mid point of FH, and so on. 


Example (2). — A car weighs 10 tonsy and is drenvn hy the pull P Ihs.y varying in 
the following way^ t being the time in seconds from starting. 
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p 

1020 

980 

8S2 1 720 

702 

650 

713 

722 

805 


i 

0 ! 

2 

5 8 

10 

13 

16 

19 

22 


The retarding force of friction is constant and tqual to e^io lbs. Plot P — 410 and 
the time t, and from this obtain a curve showing speed and time, 

(Board of Education Examination in Applied Meciianics, 1902.) 



Fig. 106. 


Mahler of distance trauelled s. ft 
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We have already seen (p. 24S) that the momentum of the car when (=22 seconds 

■J 

IS I (P — 4io)t//, and its speed when / = 22 seconds is equal to its momentum 


divided by its mass = 


(P — 4io)f// = 0-001437 j (P — 4io)<// feet per 


22400 J 0 

second. 

in the same way, its speed at any time ^ seconds from starting is 


0*001437 




• 4io)f/if 


and we shall first plot a curve showing the speed as a function of A 

The curve showing P — 410 and / has already been plotted (p. 246), and is here 
reproduced. 

Divide the area under this curve into strips by ordinates drawn as in the figure. 
The width of the first strip is 1*5, and its mean height, reckoned from the aads 
P — 410 = o, which is not shown in the figure, is 595. 

rvs 

- 4io)f// = 1*5 X 595 = S92‘S 

and the speed at the end of 1*5 seconds is 0*001437 X 892*5 = 1*29 ft. per second. 

Accordingly we plot the point Q, whose ordinate is i *29, on a suitable scale to 
represent the speed when / = 1*5. Similarly the ordinate at R which represents the 
speed at the end of 3 seconds from rest is obtained by adding to the ordinate of Q a 
length equal to the area of the second strip multiplied by 0*001437. 

Proceeding thus we obtain the curve QRST, which gives the speed at any time, 
the final speed being 11-7 ft. per second, as in example 2, p, 245, 


Examples.— -LXXVI. 

1 . Plot a curve showing the value of f for all values of x from = o 

J 0 

to X = 5. 

2 . Plot J (2x + l)dx for all values of x from ^ = i to ;r = 10. 

3 . Plot J (i + x^)dx from 4? = I to X = 10. From your curve read off the 
value of the integral when x = 4. 

4 . Plot J (3x2 4- 2x — 4}dx from x = o to x = 6. 

5 . Plot [ sin $d 0 from ^ = o to 0 = 


6. Plot 
t. Plot 
8 


I SI] 

J 0 
Jo-1 x’ 

/: 


from X = 0*1 to X = 3. 


• from X = o to X = 0*9. 


I oVi 

3 Plot j where ^ == 4- 2x 4 ” from x = i to x = 2. 

9 . The following table gives the pull P at the drawbar of an electromotor at time 
t seconds from starting : — 


S 
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P lbs. . . 

1150 

1450 

1320 

1350 

1040 

1300 

1150 

mo 

1120 

750 

^ seconds . 

0 

12*5 

25 

37-5 

43 

SO 

55 

62-5 

75 

00 


Bedact 300 lbs. for friction, air resistance, etc., which are taken as constant, and 
plot a curre to show the value of P — 300 for any value of t from o to 83. The train 
weighs 21 tons. Obtain a curve to show the speed at any time from / = o to 
/ = 83 secs. 


10 , P is the resultant pressure on the piston of a bull engine when the weight has 
been raised to a height h feet. The work done in raising the weight to the height h is 

y Ydh ft. -lbs. Plot a curve to show the work done in raising the weight to any 

height from o to 8 ft. 


h feet 

0 ! 

0-5 

I 

1*5 

2 

3 

4 

5 

6 

7 

8 

Plbs. 

120 

i 

no 

no 

no 


73 

54 

44 

38 

34 

30 


11 . The following table gives the drawbar pull exerted by an electric locomotive 
at distance s from rest : — 


Plbs. 

930 

1000 

1 

930 

83s 

1000 

1225 

1325 

1300 

1230 

1000 

800 

650 

s feet 

0 

IS 

30 

45 

80 

no 

160 

I So 

200 

227 

260 

300 


The work done in drawing the train from rest to a distance s is I Yds, Plot a 

i 0 


curve to show the work done for any value of s from o to 300 ft. 

Examples 9 and ii are adapted from a paper by P. V. MacMahon, in the 
Elsctridan for June, 1899, P* 227, where the student will find additional material for 
examples. The data refer to the City and S. London Railway. 


ISl. A body weighing 1610 lbs. is lifted vertically by a rope, there being a damped 
spring balance to indicate the pulling force F lbs. of the rope. When the body had 
been lifted x feet from its position of rest, the pulling force was recorded automatically 
as follows : — 


iX 

0 

11 

20 

34 

45 

55 

66 

76 

F 

i 

4010 

3915 

3763 

3532 

3366 

3208 

3100 

3007 


Biaw a curve showing the probable value of the velocity v feet per second for all 
values of x up to 80. 

Note. — The resultant upward force on the body is F -- 1610 lbs. The work done 
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in increasing the kinetic energy of the body is equal to ^ (F — i 6 io)dx. Since the 

body starts from rest this is also equal to the kinetic energy where m is the 

mass of the body = . Thus the value of v can be obtained for anv value of x. 

32*2 

(Board of Education Examination in Applied Mechanics.) 

13 . The following table gives the force F producing the acceleration of the 
reciprocating parts weighing 2080 lbs, of a 400 H.P, Crossley gas-engine at intervals 
of ^ second. 


t seconds 

0 0*0167 

1 0 'O 333 

1 

0*0500 

0*0667 

0*0833 

0*1000 

Fibs. . 

29270 27740 

1 23390 

16920 

9287 

1560 

1 

- 5349 


t seconds 

: 0*1167 

1 

0*1333 

0*1500 

j 0*1667 0*1833 

0*2000 


Fibs. , 

— 10820 

— 14640 

— 16920 

i 

— 18040 — 1S4S0 

— 1S5S0 



Construct a curve to shov? the velocity at any time from / = o to / = 0*2 second. 
Given, velocity = o when / = o. 

14 . The following table gives the resultant turning moment M exerted on the 
crank of a 500 H.P. Crossley gas-engine for different values of the angle $ through 

re 

which the crank turns. It can be shown that I varies as the square of the 

J 0 

angular velocity co for any value of 6 , so that an ordinate equal to this integral will 
represent w® on a suitable scale. 

Construct a curve to show how the angular velocity « varies for different values 
of The scale for » need not be shown. 

0 degrees . o 14I 28 46 72 ioo|i34| 180 j 21S | 243 270 1 302 I327I 350 355 360 


M ft.-lbs. 

persq.in. -4i|34ji09;i29[i i5|io9| 59 -41 -91 -1071-91 -41 31 -41 - 43 r 4 i 
of piston I 


Nots. — Since the scale of the resulting curve is not determined, d maybe taken in 
degrees. 

Examples 13, 14 ai'C adapted from a paper by Mr. Humphrey {Proceedings 
Institute Mechanical Engineers^ Jan., 1901, p. 67), w'here a number of curves are 
given, 

1S3a. Tabulation of Definite Integrals. 

When the values of the dependent variable are given at sufficiently small 
intervals, and the curve is not too irregular in shape, we can tabulate the 
values of the definite integrals without actually plotting the curve. If, for 
example, in Fig. 106, p. 256, the values of v are given at intervals of secs., 
then the mean value of v throughout each interval is approximately the mean 
of its values at the beginning and end of that interval, and this may be found 
without actually plotting the curve. Multiplying this mean value by the 
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length of the interval, we get the corresponding portion of the definite 
integral fvdi, that is, we get the space described during the interval. 

The work may be arranged as in the following example. 

Example . — v ft, per sec. is the velocity of a poitd moving' in a straight line at tiinc 
t secs. Construct a table to show the distance s which the point has travelled at any time. 


0) 

W 

(3) 

(4) 

(5) 

(6) 

( 7 ) 

t 

V 

2 X mean v 

mesin v 

5;; 

(mean Z') X 5/ = Bs 

rt 

f vdi:=.S 

0 q q q q q q q 0 

0 i-n OOnOOa OOm 

69-50 

66*94 

64*45 

62*00 

59*61 

54*97 

52*72 

50*51 

136*44 

131*39 

126*45 

I 2 I *61 

116*88 

112*24 

107*69 

103*23 

68-220 

65'695 

63-225 

60-805 

58-440 

56-120 

S 3 ' 84 S 

51-615 

0*05 

>> 

>> 

9) 

>» 

>> 

»? 

3-41 10 

3'28475 

3-16125 

3-04025 

2*9220 

2*8060 

2*69225 

2-58075 

0 

3-41 10 
6-69575 
9-85700 
I2-S9725 
15-81925 
18*62525 
21*31750 
23*89825 


The numbers in column (3) are obtained by adding together in pairs the numbers 
in column (2). 

The numbers in column (4) are obtained by dividing the numbers in column (3) 
by 2. 

The numbers in column (6) are obtained by multiplying the numbers in columns 
(4) and (5). 

The numbers in column (7) are the sums of the numbers down to the corresponding 
points in column (6). 


E X AM PLES. — LXX V I A. 

1 . A force moves a body along a straight line in its own direction. P lbs, is the 
value of the force at a distance s ft. from some fixed point on the line. Find the work 
done in moving the body from s = iotoj = 13. 


S 

10 

10*5 

II 

11*5 

12 

12*5 

13 

P 

20*085 

33 ‘iiS 

S 4 ’S 48 

81-451 

121*51 

134*29 

148-413 


A ns. 254*60 ft. -lbs. 


2 . The following values of y and x being given, tabulate SA for each interval 
where 5 A is the area in the interval between two ordinates. A = o when = 3. 
Tabulate the values of A from x = ^ to x = 13. 


ji’ 

3 

4 

5 

6 

7 

8 

9 

10 

II 

12 

13 


1*75 

10-45 

19*08 

27-56 

3 S‘ 8 S 

43'84 

51*50 

58-78 

65*61 

71*93 

77*71 


(A = 424*32 when x = 13.) (.Board of Education Examination.) 
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8. <j is tlae acceleration at time / of a point moving along a straight line. 
Tabulate the values of the velocity at different times from io*l secs, to il secs. 
The point starts from rest when / = io*i secs. 


a 1. s. s- 

70-96 

^V 12 

71-29 

71-45 

71*61 

71-78 

71-94 

72*11 

72 -2$ 

72-44 

/ sec. 

10*1 

10*2 

1 ^^‘3 

io'4 

10*5 

10*6 

10*7 i 

10*8 

10*9 

iro 


[v = 64-528 f. s. when / = ii.) . 


184. Construction of Curves from a given Law of Slope. 

With the same notation as before (§ 133), let ;r increase by a small amount 
5 jr, so that N moves through a short distance NN'. 

Then I is increased by the area BB'N'N, which is equal to NN' multiplied 
by a value ST of^ between NB and N'B'. 

i.e. 51 = ST X lx 


di Y 

To find -j- w'c must find 
ax 

51 

the limiting value of ^ as ^x 

approaches the value o. 

In this case N' moves 
back to N and B' to B, and 
thus ST, which must always 
lie betw’een NB and N'B', 
moves back to and ultimately 
coincides with NB, 

.•.£=NB=;y . . (l) 0“ 



Fig. 107. 


Now the ordinate of the curve MCC' is equal to the value of I, and 

therefore ^ measures the slope of the cun-e MCC. 

Thus equation (i) states that the slope of the curve MCC' is equal to the 
ordinate of the curve AB, and we have shown how to construct the curve 
MCC when its law of slope is given by the ordinate of the curve AB. 

For example, in example i, p. 254, we showed how to draw the curve CD, 

fx 

representing / when its law of slope ^ ^ was given by the curve AB. 

In example 2, p. 257, we showed how to draw a curve, representing 
j (P — 410)^/, when its slope P — 410 at any point was given on a suitable 
scale by the curve A, 


Example (i). — The Jollowing table gwes the value of the slope ~ of a certain curve 
for different values of x : — 


X 

1*2 

1*9 

2*7 

4 

5*2 

6 

dy 

d. 

P -55 

i*i 

1*4 

0-82 

0*4 

0*65 


Construct the curve between x — Vl and jc* = 6, having given that y —2 when 

X = 1 * 2 . 

There are evidently an infinite number of curves having the given law of slope, fox 
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if one be constructed it may be supposed moved in a direction parallel to the axis of 
7 without changing its shape, and thus we may obtain as many more curves as we 
please, all having the same law of slope. We require to choose that particular curve 
in which y = 2, when x = i*2. 



(fy 

First construct the curve A, Fig. io8, whose ordinates represent values of ^ given 
in the table. 

From this obtain, by the method of p. 253, the curve B, whose ordinate for any 
value of X is equal to the area under the curve A from x = r *2 to that value of x. 

This gives the value of j which, as has been shown above, is equal to 

the value of ^ in the required curve if measured from a suitable point. We then 
adjust the scale for y so that y =z 2 when x = V2, and B is the required curve. 

Example (2). — /n example 2, p. 256, zue obtained a curve giving the value of the 
speed V of a car at any time between o and 22 seconds from starting. To construct a 
curve to show the distance s moved by the car from rest at any time between o and 
22 seconds. 

We know that ^ therefore the velocity curve already obtained represents 

the slope at any value of t of the required curve representing s. 

We therefore obtain the s curve from the v curve by plotting the values of | vdt 

J 0 

in the same way as the velocity curve was obtained from the curve A representing the 
force, and therefore also the acceleration. The initial value of s is evidently zero, 

ITie lesalting curve VW is given in Fig. 106. 
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Example.— LXXVII. 


1 . Tlie following table gives the slope of a certain curve for various values of x. 
It is known that ^ = 3*5 when x = 2. Construct the curve between ;r = 2 and 
X = S'S- From your curve read off the values of y when x = ^ and when x = S. 


Value of X . 

3 

2*3 

i 

1 

3 

1 

3-6 : 

4*3 

1 

s 

Slope of curve 

0 

0*48 

00 

b 

I'025 

1 

ns 

o '97 

0*44 


Value of X . 

S ’44 

5-90 

6*3 

6-9 

7*5 

8*1 

8-s 

Slope of curve 

0 

- 0-47 

— 0*80 

- 0*93 

-0*8 

- 0*4 

0 


2 . Let y =: x^. Plot the curve ^ = x® on a large scale from x = o to x = 3. 

Plot also ^ = 2x from x = o to x = 3. Then, since -^x* = 2x, the ordinate of the 

second curve measures the slope of the first for any value of x. Measure the area 
between the second curve and the axis of x from x = o to x = 3, and verify that it is 
equal to the ordinate of the first curve at x = 3. 

3 . A curve is such that its slope at any point is equal to twice the abscissa at that point. 
Construct the curve. It is given that the curve passes through the point (i, 2), 

4 . The slope of a curve at any point is equal to 2x — i, where x is the abscissa of 
that point. Construct the curve, having given that / = 8 when x = 3. 

6. Construct a curve in which the relation between^ and x is such that the equation 

2^+3*-4 = o 

is satisfied at every point of the curve. It is given that_y = o when x = o. 

6. The following table gives the speed v in feet per second of a train in the City 
and South London Electric Railway at time t seconds from starting. Plot a curve to 
show the speed at any instant from / = o to / = 174 seconds. 

If s is the distance moved in t seconds we know that and therefore the 

ordinate of the speed curve gives the slope of the distance curve for any value of i. 
Hence construct a curve to show the distance s travelled at any time i from / = o to 
/ = 174 seconds. 


t seconds 

0 

25 

30 

1 

40 

50 

70 

75 

V ft. per sec. 

0 

12*45 

14-65 

18*31 

i 9'35 

20*96 

20*22 


i seconds 

90 

105 

125 

145 

160 

i 

.,4 


r ft. per sec. 

18*90 

17-87 

19*42 

20*51 

i6*i 

i 

0 



7 . From the data given in example 7 ^ P* 247, construct a curve to show the 
distance travelled by the car from rest at / = o to any time from o to 30 secs. From 
your curve read off the distance travelled in i6’5 secs. 
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8. In the following table v is the velocity of the projectile in the bore of a gun at 
time i seconds from the beginning of the explosion : — 

t seconds . |o*oo49o|o‘oo598jo'oo695[o*oo785jo*oo87i[o*oo953|o'oio32|o*oiio9|o*oiiS4 


«^ft.persec. 869 987 1074 1142 1195 1242 1277 1309 1335 


Plot a curve to show the distance s described by the shot for all values of t from 
0*00490 to 0*01184, having given that / = 2 ft. when t = 0*00490. 

9. a is the acceleration of an electric tramcar at time / from starting. 


a ft. per sec. per sec. 

2*4 

3 ‘ 2 S 

3 'S 2 

3*45 

3*21 

2*63 

1*70 

1*12 

0*64 

b 

0 

i seconds .... 

0 

I 

2 

3 

4 

5 

6 

7 

8 

9 

10 


Find its velocity {a) after 3 secs, from starting, {b) after 7 secs, from starting, 
(r) after 10 secs, from starting. Construct a curve to show the velocity at any time 
from / = o to / = 10 secs. 

10 . From the curve of velocities obtained in example 9, find the distance travelled 
by the car (a) in 3 secs., (b) in 7 secs., (r) in 10 secs, from starting. Construct a curve 
to show the distance travelled from starting at any time from / = oto/s=io secs. 

11 . P is the pull in pounds exerted by an electric locomotive at time ^ seconds 
from starting. Take the tractive resistance as constant and equal to 881 lbs. Then 
the acceleration is proportional to P — 881, and it is found that the acceleration is 
I '46 ft, per second per second when P = 5750 lbs. Plot curves to show (a) the accelera- 
tion, (b) the velocity, (^r) the distance passed over, at any time from o to 130 seconds. 


P 

7125 

6100 

5690 

5625 

5650 

5725 

5750 

881 constant 

0 


0 

2 

5 

8 

10 

14 

16 

16 to 114 

1 14 to 130 


(Adapted from P, V. MacMahon, Electrician, June 16, 1899.) 


12 . P is the pressure on the base of the projectile of a gun at time i seconds from 
the beginning of the explosion. 


Time of travel, seconds. 

P tons. 

0*00000 

2000*0 

0*00143 

2221*3 

0*00273 

3320*5 

0*00360 

2o6o*6 

0*00490 

1 394 ' I 

0*00598 

1095*0 

0*00695 

908*8 

0*00785 

746*4 

0*00871 

668*3 

0*00953 

592*8 

0*01032 

499*4 

0*01109 

421*9 

0*01184 

355*6 
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The weight of the projectile is 78 lbs. 

Assuming that the sides of bore and the air in front exert no retarding force on 
the projectile, the acceleration is obtained by dividing P in lbs. by the mass 

Plot curves to show the acceleration, velocity and distance travelled at any instant 
throughout the period considered. 

It will be found that the given values do not lie exactly on a regular curve when 
plotted. A more reliable result will be obtained by drawing a smooth curve, lying 
as evenly as possible among the plotted points than by making the curve pass exactly 
through the points plotted from the given data. 

IS. The following table gives the acceleration a of the reciprocating parts of a 
500 H.P. Crossley gas-engine for different values of the time /. Construct a curve to 
show the velocity at any time from / = o to / = 0*48, given that the velocity is zero 
when / = 6, 


/ seconds .... 

0 

0*02 

0*04 

0*06 

0*08 

0*10 

0‘12 

a ft per sec. per sec. 

2587 

245-4 

2077 

151-4 

S475 

1678 

-44-60 

/ seconds • , . . 

0-48 

0*46 

0*44 

0*42 

0*40 

0-38 

0-36 


^ seconds .... 

0*14 

0*16 

o*i8 

0*20 

0*22 

0*24 


a ft. per sec. per see. 

- 94*03 

- 129*3 

j 

- ISI ’4 

- 163*1 

— i6S*i 

- i 69'5 


/ seconds .... 

j 

0*34 

0*32 i 

1 

0*30 

0*2$ 

1 0*26 

1 

0*24 

1 



From if = 0*24 to / = 0*48, a passes back through the same values as from / = o to 
t = 0*24. 

14 . is the magnetic induction through a coil of an induction motor at time /. 

The values of are observed and given in the following table. Construct a curve 

to show the induction Ij for all values of i throughout the period considered. Take 
Ij = o when / = a 


/ secs. 

0 

0*05 

0*10 

o-iS 

0*20 

0*25 

0*30 1 


1 

1 

0*40 

0-45 

0*50 

~ volts 
di 

1*286 

1*233 

0*949 

0*774 

o'SSS 

0*108 

0*026 

-0*429 

— 0*864 

i 

- 1*049 

1 

- 1 *286 


15 . The foUowii^ table gives particulars of another test of the same motor as in 
the last example. Construct a curve to show the induction I, for all values of / as 
before, taking Ij = o when ^ = o. 
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/ secs. 

0 ' 

0*05 

0*10 

o*is 

0*20 

0*25 

0*30 

o‘ 3 S 

0*40 

0 - 4 S 

0*50 

1* 

^ volts 

2*44 

i 

2*34 

rSS 

rsi 

I *05 

0*25 

- 0 -S 9 

— 1*28 

- 1-63 

— 2*01 

- 2-44 


16 . A horizontal bar, ii ins. long, is fixed at one end, and is loaded in such a 
way that the weight w per unit length at various points is given by the fallowing table. 
X is the distance from the free end. 


X inches , , 

0 

4 

8 

10 

II 

w lbs. per in. 

4 

5*2 

8-3 

12*2 

20 


Plot a curve to show the value of w at any point. Note that the load varies 
continuously. The expression ‘^weight per unit length” does not imply that the 
load is uniform for a unit length of the bar at any place. 


It is known that ^ where s is the shearing force at distance x from the free 
end, also j = o at the free end. 

Construct a curve to show the value of s at any point. What is the shearing force 
at the fixed end ? 

17 . In the last example, if M is the bending moment, then ^ at distance 

from the free end. Construct a curve to show the bending moment at any point. 
M = o at ie free end. 

18 . A beam lo ft. long is loaded in the manner given in the following table, w 
and X have the same meanings as in examples i6, 17. Plot curves to show (i) the 
load per unit length, (2) the shearing force, (3) the bending moment at any point. 
What is the shearing force at the fixed end ? 


X 

0 

I 

2 

3 

4 

5 

6 

7 

8 

9 

10 

w 

2 

2*5 

37 

1 

5*5 

77 

97 

11*2 

1 

12*2 

11*8 

10*2 

7*2 


19 . A horizontal bar 10 ins. long is fixed at one end. The other end carries a 
weight of 1000 lbs. The bar is also uniformly loaded with 200 lbs, per inch through- 
out its length. Plot a curve to show the shearing force at any point. 

Note that s = 1000 when x = o. What is the shearing force at the fixed end ? 

20 . Plot a curve to show the bending moment at any point of the bar, M = o 
at X = o. What is the bending moment at the fixed end ? 

21 . Let inches be the downward displacement of a point on the bar at a distance 
X inches from the free end. Then it is known that at any point the slope of the bar 


■ dx ' 


■i: 


M 

j^jdx + C 


where M is the bending moment, E and I are constants depending on the material 
and shape of the bar, and C is the slope of the beam where :r = o. 

In this case, for a wrought-iron bar of rectangular section 3 ins. wide by 4 ins. 

deep, E = 25 X 10% I = 16, and ^ = o at the fixed end where x = 10. 

Construct a curve having as its ordinate the slope of the bar at any point. 
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Note. — It is not necessary to know C. 
zero, and afterwards move tke scale for ~ 


Constnict the curve as tiiough C were 
so that the slope is shown as o at the 


fixed end where ;r = 10. 

22 . Construct a curve to show the displacement f of each point in the bar. The 
curve obtained in example 21 gives the law of slope of the required curve, and the 
required curve can therefore be constructed. 

Note. — T he displacement is evidently o at the fixed end, and the scale for 7 mast 
therefore be moved so as to give this value. What Is the displacement at the 
free end? 




CHAPTER XVIII 


DEFINITE INTEGRALS 


135. Connection between Definite and Indefinite Integrals. 

We have now shown that if I is the definite integral j fdx 

then ~ ^ 

ax 

But the indefinite integral jydx has been defined as that function of x 
whose differential coefficient is equal to/. 

the definite integral j ydx^ as defined in the last chapter, is identical 

with the indefinite integral j/ir as defined in Chapter XVI. 

It is to be remembered, however, that the indefinite integral may have 
an added arbitrar>’ constant. 

The exact connection between these two ways of defining an integral will 
be made clearer by the following examples 


Example. — Suppose it is £iven tAat, for a certain curve between x ^ a a7id jr = 
— = 4 r — 2r, and thaty = o when a. 


dx 


To find the curve we may proceed in two ways. 

L We may plot the curve AB, whose ordinate is equal to - 2x for every 
value of X between a and k This gives the law of slope of the required curve, which 
may now be obtained by plotting areas, as in the examples of the l^t chapter. 

P dy f * 

The ordinate y of the curve so obtained is equal to j ^dx =1 - 2x)dx^ 

and the final ordinate at ^ = Hs equal to (4^^ - 2 x)dx. 

In the figure we have taken a = 2, ^ = 8, and CD is the curve obtained by this 
method. 

dy ^ , 

II. But when ^ is given by the expresdon ^ zx^ y may be obtained from 

this by indefinite integration, as in Chapter XVI, 
for the required curve 

y = j ^dx “ J( 4 x” — 2 x)dx = — jr* -f G 


where C is some constant. 

We must choose C so that y - 0 when :r = ij. 
Substituting, we have 0 = + G 

. for any value of x 
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Id particular when jp = 5 

^P)- (|a“ - a^) 

We have thus obtained an expression for the ordinate of the required curve for any 
value of X between x ■= a and ^ = ^5 and the curve may be plotted directly from this 
expression. We find by substitution that in the case taken above, where a ^ 2 
^ = 8, the values of y obtained from this equation are equal to the corresponding 
ordinates of the curve CD in the figure ; 


e,g. taking x = - (45® “ 5*) - - 2*) = 1357 



D 

600 


500 

B 


400 


200 


too 


Thus we have found two different expressions for the ordinate of CD — one a definite 
integral, defined as in the last chapter, and the other an indefinite integral, 
equating these two expressions, we get 

j (4Jtr® — 2x)dx = ~ — a^) 

In the special case where d? = we get 

j {4^- 2x)dx = -P) - (^a» - a«) 

= (value of indefinite integral (Jx® — x*) when x is put equal to h after integration} 

“ {value of indefinite integral when x is put equal to a after integration}. 
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136. Evaluation of a Definite IntegraL 

The same reasoning evidently holds good when ^ is given equal to any 

function F(;r) of x of which the indefinite integral is knomi. 

If f{x) is the indefinite integral of F(ar), we have in general 

=f{b) -f{a) 

The right-hand side of this equation is written [yt-) 

This gives a method of calculating the value of the definite integral of any 
function when the indefinite integral is knowii. 


To calculate the value of 




First find the indefinite integral j ydx. Find the value of this 
when X is equal to the upper limit b, and from the result subtract its 
value when x is equal to the lower limit a. 


Example (i).* 




The value of this integral as found by the graphic method, p. 249, was i6'24. 
Example (2).— 

j t^dx = ~ I?®) = 108 10 

Example (3). — Find the area between the curve y = sin x and the axis of x from 
X ■ss.o to x^ 1*570$ radian = 90®. Also find the mean value of sin x between 0 and 
one right angle. 


We have 


area =J^sm x dx — 
*(-coS^^-(-cc 


= cos -J— (— cos o) = o 4 * I = I 
The curves = sin x is shown in Fig. 58. 

The student should verify the above result, that the area between o and ^ is I, by 
actual measurement. 

The mean value of sin x is the height of a rectangle on the same base, having an 
area equal to that between the portion of the cur\'e considered and the axis of x. 

If h is the mean value, we have 


h X 1*5708 = area = i 
/. h = 0*637 


Example (4). — To find 


find pdv having given that pv = 2116. 

pdv = ^ ^^l~dv = j^2i 16 loge^'^ 

= 2116 (log^3 - log^l) 

= 2116 X 2-3026 X 0-4771 = 2321 
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On page 253 we obtained tbe value 2321 by the graphic method. 

Example (5). — 

j ^ sin ^ddd = (I — cos 20)dO 

= ■“ i 26 ^ 

= J-i««x = J = 07854 

The value of this integral found by the graphic method was 0785, p. 250. 

Example (6). — Calculato the area enclosed by ike curve y = the ordmate at 
X b and the prtion of the axis of x between the origin and the point x =z b. 


Area = j ydx = ^ ax^dx 


raX^'^’V* 

[_n 4“ iJo~ n + I 


Examples.—LXXVIII. 
Evaluate the following definite integrals ; — 


1 

5 

9 . 

13 


'S 

e^dx. 


22 . 

26 

29 . 

82 , 

85 . 


■fr 

■ 1 : 

19 . j i^dx. 

■ 1 : 

■/: 

n -4137 

/ 

J 0-6109 

■/: 


dx, 

e^dx. 


^dx 

5 


2 , 

8 

10 . 




8, j xdx. 

4 

■5 _ 

7 . I 2 fjxdx, 
8 


-■I 


■f. 

•/: 

■f. 


sin xdx. 


14 
17 
20 . 
e^^dx, 
27 
30 . 
S 3 
38 


x-'^'^dx, 

2-3 

0-8 

e^dx. 

1-3 


e^^dx. 


■f. 


24 . 


C^dx 


38 . I sin \xdx. 


■/: 


cos ^dx* 
cos ^xdx. 


■ h 
fr- 


2 x‘ + 3)^-^ 


f^dx f* fio 


12. j 

15 . [ e^dx. 


18 . 

21 . 

25 . 
28 . / 


/o 


r2-3562 

r 2 ' 0 Q 44 

sin xdx» 

31 . / c 

0 

J 1*6708 

747124 

/'0-5236 

f cos xdx. 

84 . / , 

2*1817 

J 0 


COS 


87 , j cos 


40 . I sin (2jr - i)^£r. 
^ 0 
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41. 


44. 


j 


sin {2x + i)dx, 42. J ' 2 sin (i — 4x)dx, 




sin 2 di:B. 


0-3143 
1 


sm(o '50 + o‘i745)i/0. 


48. sin { 2 ‘Kft + g\dU 

k 

■U 

/•-» dx 

j-si-*' 


■TCSSS / (\ 

46 . cof 1-3614 - — LV, 

J 01920 \ 

r ‘^1 

J sin (f / — 


47. 


48. 


61 


^dx, 

[ X 

dx 


64. 


67. 


]r 


r-^'^dv. 


49. 

J 3 V 

.2.fl 

8S. J 

S3, 

/ 2 


dv, 
dx 

zx 4- I' 

dx 

zx + I* 


60. 


53. 


66 . 


J 2 V 

J (I - x)-Vx. 
■ 


.X + 2 


Jv. 


69. Plot the straight line y — \x i from .-c = o to .t = 4. Verify by integration 
that the area of the figure formed by this straight line, the axes of x and y, and the 
ordinate at .r = 4, is equal to the length of the base multiplied by the arithmetic mean 
of the lengths of the two parallel sides. 

60. Find the area enclosed by the curve y = the axis of x, and the ordinate 
at jc = 5. What is the mean value of ^ ? 

61. Find the area enclosed by the curve y = ZaJ x from ;i? = 0 to x = r, the axis 
of Xy and the ordinate at a: = i. Verify by plotting and approximate measurement 
of the area. 

62. Find the area between the curve ^ = 5a: — • 4 — .r® and the axis of x from 
a: = I to J? = 4. Plot on a large scale, and verify by measurement. 

63. Find the area between the curve 7 — 3^; + 2 and the axis of x from 

jr = I to jc = 2. Verify by plotting and measurement. Note the geometrical meaning 
of a negative value of the definite integral. 

^ 64. Find the area between the curve y ^%x from j: = o to = 2, and the 
axis of X. Verify by plotting and measurement. 

65. Find the area between the curve y = sin 2Jtr and the axis of x from ;r = o to 


66. We know that j ~^dx = logeX. This gives a graphic method of calculating 

logarithms. Plot on a large scale the curve .?' = “> this construct by the 

/**i 

graphic method the curve y= -dx. Verify by trial at various points that the 

ordinate of this curve is equal to logeX = 2*303 logia^r. 

67. Find the area between the curve y = zd^ and the axis of x from ar = o to 
j: = 2. 

68. Find the area between the curve y = — „and the axis of a? from jt = i to a? = 2. 

jtr* 


69. Find the area between the curve y = sin and the axis of x from jv = o to 
X = 0*5236 radians. 

70. A quantity of gas expands so as to satisfy the law pv — C. Find the work 
done in expansion from v = i cub. ft. to 27 = 10 cub. ft. Given p = 700 lbs. per 
square foot when = i cub. ft. 

71. A quantity of steam expands so as to satisfy the law = C. Find the 
work done in expansion from w = 3 to = 10. Given p = Sooo lbs. per square foot 
when V cub. ft. 

T 



CHAPTER XXVII 


PARTIAL DIFFERENTIATION 


217 . Pimetioii of Two or more Variables.— We have already met with 
many instances in which there were two variable quantities connected in 
such a way that if the value of one was fixed the value of the other was 
determined. In such a case the second variable was called a function of the 
first. 

It is also possible for a variable to be a function of two or more other 
variables. 

Suppose, for instance, that a point P can move about on a fixed surface 
such as that of a sphere (Fig. 196). Let its position be denoted by its 
rectangular co-ordinates (jr, y, z) with respect to fixed rectangular axes 
through the centre of the sphere. 

Then the co-ordinate 2 is a function of the two co-ordinates x and y. 

For, \iy alone is known, the point P may lie anywhere on a line such as 
AB, and the value of 2 is not determined. 

Similarly, if x alone is known, the point may be anywhere on a line such 
as CD, and the value of 2 is not determined. 

If both '2: and;' are known, P can only lie where two definite lines such 
as AB and CB intersect, and the value of 2 is determined. 

We express this by saying that 2 is a function of both x and y, or 

An equation of the form 2 -J[x,y) can evidently be represented by a 
surface in the same way as equations of the form;' = J{x) are represented by 
curves in plane geometry. As another example, consider the case of a 
definite quantity of a gas enclosed in a vessel. We can alter its state by 
changing its pressure, its volume, or its temperature. It is found that if any 
two of these are fixed, the third is determined, e.g. if the pressure and 
temperature of a certain definite quantity of a gas are known, its volume is 
determined, or w is a function of p and t. 

The intrinsic energy E of a definite quantity of a substance is determined 
when its pressure and volume, or its volume and temperature, or its 
temperature and pressure are known, i.e. E is a function of i and v, or of 
wand/, or of/ and/. ’ 

Siinilarly, the potential V at any point P in a field of force is only 
determined when we know the three co-ordinates {x^ y, 2) of P, or 


2 X 8 . Fartial IDififerential CoefiScients.— — Let x ;') j then, if we 
suppose 7 to remain constant while a: changes, 2 will in general change in a 
definite way. 

The rate of increase of 2 with respect to x while remains constant 



At B, .r = Oj j =>'2j 
At C, r= / z,jk=J' 3 , 
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:.y^^a ( 2 ) 

a bh-^ ch^ ( 3 ) 

Adding (1) and (3) we get 


7i “f yi = 4- = 2/2 4- 2cl^ 

di^ = 


Now the area enclosed by the curve ABC, the ordinates y^ and 73, and 
the axis of x is 

r 4 h r+& 

J ydx = J (a -h bx + cx^)dx 

= 'lah 4 - \ch^ 
h 

= -{6J'2 + /l + j's - 2 / 2 } 

J 

h 

= -^yi+j'i + 4-j'^ (4) 

This is Simpson’s rule for the case when there are 3 ordinates. 

We get the form of Simpson’s rule for any odd number of ordinates by 
making use of the result (4) to find the area between the ist and 3rd 
ordinates, the 3rd and 5th, the 5th and 7th, and so on, and then adding the 
results. 

For example, if there are 1 1 ordinates, the result (4) gives 

Area = 4 - 4^2 + 474 +76 + 75 + 476 + 7 - + 7 ? + 4^8 + 7 ® + 79 + 47 io + 7 ii} 

h 

= -^{yi +yu + 2(j', + j'6 +>'v +>'s) + 4(^2 +yi +/6 +^'s +j'io)} 

In the same way Simpson’s rule evidently follows for any odd number of 
ordinates. 

Since w'e take the spaces betw^een the ordinates two at a time in obtaining 
this rule, it is evident that it does not apply unless there is an even number 
of spaces, and therefore an odd number of ordinates. 

In finding the area of a figure, such as the section of a ship (Fig. 80), 
we may increase the accuracy of our result by inserting intermediate 
ordinates where the curve is steepest. We may, for example, divide the area 
to be considered, in the first instance, into six spaces by seven equidistant 
ordinates, and then insert intermediate ordinates in the middle of the spaces 
at the two ends, as in the values given in the example, p. 165, We must 

substitute ^ for /i in the corresponding parts of the expression for the area. 
We get 

h 

Area = 4- 2/2 4 - J73 +7s + 474 +76 + 75 + 476 + 7 ? + ^77 + + ^79} 

h 

+ 4yt + V'6 + Aye + iij'7 + 2/8 + i/,} 

In the same way we may insert intermediate ordinates at any part of 
curve, provided the total number of ordinates is odd. 
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138 . In Chapter IX. we have shown 



how to find the mean value of one 
variable with respect to another. 

If we plot a curve AB, Fig. iii, 
representing the variable 7 as a 
function of r, then the mean value 
of y with respect to x is the height 
of a rectangle standing on the base 
MN of the same area as the area 
ABNM between the curve and the 
axis of X. 

But the area enclosed by the 
curve AB, the axis of x, and the 
ordinates at :r = ^ and x = i \s 

equal to j and the base MN 

is equal to ^ 



the mean value of y 
between x = a and x = 6 is 



h - a 


Thus, if we know and can 
integrate the expression for y 
in terms of r, the mean value 
of j can be calculated. 


Exampi^ {\).—Find the mean 
value of is/x from x ■=■ 0 to x ■=‘ 

In the figure, OP is the curve 
y — from = 0 to ^ = 4. 

The area 0 PM = j ^a/xIx 

/. mean value of 3 \/x = 
(height of a rectangle of area r6 
and base 4) = 4. 
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Example (2). — Mnd iht mean value of stn x. 

Here the curve is of a regular wave form, so that if we consider a complete period 
there is as mi ch of the area positive as negative, and the mean value over a complete 
period is zero 

We may gi't the mean numerical value of sin x by considering half a period from 
jr = o to :r = TT radians. 

Area = j sin xdx = 2 
base = IT 

mean value = — = ©’637 

TT 

This was obtained by the graphic method in example 10, p. 167. 


Example (3). — Find ike average pressure in example 12, p. 167, hy htiegraUon. 


We have pv = 

100 


ICO 

V 


fid 



The average pressure = 

II 

12*5 

r± 

is 

= 

I2’S (log. 

10 — 

log. 2) 

s= 

I2'S (log. 

5 ) = 

20 ' II 


Example (4). — In a simple periodic motion ike distance s from a fixed point on the 
path at time i is given by the equation s = a sin nt. Find the mean values of the 

velocity and acceleration from i o to t •=■ 

2 ,n 

ds 

We have velocity an cos nt 


, mean velocity = 


/: 


an cos nt at 




acceleration = ^ — an^ sin nt 

dr 


/, mean acceleration = 


/f 


(— arP sin fit)dt , 


2n'a 


This is the time average of the acceleration ; to find the space average of the 
acceleration we have 

Acceleration = — atP sin »/ = — n‘s 


Also as t increases from ©to — , j increases from o to a, 
2n 
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mean acceleration = 




L2 Jo “ 


= half the value of the acceleration when j tas its maximum 
value a, 

139. Boot Mean Square Values. — In taking measurements of alter- 
nating electric currents and electro-motive forces, instruments are used of 
which the readings depend upon the “ Root Mean Square ” of the value of 
the current or electro-motive force. 

If i is the current regarded as a function of the time /, the root mean 
square value of i is the square root of the mean value of taken over one 
period or any exact multiple of one period. 

The abbreviation R.M.S. is often used for root mean square. 

Example. — Find the R.M.S. value of the current i = loo sin 240 ir/, wherei amps, 
is the current at time t seconds, 

i goes through a complete period when 240^^ increases by 27 r, i,e, when 120/ 
increases by i, and i increases by tihr second. 

/, mean value of i for one period 

100- sin* z^orrtdt 




(i — cos ^^OTti)dt 


= 6 X 10* X i X 100* 


sin 48oir/'li^ 

480^ Jo 


/, R.M.S, value = V-i X 100* = 


Note that this is equal to the maximum value of the current divided by a/ 2. 

, Similarly it can be shown in general that the R.M.S. value of A sin pt is 

V2 


Examples. — LXXIX, 

Find the mean values of the following : — 

I . between x = o and x = 2. 2 . x^ between x o and ^ = 3. 

3 . between x ~ 1 and a' = 2. 4 . between x = o and x = 2. 

6. if* between x = 1 and xr = o. Q, ^ between and = -f 

7 . between xr = - 3 and ^ = -f- 3. &. between x = o and x = ^. 

9 . A sin X between x = o and ;c = -. 

2 

10 . If a body falls vertically from rest, its velocity v at the end of t seconds is 
given by the equation 57 = 32*2/. Find the average velocity (a) for the first second, 
{0} for the first six seconds of its motion. 

II . Find the mean value of sin pt from / = o to = - 

r 

12 . Find the mean value of cos pt from / = o to / = — , 

P 
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Find tiie mean values of the following expressions in which p and q are whole 
numbers : — 

IS. (A sin //)(V sin pf) from / = o to / = 2ir. 

14 . (A sin //)(V sin qi) from / = o to / = a^r. 

15 . (A cos//)(cos qf) from / = o to / = 27 r. 

18 . V cub. ft. is the volume of a quantity of gas at pressure p lbs. per square inch. 
If the gas expands so as to follow the law p^ = 100, find the average pressure between 
volumes i cub. ft. and 3 cub. ft. 

17 . A quantity of steam expands so as to follow the law = 200, p being 
measured in lbs. to the square inch. Find the average pressure between volumes 
2 and 4. 

18 . A quantity of steam expands so as to follow the law p being 

measured in lbs. to the square foot. Find the mean pressure from = i to » = 10. 

19 . A spring oscillates so that the force F lbs. which it exerts on a weight at the 
end of time / seconds is given by the equation F = 2 sin 3/. Find the mean value of 

the force from / = o to / = -. 

3 

20 . A particle moves along the axis of x so that the force upon it at a distance x 
from the origin is equal to ax where a is a constant. Find the mean value of the force 
as X increases from o to s, 

21 . The electric current C in a conductor at time t is given by the equation 
C = 4 sin 200/. Find the mean value of C throughout the following intervals 
of time : — 

(1) / = o to / = 0*031416 secs. = 

(2) / = 2*5 to / = 2*531416 secs. 

(3) / = o to / = o'oi57o 8 secs. = 

22 . The voltage V at time in an alternating current circuit is equal to 100 sin 
300 U The current is equal to 2 sin (300/ — a) amps. The power in watts is the 
mean value of the product of the current and the voltage. Find the power (i) when 
0 = 0, (2) when a = 45® = 0*7854 radian, (3) when a = 90® = 1*5708 radian. 

23 . Prove that if C = C* sin qt and V = sin {qt ~ o) then the mean value of 
CV = i C«Vo cos a. 

Find the R.M.S. values of the following ; — 

24 . 2 sin 3/- 25 . 5 cos 2/. 28 . 3 sin (2/‘f i). 

27 . sin /if. 28 . cos /A 29 . A sin (/if + a). 

30 . An alternating E.M.F, of e volts is given by the equation e = 100 sin rooo/, 
where t is the time in seconds. Find the R.M.S, value of and verify by the graphic 
method. 

E 

81 . If * = g ^ where E, R, and q are constants, find the R.M.S. 

value of f, 

82 . Find the R.M.S. value of A sin // + B sin qt. A, B, /, and q are constants. 

33 . Find the R.M.S. value of A sin (// + a) -h B sin ^if + k). A, B, /, q, a and 

B are constants* 

139a. Kesolution of Compound Feriodic Oscillations into tiieir 
Simple Components. — We have seen in § 76 that when a number of simple 
periodic oscillations of the form / = sin ^,/ = sin 2^,/ = sin 30, etc. . • . 
/ = cos / = cos 2&y y = cos 3^, etc., are compounded together, we get a 
compound periodic oscillation whose period is the least common measure of 
the periods of the simple components. 

It is frequently necessary to find the simple components w'hen the 
compound periodic oscillation is known. 

Consider a case where there is no harmonic higher than the second. 

Let the given compound oscillation be — ' 

y = Aq -f Aj cos ^ 4- A2 cos 2d + Ag cos 30 

4- Bi sin ^ 4- B2 sin 20 4* Bg sin 30 . . . . (i) 
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We require to find the values of the constants Aq, Aj . , . 
are the amplitudes of the simple components. 

Integrate both sides of equation (i). 


■ which 


We have 


f^TT fZir 

j ydB = AqJ ^ de + Aj j ^ cos ede + . . ^ 
right- 

=/: 

I = “ I ydB = mean value of y. 

To find Ai multiply both sides of equation (i) by cos 6 and integrate. 
j ^y cos Bde = Aq J^^cos edd -f Aj J^^cos ^ede + Aj J ^cos B cos lede + . . . 

-h BjJ cos B sin BdB + B2J ^ cos B sin 2 Bd 0 + . . . (2) 


All the terms on the right-hand side, except the first, vanish. 

f^TT 

2 xA(> = / yds, 

Ao- 


Now 


1 COS BdB = 0, / cos /0 cos gBde == o, where p and q are unequal whole 

numbers. (Ex. LXXIX. 15.) 


/: 


/r 


cos B sin Bde 


'»/r 


sin 2BdB = o 


1 27 r 

COS ^6 sin qBdS = {sin (q +_^)B -h sin (q —p)B}dB = o, where / and 

q are unequal whole numbers. 

f^TT f^TT 

I ^ cos^ ^ 9 dB = i L (cos 2^B + ijdB = V = I s'm^ _^BdB, where p is a. whole 

number. (Ex. § 139.) 

Thus every term on the left-hand side of equation (2) vanishes except 


the second. 


pTT I PtT 

A I y cos BdB = tAi, and = - I jv cos BdB 

= 2 (mean value of y cos B), 

To find A2 multiply equation (i) by cos 2B and integrate 

pTT r^TT 

I y COS 2edd =z Aq I cos 2BdB + A^ I cos 2B cos BdB + Ag / cos^ 20^9 + 


As j ^ cos 20 cos sede + BiJ ^ cos 20 sin BdB , 

= Agir, the remaining integrals vanishing as before. 

I 

Ag = - / y cos 2BdB = 2(mean value ofy cos 20). 

I /■% 

Similarly Ag = - I y cos ^Bdd = 2(mean value ofy cos 30) 

I 

Bj = ~ sin Bde = 2(mean value ofy sin 0) 
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Bg = - j ^ sin 2BdQ = 2(mean value of sin 2^). 

I / 

Bj = - I ^ sin ^QdQ = 2(mean value oiy sin 30). 

The method can evidently be extended to the case when there are any 
number of harmonics. 

I /■ 3 v 

and An = ~ I y cos nBdB — 2(mean value of>' cos «0). 

I pr 

B„ = - j ^ sin nBdB = 2(mean value oiy sin my 

If the compound periodic oscillation is given by means of a curv’c, the 
coefficients Aq . . . Bj . . . may be determined graphically by the 
methods of § 132. 

The above method of investigation was discovered by Fourier, after whom 
the coefficients are sometimes named. 

A convenient method of setting down, and carrying out the calculations 
is shown in the following example. 

The following table gives the valve displacement y for a Stephenson link 
motio 7 t used in tJie Great Eastern Railway^ for different values of the crank 
angle 6 .* The complete oscillation is divided into twelve equal parts, afid 
the displacement measured at the middle of each part : — 


No. of 
ordinate. 


0“ 

cos 0 

sin d 

cos 20 

sin 20 

cos 30 

sin 30 

I 

8*52 

IS 

COS 15® 

sin 15° 

cos 30° 

sin 30° 

cos 45° 

sin 45= 

2 

9-50 

45 

cos 45° 

sin 45° 

0 

I 

— cos 45° 

sin 45° 

3 

9*30 

75 

cos 75° 

sin 75° 

— cos 30° 

sin 30° 

— cos 45° 

— sin 45° 

4 

8*05 

105 

—cos 75° 

sin 75° 

— cos 30° 

— sin 30° 

cos 45° 

— sin 45° 

5 

578 

135 

— cos 45° 

sin 45° 

0 

— I 

cos 45° 

sin 45° 

6 

3*43 

165 

— cos 15° 

sin 15® 

cos 30® 

— sin 30° 

-cos 45= 

sin 45° 

7 

I *40 

195 

—cos 15° 

—sin 15® 

cos 30° 

sin 30° 

— COS 45° 

— sin 45° 

8 

0*20 

1 225 

— cos 45° 

— sin 45° 

0 

I 

cos 45° 

-sin 45° 

9 

0*10 

' 255 

—cos 75° 

—sin 75® 

—cos 30° 

sin 30° 

cos 45° i 

i sin 45° 

10 

I *38 

285 

4-cos 75° 

— sin 75° 

— cos 30° 

— sin 30° 

-cos 45° 

sin 45° 

II 

3*90 

315 

4- cos 45° 

— sin 45® 

0 

— I 

— cos 45° 

-sin 45° 

12 

6‘4I 

345 

4- cos 15° 

—sin 15° 

cos 30° 

— sin 30° 

cos 45° 

-sin 45° 


4 Y 3 


6 


a-, p 



7 







/ / \ \ 

V fO^\ 



^/6 



Xii ^ \ 





9 10 


5 



Fig. 1T2A. — Values of 0 . Fig. xias. — Values of 26. 

♦ Vide Professor Dalby’s ‘‘ Valves and Valve Gear Mechanisms ” for data of many 
similar cases. 
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Fig. IX2C. — Values of 3d. 


We have 

Afl = ^ I '^yde = mean value of j/ = 4*83. 

® 2'»‘ y 0 

A, = - I y cos 0^0 = 2 (mean value of cos B) 

^ ir y e 

= i [{(i) - (6) - (7) + (12)} cos 15® + {(2) - (5) - (8) + (ii)} cos 45® 
+ {(3) - (4) ~ (9) 4- (10)} cos 75°], where the numbers in brackets 
( ) are the numbers of the ordinates. 

= J[io*i cos 15® + 7*42 cos 45° + 2*53 cos 75°] = 2*61. 

g — i jy sin Bde = 2 (mean value of^ sin ^). 

1 IT y 0 

= K{(i) + (fi) - (7) - (12)} sin 15° + {(2) + (s) - (8) - (ii)} sin 45“ 

+ {(3) + (4) -(9)-(io)}sm75°] . 

= J[4-i4 sin 15° + iri8 sin 45° + 15-87 sin 75°] = 4-12. 

I /*2 t 

Ajj = - I J/ COS 2 dd$. 

= i [(i) - (3) - (4) -i- (6) + (7) - (9) - (10 + (12)] cos 30° 

= 1(19*76 18*83) COS 30° = 0*134. 

B2 = J y sin 2ed0 

= J [{(i) + (3) - (4) - (6) + (7) + (9) - (10) - (12)} sin 30° + {(2) - (5) 
+ (8)-(ii)}]. ^ 

= J[(^9’32 “ 19*27) sm 30® 4- 0*02] = 0*0075. 

. I Att 

As = - I y cos 39 dB 

1C J t 

= H(I) - (2) - (3) + (4) + (5) - (6) - (7) + (8) + (9)-(io)-(n) + (12)] 
cos 45® 

= i [29*06 - 28*91] cos 45® = i 0*15 cos 45® = 0*0177. 

I px . 

Bs = -J^ ysm 3 ed 9 

= 4[(I) + (2) - (3) - (4) + (5) + (6) - (7) - (8) + (9) + (10) -(I I) -(12)] 
sin 45°. 

= i [28-71 - 29-26] sin 45° =i(- 0-55) sin 45° = - 0-0648. 

The coefficients might be found by a graphic method from Fig. 112A, 
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Fig. n2B, Fi?- oV^^sum^of theS 

off along the linej’i35> 9 ,l,e higher coefficients, 

hatfhown^ that tl^e vaU. 

> = : :;s ^ o 4 %“n - 0-0648 3.. 
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VECTOR ALGEBRA-ADDITION' OF VECTORS 

140. Scalar and Vector Quantities.— Consider the point A in the figure 
as capable of being moved about the paper. 

We shall speak of the operation of moving the point A from one position 
to another as a displacement of A. In order to give complete directions for 
any displacement of the point A, we must evidently 
B specify (i) the distance through which the point A is 
• to be moved ; ( 2 ) the direction of that motion. 

Thus we cannot say that we_ perform the same 
operation in moving A to B as in moving A to C, 
because, although the distances AB and AC are 
equal, the directions of the two displacements are 
M * ^ not the same. 

^ 'C Also, the displacement of A to D is not the same 

Fig. 113. operation as the displacement of A to B, because, 

though the directions of the two displacements are 
the same, the distances are different Thus a displacement is a different 
kind of magnitude from such quantities as the area of a figure, the mass of a 
body, the work done by a force, the temperature of a body, the electrical 
resistance of a conductor, etc. 

The area of a body is completely known when we know how many units 
of area it contains ; the work done by a force is completely known when we 
know the number of foot-pounds by which it is measured, and so on. 

We find that any one of the latter class of quantities can be expressed 
by a single arithmetical number. 

On the other hand, we find that there is a class of quantities such as 
velocity, acceleration, force, momentum, impulse, electric current, etc., which 
resemble a displacement in that we require to know not only the numerical 
magnitude, but also the direction in order to describe them completely. 

Quantities which can be completely described by means of an arithmetical 
number expressing the number of times they contain a single unit are called 
scalar quantities. 

Quantities which have direction as well as numerical magnitude, and can 
only be completely specified by stating ioih size or numerical magnitude 
and direction^ are called vector quantities. 

The numerical magnitude of a vector, such as, for example, the number 
of feet or centimetres in a displacement, is sometimes called its tensor, and 
the direction is sometimes called the ort of the vector. 

We shall speak of the size and direction of the vector. 

All kinds of vectors can be completely represented by displacement 
vectors, the length of the displacement representing the size, and its direction 
representing the direction of the vector. 

In what follows we shall speak with direct reference to displacement 
vectors ; these will be represented by straight lines, an arrow-head being 
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used to show the direction of the displacement along the straight line which 
represents^ it ; we shall speak of the straight line itself as a vector, regarding 
the operation of drawing it as a displacement. 

Thus in the figure, AB represents a displacement from 
A to B, CD a displacement from C to D. BA is used to 
denote a displacement from B to A. 

In this book we shall follow Mr. Heaviside in using 
clarendon type to denote that a letter is intended to repre- 
sent a vector ; thus a means a certain vector having a 
definite size and direction. 

a means a number used as in ordinary arithmetic and 
algebra, expressing the size of the vector n, and has no 
reference to direction. 

In written work it will be found convenient to under- 
line a letter when it represents a vector. Thus, in his own 
work, the student should underline all letters which would be printed in 
clarendon type on the system followed in this book. 



141 . Specification of Vectors. — We shall employ the following method 
of specifying the size and direction of vectors in a plane. 



J*IG, IZ5. 


Suppose a base line OX to be drawn from left to right, as in specifying the 
rectangular co-ordinates of a point on a plane. Then the direction of any 
vector is specified by the angle which it makes with OX. The angle is 
understood to be positive,'/.^, it is the angle through which OX w^ouid have 
to be turned about O, in a direction opposite to the motion of the hands of 
a clock in order to make its direction the same as that of the vector. 

The angle expressing the direction is written after and below the number 
expressing the size of the vector. 

Thus, 36-0 represents a vector of size 3 units, whose direction makes an 
angle of 57° with OX. This is represented by the straight line AB in 
Fig. 115. 

The straight line CD represents the vector 4120O; 

Note that attention must be paid to the direction of the arrow-head on 
the straight line representing the vector, and this must always be inserted ; 
e.g, it might seem that EF makes an angle of 45® with OX, but OX could only 
be brought to the direction EF by a positive rotation of 315®, and the 
symbol for the vector EF is 2*53160. 

We might also specify the directions of vectors by reference to the points 
of the compass, representing these on the paper as they are usually 
represented on a map. 

Thus AB in Fig. 1 15 is a vector of 3 units in a direction 57° N. of E. EF 
is a vector of 2*5 units in a direction S.E. 
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Examples.— *LXXX. 

Draw straight lines to represent the following vectors, and specify the direction of 
each by reference to the points of the compass ; — 

1, 5*^72^* 3*4i64°* 5 ^ 3280°* 3*43210. 


142. Equal Vectors. — Two vectors are said to be equal when they 
have the same sign and direction, although their positions may be different. 

Thus two equal vectors are repre- 
^ ^ sented by equal and parallel straight 

> » lines, and the equation 


a = 6 

Q jj In vector algebra means that the straight 

lines representing a and 6 are not only 
PiQ. of equal length but are also parallel. 

It follows by elementary geometry 
that with this meaning of the sign “ = ” if a = 6 and c = 6, then a = e. 

Thus the sign “ = in vector algebra obeys the same law as in ordinary 
scalar algebra. 


143. Addition of Vectors. — Consider the case of a yacht sailing against 
the wind from a point A to a point B, the distance AB being 7 miles in a 
direction due E. 

Then, when the vessel reaches B, there is evidently a sense in which we 
may say that she has sailed 7 miles in an easterly direction, although, owing 



to the necessity of tacking, the straight line AB does not represent her 
actual course, which is represented by a, 6, c, d, e, f in the figure. 

Then, although the vessel has undergone a series of displacements 
a, 6, G, d, c, /, her “ nett ” displacement is the vector g from A to B. 

A single displacement equal to g would have carried her from her 
starting-point to the point where her course ended. 

In vector algebra the vector g is said to be the sum of the vectors 
a, b, 0 , df e, f, and the sign + is used to express this kind of addition. 

Thus the equation 

a + 6 + e + c/ + e + / = g 

means that if w^e draw a straight line to represent the vector a, and from the 
end of this a straight line to represent 6, and so on ; then g is the vector 
represented by a straight line drawn from the beginning of a to the end of/. 

Note that the sign “ + ” between two vectors is not a direction to add 
their numerical magnitudes together. 


Example. — To find the value of -t- 43550 + 3359, 

Draw the straight lines AB = 3^100, BC = 43550, CD = 33500 as in Fig, 118. 
Join AD. ^ 



Vector Algebra— Addition of Vectors 2 S 7 

Tiien by measurement we find that the lengtb of AD is 4 * 85 , and that it makes an andc 
of 330 ® with OX, 

tbe required vector sum is 3,^0 -f 4 - 3 moo = 4 ’S 5 noo 

We should of course get a very different result if the sign + in the above equation had 
the same meaning as in arithmetic. 

144. Zero.— Note in particular that the sum of a number of displace- 
ment vectors which form a closed figure is zero, for the point which is 
supposed to undergo the displace- 
ments comes back to its starting 
position, and its nett displacement 
is zero. 

Example, — To find the value of 

340° "h 4258° “h 3350° 4“ 4*^5 IS0°' 

These are represented by the straight 
lines AB, BC, CD, DA in Fig. Ii8, so 
that when the tracing point has undergone 
the above four displacements in succes- 
sion it has returned to A, and its nett 
displacement has been the same as if 
it had not been displaced at all, Le. 

Sioo 4“ 4«50 4" Swfto 4“ 4 ’^Si 5 oo = o. This 
defines the meaning of the symbol o in vector algebra. 

145. Composition of Velocities, Accelerations, etc. — We here take it 
as self-evident that displacement vectors are added by the method explained 
above. 

A velocity is the rate of change of a displacement with respect to the 
time, and therefore this method of addition also holds good for velocities. 

If a point has several simultaneous velocities in different directions, their 
vector sum is the resultant velocity of the point. In the same way it follows, 
since an acceleration is the rate of change of a velocity vector with respect to 
the time, that this method of addition also holds good for accelerations. 
Since a force is measured by the acceleration which it tends to cause, it 
follows that the same method also holds good for force vectors. Other 
vectors quantities, such as Momentum, Impulse, Magnetic Induction, etc., can 
be derived from displacement or force vectors by multiplying them by scalar 
quantities, and thus the same law of addition holds for all vector quantities. 

We see that the law of vector addition includes, as special cases, tiie pro- 
positions known as the Parallelogram of Velocities, the Parallelogram of 
Accelerations, the Parallelogram of Forces, etc. In particular, the statement 
that when a number of vectors taken in order form a closed figure their 
sum is zero, is equivalent to the polygon of velocities when the vectors are 
velocities, and to the polygon of forces when they are forces. 

Examples.— LXXXI. 

In the following examples give the angular measurements in the results correct to 
one-half of a degree. Find the following vector sums : — 

1. SsoO + 5 i 330. 2. 3350 + 5i3SO 4- 4iiC. 7®T° 4- 9*7oo -f 

4. S'oi^jyo -f- 9*4i««® 4" 7*9S230* 3ui° 4“ Siss® 4* 4300 °* 

6. 5no 4* IOi8«o 4" 5*^5328°* 340® 4* Sns® 4" 4n«* 

8 . fiflo 4“ 4 i380 4- 82*50 4- 7900' 9. 7oo 4- 3900 -f- 31800 + S„po 4- 4i8o«>» 

10. A ship sails the following course: 3 miles in direction N.E., then 3 miles in 
direction 30 ° S. of E., then 5 miles in direction due N., then 2 miles in direction 



Fig. 118. 
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30® S. of E. At the end of her course how far, and in what direction, does the 
vessel lie from her starting point? 

11 . The following forces act at a point. Find the numerical magnitude and 
direction of their resultant. 

15 lbs. making an angle of 48° with ox 


20 

jj 

>» 

162° „ 

OX 

33 

>» 


202° „ 

ox 

14 


9 ) 

300® „ 

ox 


12 . Find the resultant of the following forces : — 

15 lbs. making an angle of 25® with ox 
12 „ „ 141® „ cxr 

10 ,, ,, 250° ,, Ox 

13 . A cricket ball is travelling in a direction AB with a momentum of 125 units 
It receives a blow in a direction BC, which ^ves to it a momentum of 100 units. 
The angle ABC is 42®. In what direction will it move after the blow? What is 
the numerical magnitude of its momentum after the blow ? 

Note. — The momentum of a body is equal to its mass multiplied by its velocity, 
and has therefore the same direction as the velocity. The final momentum is the 
vector sum of the momentum before the blow, and the momentum given to the ball 
by the blow. 

14 . A point has the following velocities at the following times. Find approxi- 
mately the value of the acceleration when / = io*02. 


Velocity, ft. per sec. 10030' loS'Sss' 105742° 107*251“ loySos* 

Time, seconds lo lo’oi 10*02 10*03 10*04 


Board of Education Examination. 

146. Rules governing the Use of the Sign “ 

Let a and 6 be any two vectors- 

Construct a parallelogram ABCD, so that AB = DC = a and* AD = 
BC = 6. 

Then a + 6 = AB + BC = AC 
and also 6 + a = AD + DC = AC 
/. a + 6 = b + a 

/.<?. the sum of two vectors does not depend on the order in which they are 
taken. 

This is the Commutative Law of Addition. We already know that 




it holds for ordinary arithmetical addition, and we have here shown that it is 
also true when the sign + has the special meaning given to it in vector 
addition. 

Brackets are used as in ordinary algebra to indicate that the terms which 
they contain are to be taken together. Thus, in the expression (a + 6) + 0, 
the bracket indicates that 4- 6 is considered as one vector to which the 
vector 0 is added. 
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If a, 6, c, d, e, /are vectors, as shown in Fig. 120, the expression (a 4- 6) 
4- 0 denotes d + which is equal to e, and is the same as a + 6 -r c. 

Similarly, a4-(6 4-c) = a + /= e= a4-6 + c. 

a + c) = a -T b A c = {a -r b) A c. 

Similarly, in adding together any number of vectors we may take any 
two or more together in a bracket without altering the sum. 

This is the Associative Law of Addition. We have here sliown that 
it holds for vector addition as well as for arithmetical addition. 

To show that the commutative law holds for more than two vectors, we have 

= (6 + c) -f a by the commutative law for two vectors 
= 6 + <? + a. 

Similarly, we can show that 

a-l-6 + c = 6 + a+ c = c4-a + 6, etc. 

And that the commutative law holds for the addition of any number of 
vectors. 


Examples . — LX XXII. 

1. Starting at the same point o, find by construction on the same paper the 
following vector sums. Verify that they are all equal. 

4* 5o0 4" SsOO® 790c 
Soo 4“ 3450 4- 790= d- Ssooo 
Ssooo 4“ So® "F Tsoo 4" 3450 
790° 4* OSOOO 4^ 5o° “F 3450’ 

2. a = 420®J ^ “ 2*7280®> ^ — 3*345^J ^ ~ 3 * 7200'’» 

Find by three separate constructions the values of 

(a -F 6), (c 4- d) and (a + b) + (c 4- d). 

Find in the same way the values of 

(a 4- c), (b 4- d) and (a 4* c) 4* (6 *f d), and of (c + r/ 4- a) and (c A d A a) A 

Verify that (a A d) A (0 A d) =: ( a A c) A 0 A d) = (c A d A i^) A 

3. Find the values of 

26«o 4" 37 u 5® 4- 4I230C 
and 26350 4" 4^230® 4” 3 7 us® 

and verify that they are the same. 

147. Use of the Sign “ — 

The sign “ — ” before a 
vector indicates that its direc- 
tion is reversed. 

For example, —a is a vector 
of the same numerical magni- 
tude as the vector 4- a, but in 
the opposite direction. 

“ 569° is a vector of 5 units 
in a direction opposite to that 
of the vector 5590. 

Evidently it is the same as a positive vector 52490. 

If a and^ 6 are two displacement vectors, a — 6 is the nett displacement of 
a point which is moved along the vector ct, and then for a distance in a 
direction opposite to that of the vector 6. 

In the figure c = a — 6. 



u 
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If a — 7250 S-iid. 6 — 569® 

Then - 6 = 53490 

and fit — 6 = 725® ” Seo® ” 725® ”h 5249® 

Thus, in any expression a vector with the — sign before it may always be 
replaced by an equal and opposite vector with the + sign before it. 

It follows that the laws shown, in § 146, to hold for the 4 - sign, also hold 
for the - sign. 

Note in particular that 

- (fit 4 - 6 4 " c 4 ’£/ 4 “e-f/) = — a — 6 — c — c/ — e— / 

For in Fig. 117 the expression on the right-hand side of this equation would 
be represented by reversing all the arrow-heads, and would represent the 
case where the ship sails back over the same courses from B to A. 

Evidently the resulting nett displacement is 

-g = -(a4-6-fc4-c^4-e4-/) 

In ordinary algebra, if it is given that a = 6 and 0 = cf, we take it as self- 
evident that fit + c = 6 + 

Consider the corresponding case when a, b, c, d are displacement vectors. 



If fit and 6 are equal displacements, and also c and c^, it is evident that the 
double displacement a ± c has the same effect in changing the position of 
a point as the double displacement b ± d ; Le, 

a ± c = 6 ± 

Note that this is equivalent to the proposition (Euclid I., 4) that two 
triangles are equal when two sides and the included angle of one are 
respectively equal to two sides and the included angle of the other. 

We have now shown that the signs 4 -, — , and = obey the same rules in 
vector algebra as in ordinary algebra. 

It follows that in vector equations we may transfer a term from one side 
to the other provided we change its sign. 

The fundamental laws of vector addition and subtraction have been 
treated with some fulness to enable the student to realize the actual meaning 
of the symbols he uses as representing the vectors themselves. The student 
should be careful to avoid the habit of dealing mechanically with the 
expressions and processes of vector algebra as if he were dealing with mere 
symbols. 

Example (i ). — If a = 6on, 6 = 7450, C = 4300, find the values of a 4* 6 — c and 
a - 6 4 - e. 


— 6 is the same as the positive vector 72556 
e is the same as the positive vector 421*0. 
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Tlius ia the hgure 

P = a 4* 6 — e and Q = a — 6 4 - e. 

We find by measurement that 

P = 7'i6..=, Q = 5-4,.,,, 
measuring the angles to the nearest degree. 




Example (2). — Water is flowing at 10 feet per second along a pipe having a right- 
angled bend. What is the vector change of the velocity at the be?id ? 

(Board of Education Examination in Applied Mechanics.) 

In the figure (Fig. 124), velocity along AB before reaching bead = lOoa 
velocity along BC after passing bend = lOgoo, 

/. change of velocity v = lOgoo — lOgo 

where the — sign has the meaning given to it in 
vector algebra. 

Xn the figure AB represents lOoc, BC repre- 
sents iOg{>o. To find V draw CD to represent — 
lOflo. Then v = 1O900 — lOoo = BC + CD = 

BD. By measurement or calculation BD = 

14*14 and the angle ABD = 45°, 

V = 14 *141350. 

The required vector change of velocity at the 
bend is therefore a velocity of 14*14 feet per 
second in a direction bisecting the angle at the 
bend. 

148. Helative Velocity. 

If a point A moves with velocity i/, and 
a point B moves with velocity t/, then the 
velocity of A relative to B, i.e. the velocity 
which A would appear to have to a person Fig. ic.5- 

moving with B and facing in a constant 

direction, is u — v, where u and u are regarded as vectors, and the 
sign - has, of course, the meaning given to it in vector algebra. 

Example. — A vessel A is sailmg at a speed of xo knots in a direction N.E., and a 
vessel B is sailing at 12 knots in a direction 20® W. of S. Find the velocity which A 
appears to have to a person on B. 
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Wc may write 

velocity of A = = 1O450 

velocity of B = t/ = iSgsQO 
/. velocity of A relative to B = i/ — u 

= IO45O 122500 

= 1O45C 4 * 1 2700 

= 21 ■4753-50 

7 constniction and measurement. 


Examples . — LXXXIII. 

Find by construction the values of — 

325° 533S° 4300°* 787° + 9*7<J° SlC5** S'Olj^o — • 9'4l^.sO “■ 7 * 952 * 30 ^ 

4 . If a = 3540, 6 = 2 i4oo, c = 325oo> find the values of a 4 - 6 4- c and a — 6 4 - e. 

Ci = 34505 b = 212003 0 = 43150> fi^fi the values of a 4 - 6 + C and a + 6 — c. 

6. A point A has a velocity 13S150, a point B has a velocity 2102300. Find the 
velocity of B relative to A. 

7 . A vessel A is sailing at ir knots in a direction S.E., and a second vessel B is 
sailing at 13 knots in a direction 10® E, of N. Find the velocity of A relative to B. 

8. A body is moving at a speed of 150 ft. per second in a direction AB. It 
strikes an obstacle and rebounds at a speed of no ft. per second in a direction BC. 
The angle ABC is 125®. What is the magnitude and direction of the velocity which 
is given to the body by the blow ? 

149 . Multiplication of a Vector by a Scalar Quantity. — If a be any 
vector and « any number, an or na denotes a vector in the same direction 
as a, but n times as large ; e.g, if a = 2590, 3a denotes a displacement of 
6 units in a direction making 59® with OX, 

Let a, 6, c be three vectors, and let 

a 4* 6 + c = / 

Draw the construction to find the sum a + b + c. 

Then the sum 2a + 26 + 20 will be found by drawing a similar and 
similarly situated figure on twice the scale. 

By elementary geometry the resulting vector sum will be parallel to / and 
of twice the length, i.e, 

2a 4- 26 4 - 2C = 2/ = 2(a -f 6 4 - c) 
and, in general, when n is any scalar number 

«a 4 “ «6 4 - 4 “ • . . = 4- 6 4- c . . .) 

Thus we may ‘‘ multiply out ” each term in a bracket by a scalar quantity 
as in ordinary algebra. 

This is the Distributive Law of Multiplication. 

Example. — To prove that the diagonals of a 
parallelogr'am bisect one another. 

Let the diagonals AC, BD of the parallelogram 
A BCD intersect at E. Then the vector AB = DC, 
the sign = here expressing equality of direction as 
well as equality of numerical magnitude. But the 
vector sum 

AE + EB = AB, and DE + EC = DC 
/. AE 4 - EB = DE 4- EG 

AE — EC = DE — EB (see § 147) 

But the vector differences on each side of this equation are vectors having different 
directions, and therefore cannot be equal unless they are both equal to zero, 
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AE - EG = o, and AE = EC ; DE - EB = o, and DE = EB 
wbicli proves tlie proposition. 

Examples.— LXXXIV. 

1. AC and BD are two straignt lines bisecting one anotber ai E. Prove iliat AB 
is equal and parallel to DC. 

2. If AB is equal and parallel to CD, prove by vector algebra that AC is equal 
and parallel to BD. 

8, D is the mid-point of the side BG of a triangle ABC. A point G is taken on 
AD so that AQ = iGD. Prove by vector algebra that CG and BG when produced 
bisect AB and AC. 

4. Prove that the figure formed by joining the mid-points of the sides of any 
quadrilateral is a parallelogram. 

150. To find the Kesnltant of two Like Parallel Forces. 


A 



Fig. lay. Fig. 128. 


Let forces represented by wAB, nAC act at A. 

AB and AC are linear displacement vectors, and m and n are scalai 
quantities. 

Join BC. Divide BG at P, so that BP : PC = n ; w. 

BP = n. PC . . . (i) 

Now in vector notation ntAB = m(AP -f PB) = viAP -f wPB = piAP'-mBP 
and nAC = n{AP -f PC) = nAP -f ?/PC 
A adding, mAB 4 - «AC = + n)AP — niBP -i- nPC 

= (m + n)AP by (i) 

The sum of two force vectors is their resultant ; the resultant of forces 
mAB along AB, and ;^/AC along AC, is {m + ?^)AP along AP. 

The position of P is evidently independent of the position of A so long as 
the ratio m : n remains the same, so that A may be moved as far away from 
BC as we please. 

As A moves to a greater and greater distance from BC, the three lengths 
AB, AP, AC become more and more nearly equal and parallel. 

Choose the scale so that AP represents the unit force. 

Then, in the limit, as A moves to infinity, Fig. 127 becomes Fig. 128, and 
AB and AC become equal to AP, and the resultant of two like parallel forces m 
and ^ at B and C is ^ at P, where P divides BC so that BP ; PC = n I 

151 . Centre of a System of Parallel Forces.— Similarly, to find the 
resultant of the three forces 

WjAB, m^AC^ m^AD 

We have, in vector notation, 

4 - fftoAC = 4 - ^2)AP 

where BP : PC = 
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the vector sum 




m.AC + 7;2,AD = + W3AD 

" = (wj 4- m2 + m^)AG by the last paragraph 

where PG ; GD = I 4 * ^^2) 



Le. the resultant offerees ;;2,AC, m,AD along AB, AC, and AD is 


i4- ^2 + Pti)AG along AG 

When A is taken to Infinity the vectors AB, AC, AD, AG become equal 

Takins" AG to represent the unit force, we get the theorem that the 
resultant of parallel forces at B, m2 at C, and Wg at D is (m^ + + m^) 

at G It is evident that the position of G does not depend upon the direction 
in which A is taken to infinity, and therefore the parallel forces at B C, and 
D may act in any direction, but their resultant will sti act at the same 
noint G G is called the centre of the system of parallel forces. If the 
parallel forces are weights, G is the centre of gravity of the weights w, at B, 

m. at C, and ^3 at D. u r n i 

We may evidently extend this to the case of any number of parallel 

forces. Thus, if we have weights mi at Pi, m2 at P2, m^^X at P^ and 

so on, the centre of gravity of the system of weights is at G where G is a 
point whose position is given by the vector equation 

{ffii + “ 3^iOPi + W2OP2 4- W3OP3 + mS^P^ 4 - . . . 

where O is any point, the lines OPi, OP^ . . OG are understood to be 
vectors, and the signs + and = have the meaning which we have given tc 

them in vector algebra. , ^ . r .t. . r 

This vector equation may be taken as a definition of the centre of gravity 

of a number of particles. 

Example.— hy a graphic construction the position of the centre of gravity of 
the following weights 

3 Ihs. at the point Pi whose polar co-ordinates are (5, 42°) 

® ’■ » tLoI 

I „ ,, P. .. >• 7° > 

The position of the points is shown in the figure. Consider the lines OP ,, OPj, 
OP3, OP4 as vectors. Then, if G is the centre of gravity, we have shown that 

loOG = 3OP1 4- 2OP2 4- 4- OP4. 

Find by construction the vector sum 

3OP1 4- 20P,4- 4OP, 4- OP4 = OP. 



Victor Ugiira-Arntm o1 Victors 


?§ “r. OP a,%-™OS °' 


We find by measurement 



Fig. no* 

,ncto Jetsfa hd'eSd from this (see § 162). 


In 


Examples.— LXXXV. _ 

3 It .t 4. poW .!.« P»>« It 76i ; 

\ .. » ” (I-I2. itrs”). 

2 
10 


ji ” (i'i2( i53‘5°)' 

„ -- ;; (1. 270®). 

4 » ” ” (13-45. 42°). 

5 


(21-5. 


^ n is the mid-point oi du. -tiu ^ 

In AD, tibra^that the centre of J'^^e^Sght toe AE 

5. Prove by vector algebra ^ f | C |nd D, and 

^ers A, B, C and ° ^ J J E of the three weights at B, C, a 

ning the vertex tote centre 01 gr ; 

SlatAG = |AE. 
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MULTIPLICATION OF VECTORS 

152. Scalar Product of Two Vectors.— The scalar product of two vectors 
is defined as the product of their numerical magnitudes into the cosine of the 
angle between them. 

If a and b are the two vectors and 0 the angle between them, the scalar 
product is written and we have 

ab = ah cos 8 



Note that the angle 9 is taken between the directions of the two vectors 
a and 6, measured both from or both towards the point where they meet. 

if the vectors are in the directions OA and OB in the figure, 0 is 
taken as' the angle AOB ; if the vectors are in the directions AO and OB, 
however, the angle 8 is the angle COB between AO produced and OB, and 
not the angle AOB. 

As its name implies, the scalar product of two vectors is a scalar quantity 
and not a vector. 

The physical meaning which it has and the units in which it is measured, 
depend on the original vectors which are multiplied together. 

If two displacement vectors are multiplied together the resulting scalar 
product has the dimensions of an area which, of course, is a scalar quantity 
having no direction. 

If a force F causes a displacement s in its own direction, the product Fs 
is the work done. We now extend this statement, and say that when F and s 
are vectors in any two directions, the scalar product Fs is the work done by 
the force F acting through the displacement s and remaining parallel to its 
original direction throughout the displacement. The work Fs is measured in 
toot-lbs. or similar units, and is a scalar quantity having numerical magnitude 
but no direction. 

If a force F is moving a point with a velocity w in its own direction, the 
product Fv Is the rate at which the force is doing work, and is called the 
power or activity of the force. 

As before, we now extend this to the case where F and v are vectors in 
any two directions. 
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If a force f is moving a point with velocity i;, then the rate at which it is 
doing work is equal to the scalar product Fu, If F is in pounds, and v in 
feet per second, the power Ft; is given in foot-lbs. per second. This is a 
scalar quantity having no direction. 


153 . Commutative Law. — Since cos a = cos (— it does not matter 
whether the angle B in the scalar product is measured from a to or from b 
to a ; z,e. we get the same result by taking B - AOB as by taking B = BOA 
in Fig. 131, or ab = ab cos B = ba cos (~ B) = ba. 

Thus, in finding the scalar product of two vectors, the order of multi- 
plication does not affect the result. In this respect scalar products resemble 
ordinary arithmetical products. This is the coinmutative law for scalar 
products. 

154 . Perpendicular and Parallel Vectors. — If the vectors a and b are 
at right angles B = 90®, and ab = ab cos 90® = o. 

Thus, the scalar product of two perpendicular vectors is zero. 

.F.g. if the force F and the displacement s of its point of application are 
at right angles, the work done = Fs = Fs cos 0° = o. 

If the two vectors have the same direction, B =: o, and the scalar product 
ab = ab cos B = ab^ i.e. the scalar product is equal to the ordinary algebraical 
product. 

E,g. if the force F produces a displacement s along its own direction, we 
know that the work done is the ordinary algebraical product F.y, and we now 
see that this is also the scalar product when the directions of the force and 
the displacement are the same. Thus the definition given above of the work 
done by a force as a scalar product is general, and includes as a special case 
the ordinar}^ definition as the product of the force into the displacement in 
its own direction. 

If a vector a be multiplied by itself the resulting scalar product is written 
a^. Since the angle ^ = o, 

= a. a . cos o — 


or, the square of a vector is equal to the algebraical square of its numerical 
magnitude, and, being a scalar product, has, of course, no direction. 


155 Pule of Signs. — The vector — 6 is the vector 6 reversed. 

The angle between a and — 6 is the supplement 
of ^ or 1 80® — B 

the scalar product af— 6) = ab cos (180® — B') 

= ^ ab cos B — ^ ab > 

Similarly (— a)(— 6) = 4 * a6 

h 

ue, the rule of signs in scalar algebra also holds for Fig. 132. 

scalar products of two vectors. 



156 . Consider two vectors a and 6, both starting from the same point O 
in the same direction, and let a remain fixed while 6 rotates about O until it 
is in the opposite direction to a. 

The numerical magnitudes a and 6 remain the same, so that the scalar 
product ab cos & follows the variations of cos B. 

The scalar product has its greatest value ab when a and b are in the same 
direction. As B increases to a right angle the scalar product diminishes to a 
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As B increases from a right angle to two right angles the scalar product is 
negative, and changes from o to — a. 5 . 

If 6 is made to rotate further the scalar product 
passes back through the same series of values to 
the value a 3 when b has turned through 360°. 

We see that the scalar product of two vectors is 
a maximum when they are in the same direction, 
and a minimum when they are in opposite direc- 
tions. 




Fig. X34. 



Example (i). — the scalar product of the two 
vectors 121350 and 10,950. 

Here 6 = 55° and the scalar product. 

121350 . roi950 = 10 X 12 X cos 55° 

= 68-83 

Example *(2). — Calculate the scalar product of 6300 
and 5290^ * 

Here 6 = 150® and the scalar product 


Example (3). — J horse pulls a canal barge at the rate of 
ft, per secoTid with a force of 85 ll^s. The rope makes an a?igle 
of 25° with the direction in which the barge is moving. Find the 
work done in pdling the boat 100 _/*/., and the horse-power. 

The work done is given by the scalar product of a force 
vector of 85 lbs. along the direction of the rope, and a displace- 
ment vector of too ft. along the direction of motion of the boat. 


Fig. 135. 


work done = 85 X icx) X cos 25° ft. -lbs. 
= 7703 ft. -lbs. 


The power is equal to the scalar product of vectors of 85 lbs. and 5i ft. per second, 
making an angle of 25° with each other. 

Power = 85 X 5*5 X cos 25° ft. -lbs. per second 
_ 85 X 5*5 X o 9Qb3 p 
550 

= 0*770 H.P. 


Examples.— LXXXVI, 

Calculate the following scalar products ; — 

1. 530®* ^0®* 2. 5i50®* Io°* 3* SsiO® • ^0®* 

5. 530®* I 90 ®* ®* SlSO® • ^90°* 7. 52100* Igoo- 

5ao® * 3<oO* 10* 3*^22® • 2 *31120. 11. {2*32020)“, ^ 

13. 3*1710.4*22950. 14. 3*4323° • 2*9990. 15. 3'7i390 * 2*52290. 

lo. 4*3335° • 2*9335°* 17* If ^ = 527° > k = 6390, find ab. 

18. Given a = 2552° J ^ = 3 ^i 4 i°j calculate the value of ab. Also draw lines to 
represent the vectors — a and — calculate the values of the scalar products 

a(- b), (-- a)b, (- a){- b) 


5 330° • ^0°* 

5330° • ^90°* 

12, 2*6520 . 3‘32J30, 


and verify that the rule of signs of ordinary algebraical multiplication also bolds good 
for the scalar products of two vectors. 
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19 . Find tlie scalar products of the following pairs of vectors in a horizontal 
plane : 15 N. W. and 10 E. j 12 S.E. and 15, 30° E. of N. ; 350 S. and 7 W. ; 12 in 
direction 25° K. of E. ; and 13*1 in direction 16® N. of W. 

20 . A horse pulls a canal boat with a force of 364 lbs. If the rope makes an 
angle of 23® \\dth the direction in which the boat moves, find the work done in pulling 
the boat 100 ft. 

21 . If the force in the last question is 500 lbs., and the boat moves with a velocity 
of I ft. per second ; find the power. The angle between the rope and the direction 
of motion is 25®. 

22 . A truck is pulled at a speed of 8*8 ft. per second along a line of rails by a 
rope passed round a revolving drum at the side of the rails. If the angle between the 
rope and the direction of the rails is 28®, and the force in the rope is 512 lbs., find 
the power. What is the power when the truck is passing the drum, so that the rope 
is at right angles to the rails ? 

23 . An electric tramcar is travelling at a speed of I4f ft. per second. The wind 
is blowing against the car at an angle of 40° to the track with a force of 155 lbs. 
Find the power exerted in overcoming the resistance of the wind. 

24 . OB is the crank, an-1 3 A ;l.e connecting-rod of an engine. B is moving 
round a circle at the rate of 6*3 ft. per second. OB = 6 ins., BA = 3 ft. Find the 
power at the instant when OA = 3*2 ft., and the thrust along AB is 1200 lbs. 


157. Orthogonal Projection. 

Let OP be any linear vector r, and OX a straight line in any other 
direction. Draw PN perpendicular to OX. Then ON is called the orthogonal 
projection of OP on OX, and the point N is called 
the projection of the point P on OX. In what 
follows we shall use the word projection to 
mean orthogonal projection. 

If we regard OP as the displacement of a 
point, ON is the distance which the point moves 
in the direction OX, while it is displaced from 
O to P. 

If OP is regarded as representing a velocity, acceleration or force, ON 
represents the component of that velocity, acceleration, or force in the 
direction OX. 

Take a vector OI of unit length along OX. Let / denote this vector. 

Then the scalar product of OP and / = r . / - r,t . cos NOP = ON, 

/. the orthogonal projection of a displacement vector r upon a direction 
OX is the scalar product of r, and a unit vector / in the direction OX. 

The relation between the rectangular and polar cordinates of a point may 
now be expressed in the language of vector 
algebra. 

Take rectangular axes OX and OY through O, 

Let be the rectangular and r, 6 the polar 
co-ordinates of P, and consider r as a vector in 
the direction OP. 

Take unit vectors 01 = / and OJ = j along 
OX and OY. 

Then x and y are the projections of r on OX 
and OY. 




= r . / = r . I . cos XOP = r cos B 
y = rj = r. i . cos POY = r cos (90® - 0) = r sin ^ 

Thus we may calculate x and y when r and 9 are given. 

Example. — To find the projections of the vector 5330 on the axes OX and OY. 

In this and the following examples we shall take the base line OX, with reference 
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to wHch the directions of vectors are specified to be the same as the axis OX of 
rectangular ordinates. 

If / and j are unit vectors along OX and OY (Fig. 137), 

Projection of 5330 on OX = ON = 5 . / = 5 . i . cos 32° = 4*24 
,, 5320 on OY = OM =r 5 ._/ = 5.1. cos 58° = 2*6495 


If the projections of a vector on two fixed straight lines are given, the 
vector is determined. 



Fig. X38. 


Example. — The frojeciions of a certain vector 8 on 
two fixed perpendicular straight lines OX and OY are 
1*5 and 2*3. Find the numerical magnittide a?id the 
direction of 8 . 

In the figure we have 

ON = 1*5, OM = 2‘3 = NP 
/. OP = A/rs^ + 2 ‘S' = 2*745 
and tan NOP = ~ = 1*533 = 57® 

NOP = 57® 
and S is the vector 2*7453^0. 


Examples.— LXXXVII. 

Draw two axes OX and OY at right angles. Take OX as base line from which 
to measure the directions of the vectors. Find the projections of the following 
vectors on OX and OY : — 

1« 21 q.jO* 3. 3^45<)* 1990°* 63102°* 

631680* 7. 242150. 8. 37290°* 8. 37 o 4 oo» 3.0. 295150, 

Find the numerical magnitude and direction of the vector S in the following 
cases : — 



Projection of S on OX. 

Projection of S on O Y. 

11. 

2*7 

I'l 

12. 

I-3S 

-2*74 

13. 

- 3*46 

2*95 

14. 

-47 

-3*2 

16. 

4*5 

-5*2 


158. Resolution of Forces and Velocities. 

Example (i). — A boat is moving at the rate of 7 miles an hour in a direction 
40® E. of N. At what rates is it moating east and tiorth ? 

If we take a straight line drawn from W. to E. as a base line, we have to find the 
projections of a vector 7550 on the directions OX and OY. 

. *. required velocity in direction E 

= 75,0 X / = 7 cos 50® = 4*4996 miles per hour 

Velocity in direction N 

= 750 ° X / = 7 cos 40® = 5*3620 miles per hour 

These velocities are called the rectangular components of the velocity 750?. in the 
directions E. and N. 
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Example (2). — In Ex, 3, p, 2^%^ find the componeyLt of the puUmg force along the 
rape in the direction in which the boat is moving. 

The magnitude of the required component force is the scalar product of a vector 
of 85 lbs. in the direction of the rope, and a unit vector making an angle of 25® 
with it, 

= 85 . I . cos 25° = 77*03 lbs. 

Note that the work done in pulling the boat 100 ft. was found to be 7703 ft. -lbs. ; 

it is the product of the displacement into the component of the force in the 
direction of the displacement. 


Examples.— LXXXVIII. 

In tiic follovs ing examples find the components of the given forces along OX and 
OY. The angle given in each case is the angle which the direction of the force 
makes with OX. 

I' 35s 7° 3S1550 lbs. 3 . 35i 97° SSsis® 

5 . The components of a force along OX and OY are 35 ibs. and 24 lbs. Find 
the magnitude and direction of the force. 

6. The components of a force are 156 lbs. in direction N. and 142 lbs. in direction 
E. Find the magnitude and direction of the force. 

7. A truck ^veighing 7 tons is being pulled up a gradient of i in 35. What is the 
component of its w'eight which tends to puli it down the track ? 

8. A ship is sailing in direction N.E. at 15 miles an hour. How many miles per 
hour is it travelling in a direction due E. ? 

9 . A truck is running at 28 ft. per second down a gradient of i in 56. At what 
rate in feet per second is it moving vertically downwards ? 

10 . A projectile is fired from a gun at a speed of 1800 ft. per second in a direction 
making an angle of 15® with the horizontal. Find its horizontal and vertical 
velocities. 

11 . A truck is drawn along a line of rails by means of a rope passing round a 
revolving drum at the side of the line. If the rope makes an angle of 17® with the 
rails, what must be the pull along the rope in order to give a force of 500 ibs, in the 
direction of the rails ? 


159. Projections of the Sides of a Closed Polygon. 

Let OABCDE be any closed polygon. Consider the sides OA, AB, BC, 



CD, DE, EO as vectors, whose directions all pass the same way round the 
figure. 

Then the sum of the projections on any straight line OX of OA, AB, etc., 
taken with their proper signs is zero. 

For, let Ai, B^, Cj, . . . be the projections of A, B, C . . . and consider 
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the vectors OA, AB, BC ... as the displacements of a point P as it moves 
round the figure. Then, as the point P moves through A, B, C, etc., in 
succession, its projection Pj ir.o-.er. tiirc.'.u'.; A^, Cj, etc. When the 
moving point P comes back to O its projection Pj also comes back to O, and 
the total displacement of along O.X has been zero. 

I.e. the sum of the projections of OA, AB, BC ... on OX is zero. 

The same reasoning applies if the projections arc taken on a line which 
does not pass through an angular point of Llm 

The vectors OA, AB, BC . . . above need not be supposed actually to 
form a polygon. It is sufficient that their magnitudes and directions are 
such that they could be moved parallel to themselves, so as to form a closed 
lygon, i.e. their sum must be zero whatever their positions. 

We may state the above theorem as follows : — 

If the sum of a number of linear vectors is zero, the sum of their pro- 
jections on any line is zero. 

If the vectors OA, AB, BC, etc., represent forces acilng at a point, they 
are in equilibrium since their vector sum, which is equal to their resultant, is 
zero. Thus the theorem of this paragraph leads to the important theorem in 
mechanics that the sum of the components in any direction of a system of 
forces in equilibrium is zero. 


160. Distributive Law for Scalar Products. 

Next consider a number of vectors OA, AB, BC, CD, DE whose sum is 
OE. 

As before, whilst a point P passes from O to E, along the vectors OA, AB, 

BC, CD, DE, its projection 
Pj on OX passes through 
A2, Bj, Cj, Dj to E2, and Pj 
has altogether been dis- 
placed for a nett distance 
OE2, which is the projection 
X ofOE. 

the sum of the pro- 
Fig. 140. jections of a number of 

vectors OA, AB, . . . DE is 

equal to the projection of their sum OE. 

As before, this result holds good whatever the position of the vectors 
considered. 

In the figure let a, b, c, d, e, f be the vectors OA, AB, BC, CD, DE, OE 
respectively. 

We have a + b-hc + d + e=f. 

Then, if / be a unit vector along OX, the projection of any vector a on OX 
is the scalar product / . c, and we have shown that the sum of the projections 
of cLj bj Gj dj e is equal to the projection of their sum f. 

/(a + 6 -h c + of q- e) = // = /a 4 - /6 + io + id + ie 

Let p be a vector of any size along OX. Then, since i is of unit length, 
pi = Pj and multiplying both sides of the above equation by we get 

pia + b A- 0 d + e) = pa pb + po pd + pe 

This is the Distributive Law for scalar products of two vectors. We 
have already pointed out that this law holds when the sum of a number of 
vectors is multiplied by a scalar quantity, we have now shown that it also 
holds when the sum of a number of vectors is multiplied by another vector 
so as to form a scalar product. 
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Examples.—LXXXIX. 

1 . If a = 34 o3j 6 = 5ij50, C = 4710, find the vector sum a 4 - 6, and the scalar 
products c{a 4* b), ca^ and cb, and verify that e{a + 6 ) = ca + cb. 

2 . Verify in the same way that c(a -• 6) = ea — c6 for the case when a = 2*7yio, 
b = 3*^135°> 0—1 9205®* 


161 . Calculation of the Sum of a IXumber of Vectors. — The dis- 
tributive law for scalar products gives a method of calculating the sum of any 
number of vectors. 

Let the vector S be the sum of the vectors a, b, c, d. We have 


Taking unit vectors / and j along the axes of x and we have by the 
distributive law 


ai + bi 4 oi 4 di — Si 


Or, in words, the projection of S on the axis of ;r is equal to the sum of the 
projections a, b, g, and d on the axis of x 
So also 

aj 4 bj 4 oj 4 dj = SJ 

Or, the projection of 8 on the axis of y is equal to the sum of the projections 
of a, b, Of and d on the axis ofy. 

We thus calculate the projections of the required vector sum on the two 
axes. 

The numerical magnitude of S is equal to the square root of the sum of 
the squares of Si and Sj\ Also the tangent of the angle which S makes with 

OX = and thus the direction of 8 is found. 


Example. — a = 3620, b = 4i650i g = 2280®. Calculate the value of the vector 
sum 5 = a 4 6 4 c. 

Take the base line from which the given angles are measured as the axis of Xf and 


a straight line OY perpendicular to it as 
the axis of^'. 

Then we have seen that the sum of 
the projections of a, 6, c on OX is equal 
to the projection of S on OX ; i,e. in 
the figure, OAj 4 AiSj 4 BjCi = OCj, 
each projection being taken with its 
proper sign. 

Therefore, if / be a unit vector in the 
direction OX, 

sum of projections of n, 6, and c on OX 

= ai 4 bi 4 c/ = 3 cos 62® 4 4 cos 165° 
4 2 cos 2S0® 

= 3 X 0*4695 -4 X 0*9659 4 2 X 0*1736 
= — 2*1079 = projection of S on OX 
= Si = OCi 


|Y 



Fig. 141. 


Similarly, if j is a unit vector in direction OY, 

sum of projections of a, 6, and G on OY 

= uj 4 bj 4 c/ = 3 sin 62® 4 4 sin 165® 4 2 sin 280*^ 
s= 3 X 0*8829 4 4 X 0*2588 — 2 X 0*9848 
= 17143 = projection of S on OY = Sj = OC, 
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S'- = OC,^ + 0,C,= = m- + {SJ? 

= (-2-io8p + (i7i4)° = 7-3ii 
/. 5 = V7-38 = 27I7 


To find the direction of S, we have, if 8 be the angle which 8 makes with OX, 

/. 8 = (iSo® - 39 °) = 141 ° 

S = 27I7hi= 


The student should compare this value of S with the value obtained by construction 
and measurement. 

Similarly, to calculate the value of (9 = a ~ 6 + C, we find the values of 
a/ — bi 4- of and aj bj + cj\ which are the projections of S on the axes, and thus 
the value of S may be calculated. 

The same method may, of course, be used when the vectors are forces, in order to 
find their resultant. 


EXAAtPLES. — XC. 

Work Examples LXXXI., Nos. 1 to 9, by calculation, and compare with the 
results previously obtained by construction. 

11. The following forces act at a point O : — 

Sso®? TasOj 3 i 40 OJ S225OJ 4290 ®* 

The magnitude of each face is given in pounds, and the given angles are the angles 
which the respective forces make with a straight line OX. Find the magnitude and 
direction of the resultant of the given forces both by calculation and construction, 

12. The following forces act at a point. Find their resultant by calculation and 
construction. 

bilOj SlooOj 3l79°i 4z30°f 9340^- 

13. AB, BC, CD , . . are straight passages, called drifts, in a mine in the 
same horizontal plane. Their lengths and the angles which they make, with a 
straight line running from S. to N., are measured as follows : — 


Drift. 

Length (links). 

Angle with meridiaa. 

AB 

26s 

00 

0 

0 

BC 

128 

92® 

CD 

104 

142® 

DE 

71 

67 * 5 ° 

EF 

292 

156® 

FG 

633 

260° 


What would be the length and direction of a drift bored from B to G? Work both 
by calculation and construction, and compare results. 

14. V/ith the same data as in the last example, it is required to bore from some 
point in the drift FG a drift which shall come out at B, and be in the same straight 
line with BA. Calculate the distance from F of the point from which the new boring 
must start, the angle between the new boring and FG, and the length of the new 
boring. Verify by construction. 

Note. — If K be the required point on FG, the sum of the projections of BC, 
CD, DE, EF, FK, on an axis at right angles to AB is zero. 

15. A drift is to be bored from D to G. What is its length, and what angle does 
it make with CD ? 

102. Centre of Gravity of a NTumber of Particles. — The distributive 
law gives a proof of the method of finding the rectangular co-ordinates of 
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the centre of gravity of a number of weights at points whose co-ordinates are 
known. 

It was proved in p. 294 that if G is the centre of gravity of weights at 
Pj, at P2 . at Ps . . . and O is any point, then, in the notation of vector 
algebra, 

{m-i -k ^2 4 - 4 - . . .) OG = m^OP^ 4 ' m.fiP^ 4 - m^OP^ + . . . 

Take two rectangular axes OX and^OY. Let (^2i'2) ... be the 

co-ordinates of Pj, Po, . . . ^nd let (;r, y) be the co-ordinates of G. 

Form the scalar product of each side of the above equation with the unit 
vector / along OX. 

Then, by the distributive law, 

{nti 4 - "h ^^3 + • • ■ 01 ^ 1 . / 4 - Wg . OPo , i -h Ms n OP3 . / -f . . . 

But OG ,i = xi OPJ — Xi ; OP2/ = jfg . . . 

{m^ + , ,)x = tn^Xj^ 4- -}- fn^x^ 4 * . . . 

Or, as it is usually written, 

where 'Xiynx^ denotes the sum of all the terms of the form mx. 

Similarly, by multiplying by a unit vector j along OY, we get 

^ Km) 

Example. — Find tke co-ordinates of tke centre of gravity of the following weights : 
i lb, at the point (l, 2*5) j 2 lbs. at (o’5, i) ; 3 lbs, at (i‘6, 1*5) ; 4 lbs, at (1*9, 0*5) | 
6 lbs. at (2*5, 2'S) ; 3 lbs. at (3*2, 1-9). 

We have 

^ (I X I) 4 - (2 X o’ 5 ) 4 - (3 X i- 6 ) 4 - (4 X ^' 9 ) 4 - (6 x 2-5) 4 - (3 x 3-2) 

14-24-3 + 4 + 64-3 


Similarly 

V = -- (1 X 2 - 5 ) + (2 X I) + (3 X 1 - 5 ) + (4 X 0*5) + (6 X 2 * 5 ) + (3 X 1 - 9 ) 

^ 2 (.w) 1+2 + 3 + 4 + 6 + 3 

= ^=r67 

19 

the centre of gravity is a point G w'hose co-ordinates are (2*053, 1*67). 


Example. — Find and show in a fgure the position of the centre of gravity of the 
following weights at the points given by the corresponding values of x and y. 


Weights 

4 

3 

6 

2 

1 

3 

X 

2 

. i 

4*2 

2*5 

1*2 1 

3 

y 

3*5 

2*3 

4*5 

3*1 

2 


Answer x = 2 ‘ 6 i. 
y = 3 * 34 * 


X 
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168 . Principles of Virtual Work and Virtual Velocity. — If the 
vectors a, b, c, d, e are forces acting at a point, and a displacement p is given 
to their point of application, while their directions remain unchanged, the 
scalar products in the equation 

pa 4 - p6 + pc -f pis' 4 - pe = p(a + 6 + c + + e) = p/ 

give the work done by each force and by the resultant /, and the distributive 
law expresses the theorem that the sum of the work done by all the forces is 
equal to the work done by their resultant. 

If the forces are in equilibrium their resultant is zero, and the sum of the 
work done by all the forces is zero. 

This is the principle of Virtual Work in mechanics. 

Similarly, if p is the velocity of the point of application of the forces, the 
scalar products are the powers, or rates of doing work of the respective 
forces and of their resultant. 

The distributive law then expresses that if the point of application of the 
forces be supposed to have any velocity, the sum of the powers of the various 
forces is equal to the power of their resultant. Or, if they are in equilibrium, 
the sum of their powers is zero. This is the principle of Virtual Velocities 
in mechanics. 


164 . Use of Brackets. — We may now extend the distributive law to the 
multiplication of two expressions in brackets. 

Consider the scalar product 

(a 4- 6)(e + d) 

(a 4- b) denotes a single vector, which is the vector sum of a and b, 
by the distributive law, as shown in § i6o, 

(a + 6)(c 4 - o') = (a 4 - b)o 4 * (a + b)d 

We now get the sum of two separate products (a 4 - b)o and (a 4 - bjd, and, 
applying the distributive law to each of these, we get 

(a 4- 6)(c + d) =:= ac + be 'h ad + baf 

This may be extended to the scalar product of two brackets containing 
any number of terms connected by plus or minus signs, since, for any vector 
having a minus sign, we may substitute a positive vector in the opposite 
direction. 

We have previously shown that the commutative law ab = 6a holds good 
for the scalar products of two vectors. Since each bracket denotes a single 
vector, this law also holds good for the scalar product of two brackets con- 
taining vectors connected by the plus or minus signs. 

All the operations of ordinary scalar algebra involving the use of brackets 
and the multiplication of not more than two quantities, can be shown to 
depend on these two laws, the distributive law and the commutative law. 

It follows that we may proceed with the scalar products of two vector 
expressions of the first degree, exactly as with products of two scalar 
quantities in ordinary algebra. jE'.g*. the result 

(a 4- 6)* = a® 4 “ 2ab + 6* 

holds good when a and 6 are vectors ; a 4- 6 means their vector sum, ab 
means the scalar product of a and 6, and the squares as shown in § 154 are 
the squares of the numerical magnitudes of the vectors or 4 - and ^ ; for 
the proof of this result in ordinary scalar algebra only depends on the dis- 
tributive law, and therefore holds equally well for vector algebra. 
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Example. — To prove ihat the sum of ike squares on ike two sides containing ike 
right attgle of a right-angled triangle is equal to the square on the hypotenuse. 

Let BC, CA be two vectors a and 6 at right 
angles, and let the vector BA = c. Then, by vector A 

adJition, o = a -h b. 

Squaring, we get j 

= ct* 4- ^ab 4- 6* i h 

or, since or = 6" = ab = ab cos BCA, ^ ft 

4- 2ab cos 90° 4- b- 

a* 

ne. the sum of the squares on BC and CA is equal to the square on AB, 

165. General Proof of the Pormula 

cos (^1 — $ 2 ) = cos cos $2 + sin 3 ^ sin 6 ^ 

This formula has already been proved in Chapter IV., for the case where 
0 ^ and ^2 are acute angles. We can now 
prove it for the case when and $2 are y 
angles of any magnitude. 

Take tw’O points, Pj and Pg, whose 
polar co-ordinates are (r^ d{) and (rg, ^2)- A ^ 

Let (a'p fi) and (^2, ^2) rectangular / 

co-ordinates of P^ and Pg. / 

Regard JTi, i/i, /“i as vectors in directions 7,/ ^ 

ON^, NjPi, OPi, so that by vector addition / ' 


and similarly \l^oi\A'. j 

r, = jr, + 1/, 0 N, 

Forming the scalar product of ri and 
we get 

= (>^1 + yi)[x2 + y^) 

= jTiAg 4- 4- yix. 4- y^y, 

by the distributive law, 

= ^1^2 + 

since the scalar product of two perpendicular vectors is zero. 
A putting in the values of the scalar products, we get 

^1^2 cos PjOPi = cos o® 4 - fifi cos 
cos (( 9 j - 63) = +^i^j 

• fa _ \ — . ^2 a, .^1 Ta 


•% cos - S2) 


ui . L? 4- -L-i .-il 
r, r. r, r. 


= cos cos ^2 + sin sin 62 

This proof holds for any values of and $2- We may therefore write 
' 62 for &2, and we get 

cos {Bi 4 - B^ = cos $1 cos B^ — sin sin B^ 


By changing 6^ to Bi 4 - we get, since 



Practical Mathematics 


30S 


- sin ((^1 + ^2) 
cos 

sin cos ^2 + cos $1 sin 


cos sin $2 

Examples. — XCI. 

1. Prove the formula in trigonometry, 

^ -I- c* — 23 ^ cos A 

by vector algebra. 

2 . If R is the resultant of two forces, P and Q, acting at a point so that $ is the 
angle between P and Q, prove that 

R2 = P2 + Q2 + 2PQ cos 6. 

3 . ABO is a triangle, and D is the mid point of BC. Prove that 

AB= + AC" = 2AD" 4 - 2DB\ 

4 . With the same figure as in question 3, prove that 

AD" - DC" = AB . AC cos A. 

6. Prove that the sum of the squares of the distances of the two ends of a diameter 
of a given sphere from a given point is the same whatever diameter be taken. 

6. Explain the physical meaning of the commutative law for scalar products when 
the two vectors are a force and a displacement respectively. 

7. a, i)f Cj and d are the sides of a quadrilateral, none of whose angles are gi’eater 
than 180®. a and 3 are the angles between b and c respectively ; 7 is the angle 
between a and c when they are produced to meet.^ o, /S, and 7 are taken as the 
angles which face towards d at each point of intersection. Prove that 

= a® 4- 4- — 2ab cos a — 2bc cos j6 — 2ca cos 7, 

166 . Field of a Vector. — ^This section is chiefly intended for students of 
electricity. 

Consider the case of a stream of water in steady motion. At every point 
in the interior of the stream the velocity of the water is a vector having a 
definite magnitude and direction. 

If any vector satisfies this condition throughout any region of space, 
that region is called the field of the vector. In the above example the 
region of space occupied by the stream is the field of the velocity of the 
water regarded as a vector. 

Consider any limited space on the earth’s surface, such as the interior of 
a room. 

The weight of a given mass is a vector, which has the same magnitude 
and direction at every point in the room. The interior of the room is, 
therefore, the field of a vector, and when, as in this case, the vector is the 
same at every point, the field is called a uniform field. 

At every point in the space near the poles of a magnet the magnetic force 
is a vector which has a definite value, and changes continuously as we pass 
from point to point. This space may, therefore, be regarded as the field of 
the magnetic force, and is usually spoken of as a magnetic field. 

The conception of a magnetic field is of great importance in electricity. 


cos + ^3 + “ j - 

cos (^i 4 — sin ^1, sin ~ 

/, sin (^1 4 ^2) = 

and, changing the sign of we get 

sin (B. - ^2) = sin B^ cos B^ - 
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It is usual to represent the direction of the magnetic force vector bylines, 
called lines of force, supposed to pass through the held so that at ever>’ 
point their direction is the same as that of the force. 

The magnitude of the force is represented by the number of lines which 
cross a square centimetre of a surface at right angles to the direction of the 
field. Thus in air we may have 8000 lines to the square centimetre, and in 
iron 18,000 lines of induction per square centimetre. 


187 . Mow or Flux of a Vector across a Surface. — Consider the case 
of a stream flowing with uniform velocity v feet 
per second at every point, and suppose a plane 
surface is drawn in the fluid, making an angle d 
with the direction of flow. Then we may re- 
quire to find the amount of fluid which flows 
across a unit area of the surface in one second. 

Let A BCD be a square of one foot side 
perpendicular to the direction of flow, and 
having the side AB in the given surface. Let 
the lines of flow through C and D meet the 
given surface in E and F, and complete the 
rectangle ABEF. 

Fig. 144- 

BO I 

Then BEG = 5 and BE = . ^-^-2, ft. 

sin 0 sin 6 

area ABEF = AB . BE = . * . sq. ft. 

Now, since A BCD is one square foot in area, and the fluid flows through 
this square at the rate of v feet per second, it follows that v cubic feet of the 
fluid flow through ABCD, and therefore through ABEF, in one second. 

Therefore the volume of the fluid flowing through one square foot of the 
surface in each second is 



ADcr- ■ ■ V sin d cu. ft. 

ABEF 

Sin d is the cosine of the angle between the vector u and a unit normal n 
drawn from the surface ABEF on that side to which the stream is flowing, 
and thus we may also state the above result as follows : — 

The volume of fluid flowing through one square foot of the surface in each 
second is equal to the scalar product of the vector u and a unit normal drawn 
from the surface on the side to which the stream is flowing. 

For example, in a stream flowing uniformly at lo ft. per second, the flow 
per square foot across a surface making an angle of 40® with the stream 
lines is 

10 sin 40° = 6*428 cu. ft. per second 

Similarly, we may say that in any vector field the flow or flux of the vector 
across unit area of a surface is the scalar product of the vector and a unit 
normal drawn from the surface on the side to which the vector passes. An 
important example of this occurs in the case of the magnetic field where the 
flow of the magnetic induction vector across a surface in the field is spoken 
of as the magnetic flux per unit area across that surface. 

Example . — In a magftetic field of 6000 lines per square centimetre^ to find the flux 
per square centimetre across a surface making an angle of yifi with the field* 
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Here the angle between the normal and the field is 55°, and therefore the flux 
across the surface is 6000 X I X cos 55® = 3442 lines per sq. cm. 


Ejcamples. — XCII. 

1, If the intensity of a magnetic field in air is 8000 lines per square centimetre 
find the flux across surfaces inclined at angles of {a) 85®, (b) 45®, {c) 5®, to the 
direction of the field. 

2 : The intensity of a magnetic field in iron is 18,000 lines of induction per square 
centimetre. Find the flux per square centimetre across surfaces inclined at angles of 
{a) 77®, W 61°, (c) 43®, 2®, to the field. 

8. Find the flux per square centimetre across a surface inclined at an angle of 61° 
to the direction of a field of 12,400 lines per square centimetre. 

4 . 0*525 inches of rain fell on a certain day. How many cubic feet of water fell 
on a roof 252 sq. yds. in area, and inclined at an angle of 40® to the vertical ? The 
rain is supposed to fall vertically. 

Note. — The expression “ one inch of rain means that if the rain which falls on a 
horkontal surface is not allowed to escape, it will cover the surface to a depth of 
one inch. 

6. A stream is flowing at 7*3 miles per hour. Find the flow per square foot per 
hour across a surface making an angle of 30® with the stream. 

6. A valley runs east and west, and its sides have a mean slope of 20° to the 
horizontal. Compare the quantities of sunshine received per square yard by the two 
sides of the valley when the sun is due south at an elevation of 70®. 

168. Vector Products. 

Definition. — The vector product of two vectors a and 6 is a vector c, whose 
numerical magnitude is ah sin where B is the angle included^ between a 
and 6. Its direction is perpendicular to the plane of a and 6, and is such that 
to a person facing in the direction of c a clockwise rotation passes from a to 6. 

The vector product is written Vab. 

We may state the direction in another way, by saying that if the angle 6 
is always measured from a to 6 in a counter-clockwise direction, then a 
positive value of the vector product ab sin B indicates that it is directed 
towards the spectator; a negative value, that it is directed from the 
spectator. 

The rule for direction is most easily remembered by imagining that an 
ordinary right-handed screw is being turned from a to 6 in the direction in 
which B is measured. Then the screw will move forward in the direction of 
the vector product 0 . 




Fig. 146. 


E.^.^ in Fig. 145, if a right-handed screw is turned from a to 6 it will 
pass down into the paper, and accordingly the direction of the vector 
product Vab is down into the paper and perpendicular to it. 

In Fig. 146, if a right-handed screw is turned from a to 6 it will move 
forward from the paper towards the spectator, and, therefore, the direction 
of Vab is towards the spectator. 


169. Q-eometrioal Representation of the Vector Product. — Let a 
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and 6 be two displacement vectors, and construct a parallelogram of which 
they are two adjacent sides. Then ab sin Q is equal to the area of this 
parallelogram. We may thus obtain a way of looking at the vector 
multiplication of two vectors as a process in the geometry of motion. 

We may say that, to form the vector product Vab of a multiplied by 6, we 
move the vector a parallel to itself through 
a displacement equal to the vector 6. 

Then draw a line at right angles to the 
plane of the parallelogram thus traced out, 
in the direction given by the above rule, 
and mark off along it a length numerically 
equal to the area of the parallelogram. 

Then this line of definite length is the 
vector product of a and 6. 

Students familiar with the working of 
Amsler’s pianimeter will note that if a is 
the free arm carrying the roller, the instru- 
ment registers the numerical magnitude of the total vector product of the 
length of the arm a regarded as a vector, and the vector displacement of the 
tracing point. 

It can be shown that areas swept out by rotation of the free arm cancel 
each other in passing round a closed curve, and that the area enclosed in the 
curve is equal to the total vector product as registered by the roiling wheel. 

We may now express the rale for the direction of the vector product in 
another way. If the paper is held facing the observer, so that a points 
upwards, then, if a is moved to the right through the displacement 6, the 
vector product Vab is directed away from the observer ,* while, if a is moved 
to the left, Vab is directed towards the observer. 


Fig. 147. 


/ 
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I 

/ 
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170. Commutative Law. — In multiplying two numbers together it 
does not matter which we take first, i,e. ab = ba^ and we have shown that the 
same law is true of scalar products. Vector products, however, do not obey 
this commutative law. 

In the figure, the direction of the vector product yab is found by imagining 
that a right-handed screw is turned from a to 
6. It will pass down into the paper so that 
the direction of Vab is away from the observer. 

To find the direction of ^"6^ we suppose a 
right-handed screw to turn in the opposite 
direction from b to a; in this case it will move 
up through the paper towards the observer. 

Thus the direction of Vba is opposite to that 
of Vab. 

The two products Vba and Vab have the 
same numerical magnitude ab sin B = ba sin. 6. 

/. Vab and Vba are equal in numerical 
direction or sign. 

We get the law 

Vab= ^Vba 

This is an important difference between 
products, which, as we have seen, satisfy the corresponding law 

ab — ba 

We get the same result by taking into account the direction in which B is 
measured in calculating the magnitude of the vector product, for, if ab sin B 



Fig. 14S. 

magnitude, but opposite in 


vector products and scalar 
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is positive when $ Is measured from a to b, it will be negative when B is 
measured from b to a, i,e. when the sign of B is changed. 

171. Buie of Signs. — Vector products obey the same rule of signs as the 
products of scalar quantities. 

For consider the effects of a change of sign in a or 6, or both, on the 
vector product l^a6. (Fig. 148.) 

If a screw passes downwards when turned from a to 6 at O, it will pass 
upwards when turned from a to — 6, 

V{ab) = - l^(a . ~ 6) 

So also, if turned from — a to — 6 at O, the screw will move forwards in 
the same direction as when turned from a to 6. 

/. Vab = l^(- a . - 6) 

Thus the rule of signs ” of ordinary scalar algebra also applies to vector 
products. 

The working of an Amslefs planimeter affords an illustration of the rule 
of signs as applied to vector products. The wheel registers positive vector 
products by rolling one way, and negative vector products by rolling the 
opposite way, thus automatically adding the products up with their proper 
signs- The student who is accustomed to use a planimeter is probably 
familiar with the fact that if the tracing point is taken the wrong way round 
the area to be measured, the result is measured backwards from the zero 
point, ue, with a negative sign. 


Example (i). — Find the vcctor^products • S122®) V(62520 . Sioo©). 



The angle 6 between 348© and 5122© is 73®, 

•*. V(3480 . 5 i 22 o) = 3x5^ sin 73° 

= I4’34 

in a direction perpendicular to the plane of the paper, 
and towards the observer. 

Similarly V(5i220 . 3490) is a vector I4'34 directed 
away from the spectator. 

The angle between 63520 and 5iooo is 152®. 


V(62520 . Siooo) = 6 X 5 X sin 152 ® 
= 14*085 


in a direction away from the observer. 


172. Magnetic Field. 
Example (2).- 


\ 


5 ^ 


F 

Fig. 150. 


a straight conductor^ carrymg a current of 0 amfereSf is placed 
in a UTiiform magnetic field of intcfisity B lines per square 
ce 7 itimetrey it experiences a force of F dynes per unit length, 

‘ The value and direction of F are given by the equation 

:B F=iVl'(C5) 

‘ Note that F, C, and B are vectors. 

Find the force experienced by a straight wire^ carrying a 
current of 3 amps., in a field of intensity 5000 lines per 
square centimetre. The direction of the current makes an 
angle of 60® with the magnetic field. 
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We have f = 

= • 3 • • sin 6o® = 1300 dynes 

/, the wire experiences a force of 1300 dynes per centimetre of its length in a 
direction perpendicular to the plane of C and and towards the observer if the 
directions of G and B are as shown in Fig. 1 50. 

Example (3). — If a straight conductor he moved through a magnetic field of 
intensity B lines per square centimetre^ with a velocity q cm. per second^ an E.M.F. 
of E volts, per unit length will he induced. The value and direction of E are given by 
the equation 

f = Vig . B) . io“* volts. 

E, q, and B are vectors. 

A straight wire in the armature of a dynamo is being moved at right angles to itself 
with a velocity of 2400 cms. per second through a magnetic field 
of 6000 lines per square centimetre. The direction of the wire is 
at right angles to the fMd and to the motion. Find the E.M.F. 
induced in the wire. 

f = 10- . r (? 5 ) = 

jq8 

= o‘i44 volt, per cm. length 

If the wire is supposed to be perpendicular to the plane 
of the paper, and to be moved in the direction of the arrow, Fig. 151, 

the induced E.M.F. is directed from the observer. 



Examples. — XCIII. 

Find the following vector products ; specify the .direction of each by reference to 
a figure. 

1. • ^39°* ^SsflP'7l34®» • 72S«0* 

^7250° * • 4*7°' 4«7°)* 

7. 1^(-35oo)(-4.7o). 8. l^(-35oo){4*r°). 

9 . A wire is moved with a velocity of 1320 cms. per second at right angles to its 
length, across a magnetic field of 5000 lines per square centimetre, in a direction 
making an angle of Si® with the direction of the field. What E.M.F. will be 
developed per unit length of the wire ? Explain its direction by means of a figure. 

10 . Find thii force on a wire carrying a current of 4 amps, in a magnetic field of 
intensity 5525 lines per square centimetre, the current making an angle of 65® with 
the direction of the field. If the direction of the field be taken from left to right, and 
the angle 65® as being measured in a counter-clockwise direction from the field to the 
current, state the direction of the force. 


173 . Distributive Daw. — To prove that vector products satisfy 
equation 


Va{b "f c) = Vab 4 - Vac 


the 


where the sign 4- of course denotes vector addition. 

We shall here confine ourselves to the case where a, 6, and c are in the 
same plane. 

In the figure let AB = a, AC = and CD = c. 

Then AD = 6 + c. 

We shall consider the vector products as the result of a geometrical 
process, as explained in § 169. 

I. Let b and g be both directed to the same side of n, as in Fig. 153. 

To form Va{b + c) we move AB parallel to itself along AD, thus tracing 
out the parallelogram ABED. Similarly Vab is given by the area ABFC. 
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And, since OF = a, Vae is given by the area CFED. 

And since the three parallelograms, AF, CE, and AE, have equal bases 
and the sum of.the heights of AF and CE is equal to the height of AE, it 
follows by elementary geometry that 

ABED = ABFC 4- CFED 

the vector a traces out the same area if moved through the displace- 
ments 6 and o in succession, as it does if moved through the displacement 
6 4- e. 

Since, in the figure, the three vector products which occur are all directed 
towards the observer, and perpendicular to the plane of the paper, Vad and 



Fig. 152. Fig. 153. 


Vac are both in the same direction, and their sum may be found by adding 
the areas of the corresponding parallelograms by ordinary arithmetical 
addition, 

/. Va{b 4" c) = Vab 4- Vac 

IL Let 6 and c be directed to opposite sides of a, as in Fig. 153. 

Then the vector a traces out the same area if it is moved parallel to itself 
through the displacements CA and AD in succession, as it does if it receives 
the displacement CD, 

/. V{a){ - 6) 4* Va{b 4- c) = Vac 
but by the rule of signs for vector products, §171, 

V{a){—b) = — Vab 
/. i^a(6 4“ c) = Vab + Vac 

Similarly, if we suppose the same displacement a is given to 6, e, and 
b + c,wQ obtain the equation 

V{b + o)a = Vba 4* Voa 

which can also be proved from the former case by reversing the order of 
multiplication, and consequently the sign of each vector product. 

We may now extend the distributive law to the case of the vector product 
of any two factors, each of which is regarded as the sum of two or more 
vectors. 

Let a = d + e. 

Then by the above result 

V{d 4- e){b 4- c) = Vid 4- e)b 4- V{d 4* e)c 
= Vdb 4- Veb + Vdc + Vec 

This may, similarly, be extended to the case where the two factors contain 
any number of terms with either plus or minus signs. 
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Thus in dealing with vector products we may multiply two factors together 
term by term, and add the results with their proper signs as in ordinar\- 
algebra, and the result will be the vector product of the two original factors. 
\Vq must, however, be careful to keep the order, in which any two terms 
appear in a product, constant throughout the work. In ordinary scalar 
multiplication we might write x {5 -h c) - + cx^ but this is not true of 

vector products. 

The above proof of the distributive law applies to vectors in the same 
plane, and it is not necessar>^ here to extend it to the case of vectors in 
different planes. 


174. Moment of a Force. 

Let P be a force vector, and A any point. 

Then we know that the moment of the force P about A is equal to the 
magnitude of P multiplied by the perpendicular drawn from A to the force P. 
This is numerically equal to the vector product of the 
force vector P, and a displacement vector OA equal 
to a drawn from any point O on the vector P to the 
point A. 

We consider the moment as a vector whose 
direction is that of the axis about which it tends to 
cause rotation. 

Thus the moment of P about A may be defined 
as the vector product /(P.a), and this form of the 
definition is convenient for certain purposes. 

The point O may be taken anywhere on the line 
of action of P. For, if we take any other point, such as Oj on P, the areas 
of the two parallelograms formed by moving the straight line representing 
the force P through displacements OA and OjA will be the same by 
elementary geometry, and we have shown that the formation of vector pro- 
ducts may be represented by the operation of forming these parallelograms. 



175. Varignon’s Theorem of Moments. — This theorem states that if 
P and Q be two forces acting at a point, then the algebraic sum of their 
moments about any point A in their plane is 
equal to the moment of their resultant. 

Let P and Q be the two force vectors. 

Then the vector P + Q through O is their 
resultant. 

Draw the straight line vector OA = a. 

Then moment of P = V , Pa 

jj ff Q ^ ^ 

Moment of resultant P g = ^'(P + Q)a 



But we have proved, in § 173, that when P, Q, and a are in the same 
plane 


V ,Pa^V .Qa^V{P^ Q)a 


ix. moment of P + moment of Q = moment of resultant (P + Q). 

Note that this is true whether A is inside or outside of the acute angle 
formed by P and Q so long as the vector products are taken with their 
proper signs. 

Thus we see that this important theorem in mechanics is a special case 
of the distributive law for vector products. 
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Example the formula 

sin (01 — $2) = sin 0i cos 0 ^ "* 

directly^ hy a similar method to that of% 165, using vector products instead of scalar 
products* 

Example (2). — If a, 6 and c are three line vectors meeting at a point, prove that 
the scalar product al^6c is equal to the volume of the parallelepiped formed by 
a, b and 0* 

176. Note on tiie Theory of Multiplication.— Students often feel the 
difficulty that the definitions of scalar and vector products seem to be chosen 
in an arbitrary way. Why are these called products ? Why is the process 
of forming them called multiplication? The following note will make this 
point clearer : — 

In arithmetic the product of the two integral numbers 3 and 5 is defined 
as the result of taking 3 five times over. But even in arithmetic we already 
extend the notion of a product to cases where we cannot proceed in this 
way. _ 

E.g*y in finding the value of 2 x V3 we cannot take two >^3 times over, 
since aJ 3 cannot be measured exactly in terms of any unit ; i*s* it is incom- 
mensurable. Similarly, a definition of the above form does not apply to such 
products as 3 X 2 X - 5, 2 X - 3. 

We notice, however, that if a and b are two integral numbers, the product 
ab satisfies two important laws 

(1) The commutative law, ab - ba\ 

3 X 8 = 24 = 8 X 3 

(2) The distributive law, a{b c) ^ ab aCy 

3 X 7 = 3 X 3 + 3 X 4 

We take these two laws together as the definition of multiplication when 
applied, to any two algebraical quantities, whether integral numbers or 
fractions, positive or negative, commensurable or incommensurable. 

The product ab of any two algebraical quantities a and b is defined as a 
method of combining them which satisfies the above two laws. By repeated 
use of these two laws, together with laws for addition and subtraction 
previously found, we obtain all the results of ordinary scalar algebra involving 
products of the second degree. 

When we seek to apply the process of multiplication to vectors we find 
the important difference that vectors have direction as well as numerical 
magnitude, and we have to take this into account in multiplying them. 

The scalar product of two vectors is defined in such a way as to satisfy 
both of the above laws. For the vector product of two vectors the second 
law is the same, while the law Va6 = - V6a takes the place of the first of the 
above laws. The algebra which is developed from the laws which govern 
these two species of products supplies a powerful method of treating many 
physical problems. 
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177 . Eectanguiar Co-ordinates of a Point—We have seen that the 
position of a point in a plane is specified by two rectangular co-ordinates x 
and which are its distances from two perpendicular axes. If these two 
co-ordinates are known, the point is fixed in the plane. If, however, the 
point is not confined to one plane, but may be anywhere in space, two 
co-ordinates are not sufficient to define its position, for, e\^en if x and / are 
known, we may suppose the plane containing the co-ordinates x and y to 
move up and down a third perpendicular axis remaining parallel to the 
original plane of the axes x mi y. 

In order to fix the position of the point, we require to know a third 
co-ordinate s', which fixes the position on 0 ^ of this plane containing the 
point P and its co-ordinates x and/. Thus Mra co-ordinates are required 
to fix the position of a point in space. 

For example, the position of a point in a room is defined when we know 
its distances from two adjacent walls and the floor. 

Accordingly, the position of a point ^ 

in space is defined as follows ]'*' 


Take three axes Oxj 0 /, Os at right 
angles to each other. 

The position of any point P is defined 

by 

(1) its distance x measured parallel 
to 0 ;t' from the plane Oys, 

(2) its distance y measured parallel 
to 0/ from the plane O^.r, 

(3) its distance 2 measured parallel 
to O2 from the plane Oxy. 



We may construct a figure to show 
the position of the point P as follows 


Measure off lengths equal to x^ /, 
and 2 along the axes of Ox^ 0 /, and O2 256. 

respectively. Construct a rectangular 

block or parallelepiped having these three lines as adjacent edges, then the 
point P is at the comer of the block opposite to 0 . 

The point P, whose co-ordinates are x^y^ and 2, is known as the point 


Example,— -T i? find the position of the point (2, l, 3), set off distances 2 along 0 ^:, 
I along 0 /, 3 dlong Os, and construct a rectangular block keeving these three lines as 
edges* 

The point {2, i, 3) is at P in figure 157. We shall represent the position of 
points and lines in this subject by parallel oblique projection, as in the figure. 
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The plane ofy and s is supposed to be parallel to the paper and facing the reader. 
The lengths of the co-ordinates y and s will therefore be drawn correctly to scale. 

The four edges of the block parallel to Oj? are, 
iZ however, supposed to stand out perpendicularly to 

the paper towards the spectator ; they are, therefore, 
foreshortened, and appear to be of less than their true 
length. 

We shall find it convenient to suppose that the 
figures are looked at from above the xy plane, and 
from the right of the sx plane. 

We shall make the angles xOy and sO.* each 
equal to 135®, and set off all lengths parallel to Ox 
on a scale half of that used for y and s. 

The student should remember, however, that the 
angles zOx, xCy^ yOz, are right angles, although it 
j is only angles in planes parallel to yO% that are 
drawn with their true values. 

The planes xOy^ yOs, and zOx arc called the 
three co-ordinate planes. 

By adopting this conventional mode of repre- 
Fig. 157. sentalion, we are enabled rapidly to draw all figures 

to scale on squared paper. 

The axes of y and s are taken in the direction of the ruling, and all lines parallel 
to Ox are drawn along or parallel to the diagonals of the squares. 




Fig. 15S. 


178 . Signs of tlie Co-ordinates. — 
If any co-ordinate is measured firom O 
in the direction shown in^ Fig. 15^ it 
is positive ; if measured in the oppo- 
site direction parallel to the corre- 
•sponding axis produced backward, it is 
negative. 

the point (2, - 1, 3) is shown by 
measuring the distance i along yO pro- 
duced, and 2 and 3 on the proper scales 
along Ox and on completing the 
rectangular block as before, we get the 
point Pj in Fig. 158. 

The co-ordinates of P3 in Fig. 158 
are (-2, i, - i). 

In this case x is measured away 
firom the spectator behind the plane of 
yO^, and z is measured below the plane 
xOy, 


Examples. — XCIV. 

Draw figures showiag clearly the position of each of the following points 

1. ( 8 , 2 , 6 ). ' 2. ( 10 , 3 , s). 3. (I, I, o) ; (i, o, i) ; (o, i, i). 

4, (I, o, o) ; (o, I, o) ; (o, o, i). 5. (- 6 , 5, 3 ). 

a (7, 4, - 2). 7 . (5, - 6, - 2). 

179. Polar Co-ordinates of a Point. — Consider the case of a point near 

the door of a room. Its position might be defined as follows. Suppose the 
door to be opened till it passes through the point. Draw a line from the 
lower fixed comer of the door to the point. Then if we know the length of 
this line, and the angle it makes with a line through the hinges, the position 
of the point is fixed in the door. 
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These two quantities are the polar co-ordinates, r and 6 , of the point in 
the plane of the door. If in addition we know the angle through which the 
door is opened the position of the point is hxed in space. We distinguish 
this angle by the letter and the 
three quantities r, <p are the polar 
co-ordinates of the point in space. 

Thus we may define the polar co- 
ordinates of the point P as follows : — 

Take three rectangular axes as 
before. Let P be the point and join 
OP. Let a plane through OP and Oz 
cut the plane Oxy in ON. 

Draw PN perpendicular to the 
plane Oxy, and PM perpendicular to 
Ojt. 

The rectangular block whose edges 
are the rectangular co-ordinates x,y 
and z of P is thus cut by a diagonal 
plane in a section which is the rect- 
angle ON PM. 

The polar co-ordinates of P are — 

(1) The distance r of P from the origin. 

(2) The angle B between OP and the axis of z, 

(3) The angle 4 > between the plane OPN and the axis of r. 



Note. — The angle between a straight line and a plane is measured by the angle 
between the line and its projection on the given plane. 

The point P is known as the point (r, d, <f>). Note that in the figure none 
of the three co-ordinates r, <p is drawn with its true value. 


180. To find the Heetangular Co-ordinates of a Point when the 
Polar Co-ordinates are given. 

The angle OMP is a right angle, and therefore 

OM ^ /I j A 

= - = cos 6 . and js* = r cos ^ 

OP r 


Also sin S and MP = r sin ^ = ON. 

r 

Also, since CAN is a right angle, = cos 

and X = ON cos 0 = r sin ^ cos 6. 

So also = sin 

and = ON sin ^ = r sin B sin 

Thus, to convert polar to rectangular co-ordinates, we have 

= r cos B 
JT = r sin ^ cos ^ 
y = r sin B sin 9 

Example , — Find the rcctan^lar eo-ordinaies of the point whose polar co-ordinates 
are (2, 15°, 40°), and draw a figure showing its position^ 
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We have 

z = r cos 0 = 2 cos 15® = 2 X 0*9659 = 1*932 
ar = r sin ^ cos <^ = 2 sin 1 5° cos 40° 

= 2 X 0*2588 X 0*7660 
= 0-396 

v =: r sin a sm<^> = 2 sin 15° sin 40® 

= 0*333 

the rectangular co-ordinates are — 

X = 0*396 
y = 0*333 
z = I *932 

The figure may now be drawn in parallel projection from these values of 
and z. 


Examples. — XCV, 

Find the rectangular co-ordinates of the points whose polar co-ordinates are given 
as follows, and draw figures to scale : — 


1 - (4. SS°. 44°)- 
4 . ( 4 . 35 °. 42°). 

7. (2. 40°, 56°). 
10, (I, 120°, 52°). 


2. (3, 37°, 51°)- 
5. (3-2, 52“, 16°). 
8- (3, 30°. 45°)- 
11. (I, 270°, 90°). 


3- (3, 45°, 120°). 
8- (2, 31 °, S 9 °). 
9. (2, 38% 52=). 
12. (3, 62°, 122°). 


181 . To find the Polar Co-ordinates of a Point when the 
Beet angular Co-ordinates are given. 

Let X, £/, 2, and r be regarded as vectors in the directions shown by the 
arrows in Fig. 159. 

We have, by vector addition, 

x + i/4*z = r 

Squaring 

X* -f t/* + 2* + 2xy + 2yz -r 2zx = 
where the products are scalar products. 

.% + /"-h 2^ + 2xy cos 90® -J- 2yz cos 90® 4- 2zx cos 90® rs 


But cos 90® = o. 


4- 2r2 3 . ^ 


This gives r = a/x^ + 


cos ^ ~ 


z 

aJx- 4 -y 4 - 


tan <!> = 


NA 

AO 


These equations give r, and <f). 


Example . — Mnd the polar co-ordinates of the point whose rectangular co-ordinates 
are (4, 3, 2). 

Note. — In examples such as this the student should always draw the figure, and 
obtain the results directly from the geometry of the case, and not from the formulse 
alone. 

He should form a definite mental picture of the co*ordinates in space, and should 
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not form the habit of simply working from the formulae alone, if he does so thet>e 
examples will become mere practice in arithmetic, and not in geometry. 



and the polar co-ordinates are (5*38, 68°, 37°). 


Exam fles. — XC VI. 


Find the polar co-ordinates of the points whose rectangular co-ordinates are given 
as follows : — 

Give the values of 6 and <p to the nearest degree. Draw a figure to scale in each 
case. 


I. ;c = S,jv = 4,s = 5* 

B, X - 4y y = 2, z - - 2. 
5 . X = 6, = 4, z = S. 

7 . x = z, jy^- 2, z =2 1. 
9 . jr = 18, = 10, 5 = 15. 

II. ;r = 12,^ = - 3, a = 
12 . Prove that x^ -^y 4 - 


2. jr = io,>' = 5, c = 
4 . x: = 8, ;>' = 2, s = 
6. a: = = 1, c = 

8. X =2 6, y =2 4^ z = 

10 . 4: = S, jK = — 2 , a 


= r without using vector algebra. 


4. 

5 * 

I. 


3 - 

= 3. 


182 . Direction of a Straight Line in Space.— The direction of a 
straight line in space may be specified by the three ansrles a, and y, which 
it makes with the three axes of x, 
y and 2 respectively. 

If the line does not pass 
through the origin we can specify 
the direction by considering the 
case of a line parallel to it through 
the origin, so that we need only 
consider the case of a straight line 
through the origin. 

T^e any point P on this line 
and complete the rectangular 
block, having the co-ordinates of 
P as its edges. 

Then, with the same notation 
as before, PMO is a right-angled 
triangle, and 

OM ^ 
cos 7 = = — 

OP r 

Similarly, if we join PA, PAO is a right-angled triangle, and 

OA jr 



COS a = 


OP 
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y 

Similarly, joining PB, we get cos j8 = - 

T 

Cos a, COS and cos 7, are called the direction cosines of the line OP. 
We write cos o = /, cos .8 = ?;z, cos 7 = «, and use the direction Cosines 
/, «, to specify the direction of the straight line OP. 

Note that the angle 7 is the same as the polar co-ordinate ^ of the point P. 


Example. — Thi rectangular co-ordinates of a point P are 6, 3, 3. Find the ano-Us 
which OP makes with the three axes Ox, Ojr, and Oz. 

We have 

r = Afx^ -f j|/- + = V 36 + 9 + 9 = 7*35 

X 6 00. o 

cos a = - = = 0*828 ; . . a = 34® 

^ 735 

cos 5 =-^ = ^ = 0-414; ^ = 65-5° 
cos 7 = i = -L = 0-414 ; 7 = 65-5° 


and the required angles are 


« = 34 °, /8 = 65*5®, 7 = 6S*S° 


183. /2 4- 4. ;2‘- = I. — Considering the case where the position of P is 

such that all its co-ordinates are positive, we see that any two of the angles 
a, /8, 7 would be sufficient to fix the^ direction of the line OP. There must, 
therefore, be some relation connecting a, jS, and 7 so that the third angle 
may be determined when any two are given. 

With the same notation as before, we have 

X X 

cos a = — == - • - - - ^ 

^ ^ aJ x’^ + 4 * 2 ^ 

Squaring and adding, we get 

..L 4^2 «>2 

cos^ a 4- cos‘^ 8 + cos^ 7 = -2”,~^o— 7— 2 = 1 
x^ + j'- + 2^ 

i,e, 4* 4- = I 


This corresponds to the relation cos^ B -4 sin^ ^ = i in plane geometry. 

If we have two of the angles a, 8, and 7 given, we may now find the third 
angle. 


Example. — A straight line makes angles of 60° and 70° with the axes oj x and a 
re’ipectively. Find the angle which it makes with the axis of y. 


We have a = 60°, 7 = 70°. 
We require to find 8. 


cos* a 4" cos* 8 + cos* 7=1 
cos* 8 = 1— cos* a — cos* 7 

= I -* cos* 60® — cos* 70® 
= I ~ ( 0 * 5 )* - (0*342)* 

= I — 0*25 — 0*1170 
= I - 0*3670 = 0*6330 
cos 8 = /i/o*633o = 0*796 

8 = 37*25° 
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184 . Angle between a Straight Line and each of the Co-ordinate 
Planes.— The angle which a straight line makes with a plane is defined as 
the angle which the straight line makes with its projection on the plane. 

In Fig. 160 the angle between OP and the plane Oxy is 

NOP = 90® - POM = 90® - 7 


Similarly, the angle between OP and the plane Oys is 90® - a ; and the 
angle between OP and the plane Osx is 90° — 0, 

The angle between a given straight line and any co-ordinate plane is the 
complement of the angle between the line and the axis, which is perpendicular 
to that plane. 

S.g. in example, § 183. 


a = 60®, $ = 37®, y = 70® 

/. OP makes angles of 30® with the plane 0 _y's, 53® with the plane Osx, 
and 20® with the plane Oxy, 


185 . Representation on a Sphere. — Consider a sphere of unit radius 
with its centre at the origin. 

Let the axes cut the surface of 
this sphere in the points y, and 
ir, and let OP cut the surface in P. 

Then, since the radius of the 
sphere is unity, the planes POx, 

POy, and PO.s- will cut the surface 
of the sphere in arcs whose lengths 
are numerically equal to the values 
of a, 0j and 7. 

Thus the angles which OP 
makes with the three axes may be 
represented on the surface of a 
sphere, as shown in Fig. 162. 

Thus the arc sPn in the figure 

is equal to the arc zP = 7, and 

the arc Pu which measures the 
angle between OP and the plane 

_ . . H Fig. i6a. 

Oxy, IS equal to ~ « 7, 



186 . Example (i). — The redajtgular co-ordinaUs of a point P are (10, 4, 3) 5 
find the angles which OP makes with the three axes of co-ordinates, 

W e have 

OP 4- £2 = ^125 = ii*i8 

cos « = ^ = 0*895 = cos 26*5° ; .% a = 26*5® 

cos 3 ='^=Y^ = 0-358 = cos 69®; :.$ = 69° 

cos 7 ^ ~ 74-4° 

Example (2). — The polar co-ordinates of a point P are (5, 36®, 42®); find the 
angles between OP and the three axes of rectangular co-ordinates. 
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We have 

7 = 0 = 

^ ^ = sin c* cos <p 

cos a = ^ ^ 

= sin 36° cos 42° = o’S88 x 0743 = o ‘437 = 64 

.-. a = 64° 

y y'.sin d sinj _ g - g gjj^ ^ 
cos jS = - = y ^ 

= lin 36“ sin 42° = 0-S8S x 0-669 = 0-393 = cos 67 

.•.0 = 67° 

and the three angles which OP makes with the aaes are 

a = 64^ 0 = 67®. 7 = 36 

E XAMPLES. — XCVII. 

. a f P are ( 8 . 2). Draw a figure to scale 

„ .1;J£ 

“T“The P ( 3 - 4 . «)- 

r A rectangnlar block has its edges 3 4 > 

cosines of OP; .. .f P are (3-2, 52“, l 6 “). 

nrakes with^the“three axes of rectangnto co-ord^ OP 

7 . The polar co-ordinates of P are ( 2 , 31 . Sy i 

makes with the three co-ordinate axes projection of OP on 

8 . The polar co-ordinates ot r are / 

l-^hThe^^es^T " aST Ih? rrtcta^gSi:: 

co-oidinates of the point P. ^ makes angles of 59° and 67° with Ox and Oji 

10 . A straight line, 3’52 V^^f’nmiections^on the three axes, 
respectively. l="|fe°an?lerof 40° and 60= with the axes ot y ^nd x 

resp«tivtly!‘“vhat argledoesU^ Qs and O* respectively. 

12 . A straight line makes ^gles ot 59 ana 

What angle does it make with - - < 2 ° v = 65®. Find jS. 

13 for a certain straight line a - 52 > 7 0 

14: If a = 59 °. ? = 67°. Ox and 71° with Oy. What angle 

15 . A straight line makes angles or 55 
does it make with the plane Oxy ? 

187 . TO tod the Length and Direction of the Line Joining two 
given Points. ^ ^ and of a point 

Construct the rectangular ^formed by t^^^^ co-ordinates of A untU 

Then, if we produce the edges of ^e^ coordinates of B we obtam a thud 

f^kT^Or blo&vuS AB as its diagonal. The edges of thts block are 
3-4 = 4 parallel to Ox 

5"!-? ” Os 

3-2=1 l> 
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5 . There is a curve whose shape may be drawn from the following values of x and y 


X in feet . . 

3 

3*5 

4'2 

4-8 

y in inches . 

10 ' I 

1 

12*2 

I 3 'J 

11*9 


Imagine this curve to rotate about the axis of x describing a surface of revolu* 
tion. What is the volume enclosed by this surface and the two end sections 
where a: = 3 and x = 4*8 ? (25) 

6. If ^ ^ sin cos pt for any value of t where a, and p are mere numbers ; 

show that this is the same as a: = A sin (//--h e) if A and e are properly 
evaluated. (25) 

7 . Let a closed curve rotate round a straight line in its own plane and generate 

a ring ; state and prove the two rules for finding the volume and surface of the 
ring. (25) 

8. Two sides of a triangle are measured and found to be 32*5 and 24*2 ins. ; the 

included angle being 57°, find the area of the triangle. Prove the rule used 
by you. If the true lengths of the sides are really 32'6 and 24‘i, what is the 
percentage error in the answer ? (20) 

9 . The polar co-ordinates of a point are r = 5 ft., a = 52® ; = 70®, find the jf, 

and z co-ordinates j also find the angles made by r with the axes of co- 
ordinates. (25) 

10 . Define carefully what is meant by the Scalar Product of two vectors and by the 

Vector Product of two vectors, giving one useful example of each. (30) 

11 . There is a piece of a mechanism whose weight is 200 lbs. The following values 

of s in feet show the distance of its centre of gravity (as measured on a skeleton 
drawing) from some point in its straight path at the time / seconds from some 
era of reckoning. Find its acceleration at the time / = 2*05, and the force in 
pounds -which is giving this acceleration to it. 


s 


0-3090 

2*00 

0-4931 

2-02 

0*6799 

2*04 

o'S/Oi 

2 -06 

1*0643 

2-08 

1-2631 

2'10 


(as) 

12 . What is meant by the symbol Explain how it may be represented by the 
slope of a curve. State its value in the cases 

y = y = y = a sin (bx -f- 

y = acos (bx + tf), y = loge (x + b), (30) 

18 . Find 

J'p . if pz/‘ = , a constant 

(1) when s = 0*8, 

(2) when j = I. (25) 
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A A.^D = 8 “ 4 = 4 
DB3 = 5 ^3 = 2 
and A3B3 = ^/20 = 4*47 
Similarly A^Bj = ;^/'4 -f i = 2*24 
and AgBg = a,/ 16 + i =4*12 

When the length and direction cosines /, n of AB are known, its 
projections on the three co-ordinate planes may also be found as follows : — 

We have angle ABC = 75 A3B3 = AC = AB sin 7 = AB^i — 7^, 
Similarly A^Bj = AB sin a = AB y^i - 
A2B2 = AB sin )S = ABy^i — 

189 . To tod the Iiength and Position of a Straight Line when 
its Projections on Two Perpendicular Planes are given.^ — On reference 
to Fig. 163, it is seen that a straight line is determined by its projections on 
any two of the co-ordinate planes, for if A^Bg and A3 Bg are given, a plane 
through A2B2 perpendicular to the plane Ozx and a plane through AgB^ 
perpendicular to the plane Oxy will intersect in the required line AB. 

The co-ordinates of A are the same as the corresponding co-ordinates of 
Ao and A3, viz. — 

the X co-ordinate of A = the x co-ordinate of Ag and Aj 

y » » ^ ~ a y 5 ? » ^3 

J> )5 >5 A = „ „ ,, A2 

Similarly, the co-ordinates of B are the same as the corresponding 
co-ordinates of B2 and Bg. ** 

The co-ordinates of A and B are now known, and the length and direction 
cosines of AB may be found. 

Example. — Thi projections A^Bj and A3B3 of P<S on the plmtes Oyz and Oxy 
respectively are given as follcnos : — 

The co-ordinates of A, are (o, 4, 2) of B, (o, 7, 4) 

„ A3 (5, 4, o) (j/’Ba (8, 7, o) 



Fig. 164. 


Draw a figure showing the position of AB, and calculate iU length and the angles 
which is makes with the axes of co-ordinates. 
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3^7 

From the figure the co-ordinates of A and B are (5, 4, 2) and (S, 7, 4) respectively. 
The length and direction cosines of AB may now be found 

AB = a /9 4- 9 + 4 = 4*69 

To find the angle which AB makes with the axis of z, we have 

AjBj = V9 + 9 = 4*24 
~ ~ 

y = 64-S'> 

Similarly, a and .8 may be found. 


Examples.— -XCIX 

1 . Write down the values of the angles which AB makes with each of the three 
co-ordinate planes in Examples XCVIII., 1-4. 

2 . Draw figures to show the projections of A B on the three co-ordinate planes in 
Examples XCVIII., I-4. Calculate the length of the projection on the plane Oxy 
in each case. 

3 . Find the distance between the points (i, 2, i) and (3, 3, —2), draw a figure to 
show the position of the points and the line joining them, and find the angle which 
the joining line makes with the plane Oxy. 

AiB„ A,B„ A3B3 are the projections of a straight line AB on the planes Oyz, 
OzXf Oxy respectively. Draw figures to show the position of AB, and calculate its 
length when the co-ordinates of the following points are given : — 

4. A, (o, 4. 2) ; B, (o, 6, 5). 6. A, (4, o, S) ; B. (7, o, 5). 

Aj ( 5 , 4. o) : Bj (7, 6, o). Aj (4, S, o) ; Bj {7, 4, o). 

e. A, (o, I, 3) ; Bi (o, 4, 5). 

Aj (5, o, 3) ; B„ (6, o, 5). 

7 . Find the angles which AB in example 4 makes with the planes Oxy 
and Oyz. 

8. Find the angle which AB in example 4 makes with the plane Ozx^ draw a 
figure to show the projection A2B0 of AB on the plane Ocjr, and calculate the length 
of A2B0. 

9 . A straight line PQ, 5 inches long, makes angles of 45° with Ox and 55° with 
Os. Find the lengths of its projections on the three co-ordinate planes. 

190. Angle between Two given Straight liines.— Let OP and OQ be 
two given lines whose direction cosines are (/i, and ( 4 , w„, n^) 

respectively. We require to find the angle POQ = 6 between OP and OQ. 

Let OP = OQ = and let the co-ordinates of P and Q be (-I'l, Ji, 
and (.t'g, ■^ 2 ) respectively. 

Then /, = S, wz, = k, = 

= = fa 

Consider Xy z, and x^ z^ r. as %’ectors. 

Then, by vector addition, 

ri- x-, + y^ + r, 
fa = at, + i/j 4 z. 
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By multiplication, we get the scalar product 



= (jfi + + Zi){x. + yo + z.) 

= X1X2 + i/ii/s + ZiZs + x,y, + x,Zi + yiz^ 

+ yiXi + Zix. + (p. 306 ) 


Since the scalar product of two linear 
vectors is the product of their lengths 
into the cosine of the angle between 
them, the last 6 terms in this expression 
vanish, being the scalar products of pairs 
of perpendicular vectors, 

/. we have 


-3/ 


cos 6 = cos 0° +/1/2 cos 0° 
+ cos 0 ° 

= -^ 1^2 + flJ'2 + ^ 1^2 


A cos ^ = 


£i£2 


-f- ZlZ? ^ -^1^2 


= /j/g + "h ^1^2 


Example (i).— /zW to the nearest de^ee the angle 6 between the straight lines OP 
aWOQ, when the co-ordinates of 9 and Q are (3, 2, 5), a7td {4, 3, i) respectively. 

This case Is shown in Fig. 165. 

Let the direction cosines of OP and OQ be (/j, Wj, «i), and (/j, n^) respectively, 


We have 

OP = A/ 9 "h 44 ' 25 ==is/ 3 ^ 

OQ = 4^16 + 9+ I = V26 
/, = cos K)P = 4 = cos ^OQ = 

VsS V 20 

= cos yOP = ^2 = cos;/OQ = 

V 30 V 20 

= COS sOP = — «2 = cos 2OQ = — ^ 

V3S V26 

/, cos = /j/a 4 " nti-m^ + «i«2 

V3S V26 ^ V38 /v/26 ^38 V26 

23 = 0732 = cos 43*^ 

POQ = 0 = 43 ^^ 


Example {2 ). — The polar co-ordinates of two points P and Q are (2, 15°, 45°)) and 
{3» respectively. Find the angle 6 between OP and OQ. 

With the same notation as before, we have 

^ ^ ^ ^ = „,,g 33 

^ =i^L!HliSl!i!M5! = o.,832 

^ ri 2 


^ = ;r 


2 cos 15*=^ 


: 0-9659 


2 
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, 3 sin 56^ COS 60° „ 

4 = = 0*8290 X 0*5 = 0*4145 

3 sin 56® sin 60® „ 

^ - 0*8290 X o‘So6 = 0*7175 

3 cos 56® 

= 0*5592 

7 . cos 6 = //s 4- ^ 1^2 4* 

= 0*076 4- 0*132 4- 0*540 = 0*748 = cos 41*5® 

, POQ = 0 = 4I'S‘^ 


Since the direction cosines of a line from O are proportional to tiie rectangular 
co-ordinates of any point on it, the figure may be drawn in parallel projection when 
the direction cosines of the two lines arc known. 


Examples.— C. 

1. The straight line AB makes angles of 59® and 40® with Ojt and Oy respectively. 
AC makes angles 43® and 61® wdth Ox and Oy, Calculate the angle BAG. 

2 . OA makes 32® with Ox and 74® with Oy, 

OB y, 67® 0 ;r ), 60® yy O/. 

Find the angle AOB. 

3. OP makes 45® with Ox and 50® with Oy. 

OQ „ 60® „ Ox „ 70® „ Oy. 

Find the angle POQ and the length of the line PQ, taking OP = i and OQ = 1. 

4 . The rectangular co-ordinates of P are (3, 4, i), of Q (2, 4, 3). Find the angle 
between OP and OQ correct to the nearest degree. 

6. Co-ordinates of P are (4, 2, i) and of Q (2*5, 2, 3). Find the angle POQ, 
and draw a figure to scale in oblique parallel projection. 

6. Co-ordinates of P are (5, i, 5) and of Q (r, 6, 2). Find the angle POQ, and 
draw a figure. 

7 . Co-ordinates of P are (1*5, o*S, 1*2) and of Q (i'2, 2*8, 1*7). Find the angle 
POQ, the length of PQ, and the angles which it makes with the three axes. 

8. Co-ordinates of P are (3, 4, i) and of Q (--3, 4, i). Find the angle POQ, and 
draw a figure. 

9 . The polar co-ordinates of P are (3, 45®, 30®) and of Q (3, 60®, 50®), Find 
the angle POQ. 

10 . Verify that the relation 

cos Q = 44 4 " + Kl?l2 

holds good when the two straight lines are Ox and O/, and also when the two straight 
lines are in the directions Ox and> 0 , 

11 . A is a point in a mine 200 ft. below the surface, B is 150 ft. E. and 50 ft. 

S. of A and 250 ft, below the surface, C is 350 ft. E. and 50 ft. K. of A and 80 ft. 
below the surface. Straight passages are cut from A to B and from B to C. Find 
the angle between them at B. 
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SOLID GEOMETRY-JPLANES 

191. Traces of a Plane. — Any plane cuts the three co-ordinate planes in 
three straight lines, called its traces, forming a triangle. 

Any two of the traces are sufficient to determine the plane* 



Fig. i66. 


Thus, in Fig. ii6, AB, BC, and CA are the traces of the plane ABC. We 
shall denote the lengths OA, OB, OC which the plane cuts olf from the axes 
by taken positive when measured in the positive direction along the 
axes. 

We shall use with this meaning to specify the position of a plane 
by means of its traces. 

Thus, in Fig. ii6, for the plane ABC 

a = 3, 3 = 1*7, ^=2'i, 

and for the plane AB^C 

a = 3 , -'<5 = - r6, c = 2 'i 
To find the lengths of the traces we have 

AB = BC = CA = 


192. Measurement of Angles between Straight Lines and Planes.— - 
A straight line is said to be perpendicular to a plane when it is perpendicular 
to every straight line in that plane. 

The angle between two planes is measured by the angle between two 



Solid Qeometry—Pianes 331 


lines draiTO one in each plane perpendicular to the line of intersection of the 

two planes. 

In Fig. 167 OPQR is a rectangle ; OP and Oj' are perpendicular to the 
line of intersection Ox of the two 


planes OPQR and Oxj ' ; the angle be- 
tween the two planes is /OP or POy, 
Draw OT perpendicular to the 
plane OPQR. 

Then, if we suppose the plane 
OPQR to lie originally in the plane 
Oxy, so that OT coincides with 
and to rotate about Ox to its present 
position, OT evidently turns through 
the same angle as OP, and therefore 
the angle sOT =/OP = angle be- 
tw^een the planes OPQR and Oxy, 
Thus the angle between any two 
planes is equal to the angle between 
two perpendiculars to the respective 
planes. 



193. Length and Direction of the Perpendicular from the Origin 
to a given Plane, — Let OP be the perpendicular from the origin to the 
plane ABC,^ its length, and (/, n) its direction cosines. 


z 



In the figure BPO Is a right angle, and 
b 


m — cos vOP = cos rOP / = cos xOP 

^ c a 


^2 ^2 

.*• '2 +7:2 + -2 = ^ + ?/“=! (p. 322) 


^ ^ a- 




?)• 

*./ = • 
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and / = - 
a 



a 



I 



I 

h 


V; 


^3 + ^ ^ 


I 

c 



I 



Example. — A plants ABC, cuts off lengths, a = 6, ^ = 4, <r = the axes of 

Xy j/y and z. Find the length and direction cosines of the perpendictdar from O to this 
plane. 

These values are taken in Fig. 168. 

We have 


* H- i - / L . j- r i 

p ~\/ r '~ \/ 36 *^16 *^9 


12 


*23 


4/29 


0*37 


b 4 


2‘23 




P - 2-23 

^ 3 


0*56 

0*74 


29 

12 


To find the position of P in the figure, drawn in parallel projection, we note that, 
if BP and CP are produced to meet the opposite traces in H and K, it may be showm 
by plane geometry that in the right-angled triangle OCA, 


So also 


AH : HC = 

AK : KB = : b^ 


Aceordingly, to draw the figure, we first find the points H and K ; then the inter- 
section of B H and C K gives the position of P in the plane. 


194 . Inclination of a given Plane to the Axes and to the Co- 
ordinate Planes. — In Fig. 168 PB is the projection of OB on the plane ABC, 
and the angle OBP or its supplement measures the angle between the plane 
ABC and the axis oiy. But 

\ 

sin OBP ^ 

\J + i + ? 

This gives the angle between the plane and the axis of y. Similarly, the 
angles between the plane and the axes of z and x may be found. 
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The angles between the plane ABC and the co-ordinate planes are the 
complements of the angles between ABC and the axes. 

Thus the angle between ABC and Osx is measured by the angle 
OHB = complement of OBP, which has been found. 


EXAMVI.E.—A j>lam, ABC, cuts off tenths o/ 8, 4, $ from Ox, Or, and Oc, 
respectively, Fmd the angles (i) between the plane ABC and the axis between 

ABC and the plane Oxy. 

We have 





/ i_ -L JL 

\/ 64 16 25 


sin OBP = j = 0*727 = sin 46*6° 

/. OBP = 46-6® 


2*907 


The angle between the planes ABC and Oxy — OKC = COP, and 

COR COP = 0*5816 = cos 54' 4 

Thus the plane ABC makes angles of 46*6® with the axis of y, and 54*4® with the 
plane Ojc^. 


Examples. — Cl. 

1 . The traces of a plane on the three co-ordinate planes join the points (10, 0, o), 
(o, 7, o), (o, o, 6). Draw' a figure to scale to show the positions of the plane, and of 
the foot of the perpendicular drawm from the origin to the plane. 

2. a, b, c are the lengths cut ofi' from the three axes of co-ordinates by the 
plane ABC. 

Draw figures to scale to show the position of the plane ABC in the following 
cases ; — 


a — 20,b — c — 12 
^ = 20, ^ = — 10, ^ = 15 
^ — 26, ^ = 12, r = — 14 

3 . The traces of a plane ABC join the points (3, o, o), (o, 2, o), (o, o, 4). Find 
(i) the length of the perpendicular OP from O to the plane ABC, (2) the angles 
between the plane ABC and the axes of x and^, (3) the angles which the plane ABC 
makes with the planes Oya and Osx. 

4 . A plane ABC cuts oflf lengths, ^ = 8, 3 = 5, r = 3, from the axes of x,y, and z 
respectively. Draw a figure and find (i) the length of the perpendicular OP from the 
origin to the plane ABC, (2) the angles w'hich OP makes with the three axes, (3) the 
angles w'hich the plane ABC makes with the axis ofz and the plane Ozx. 


195. Xxine of Intersection of Two Planes. 

The intersection of tw^o planes is a straight line which must pass through 
the intersections of each pair of traces, produced if necessary. 

In the figure QPR is the intersection of the planes ABC and AiBiCi, 
which cut off lengths (10, 5, 3) and (3, 4, 5) from the axes. 

Note that in the figure the three points of intersection Q, P, R must lie 
in a straight line. 
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To find the projection of QPR on the plane Oxy^ we already have one 
point R where QPR crosses the plane Oxy. 



Another point on the required projection will be given by the projection 
of Q or P on the axis of .r or y. In the figure QiPjR is the projection of 
QPR on the plane Oxy, 


Examples. — CII. 

1 . Two planes cut off lengths {a, b, c) and {a^ c^) from the axes of x, y, and z 

respectively. Draw figures to show their line of intersection by means of its traces 
on the three co-ordinate planes, and the projection of this line of intersection on the 
plane Oxy. 


(a) a = I, = 2 , ^ = I ; = 2, = 2*5, = 3 

($) c = 2, ^ = 3, c = I ; = -“ 3 » = 2 , ‘J*! = 2 

(7) a = 3, ^ = 3, ^ = 3 ; ^1 = - 3, ^1 = - 3, ^ = 4 

Note that in 7 the line is parallel to the plane Oxy, and the trace in that plane is 

at infinity. 

2 . If = 5, 3 = 3, d: = 3, = 3, = 4, = 6, find by construction and 

measurement the co-ordinates of the points P, Q, and R, in which the line of 
intersection of the two planes cuts the tinee co-ordinate planes. 


196. Angle between Two given Planes.— To find the angle between 
two planes whose traces are given. 

Let ABC and AiBiCj (Fig. 170 ) be the given planes, and let OP and OPj 
be perpendiculars from the origin to these planes. Then the required angle 
B between ABC and AiBiCi is equal to the angle POPj between the per- 
pendiculars. To calculate it we first find the direction cosines (/, m, //) and 
(4, of OP and OPp 

Then cos ^ 4 - - 4 - and hence B may be found. 
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Example.— the an^k between the two pla 7 ies A, B, C, a^id Aj, Bj, Ci, where, 

with trie usual 7 wiation, 

a = 2, = I, r = I ; = 2-5, = 2, = 3 



196 a. Equation to a Plane.— To find the equation to the plane ABC 
(Fig. 170), whose traces arc given. 

Let Q be any point (a', /, z) on the plane, OQ = r, angle POQ = 

Then direction cosines of OQ are (^^5 p “j, of OP • . . § 190. 

i) X i) V 4) z i) 

Since OPQ is a right angle, cos 0 + - -t + - •- 

X a to) r r a r b r c 


This equation is satisfied by the co-ordinates of any point Q on the plane, 
and is therefore the equation of the plane. 


Examples.— cm. 

1 . With the same notation as before, 

= 8, ^ = 3, ^ = 4 ; = 9 j ^1 = = 9 

Find the angle between the two planes. Draw a figure in parallel projection to scale 

2. = 10, ^ = 5 , ^ = 6 ; = 4, = 5, = 3 

Find the angle between the two planes, and draw a figure to scale. 



CHAPTER XXIV 


VOLUMES OF SOLIDS 

197, Volume of any Solid. — ^Cousider the case of a solid in which the 
crosS'Sectionai area perpendicular to a fixed axis in the solid follows some 
known law, as pass from point to point along that axis. 

We may, for instance, know the way in which the area of the horizontal 
section or water-plane of a ship varies from point to point along an axis 
drawn vertically &om the keel. 

Let A be the area of tire water-plane of a ship when the keel is x feet 
below the surface, and let V be the displacement, i.e, the volume under 
water. 

Suppose the ship to sink deeper into the water by a further small 
distance 

Then the displacement is increased by a thin plane layer of water of 
area A and thickness ; ue. if 5V is the increase in the displacement 

5V = Klx 

But we may imagine that the whole displacement V to any draught h 
is made up of a number of such thin layers of volume SV = ASr, and, there- 
fore, the whole displacement V is the sum of the terms Klx from = o to 
x—h. 

In the limit, as x is made smaller and smaller, this sum becomes J Adx. 



In the same way it can be shown in the general case that, if A is the 
cross-sectional area of any solid measured perpendicular to a fixed axis in 
the solid and at distance x from a fixed point on that axis, then the volume 

of the solid enclosed between two sections zX x ^ a and ^ is 

In order to find this integral we must know the law connecting A and x. 
This law may be given by an equation, or by an empirical series of 
corresponding values. In the latter case the integral must be found by the 
graphic method. 


Example. — Thi following table gives the area A of cross sections perpendicular to 
thx letigth of a piece of timber at distances x from one end. Find the volume of the 
Umher oj accuraiely as you can Jro7n the given data. 
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s feet . . 

0 

6 

1 ^5 

23 

30 

A square feet i 

4*17 

6-is 

1 7'96 

00 

875 


P 

We have shown that the volume V = I Ad:r. 

J c 

Plotting A and a: we get the curve PQ. 



10 15 20 25 30 

Values of X ft 

Fig. 17X. 


The required definite integral is the area between this curve and the axis of jr. 
This is found to be 222*3. 

V = 222*3 cub. ft. 

If the areas of the cross-section A are measured at suitable sufficiently small 
intervals, we may calculate the volume of the solid directly from these without 
drawing the curve PQ, either by finding the mean cross-section A by the method of 
Chapter IX. or by Simpson’s rule, which is sometimes known in this application as 
the Prismoidal Formula. 


Examples. — CIV. 

1 . The following are values of the area in square yards of the cross-section of a 
railw^ay cutting taken at intervals of 6 ft. How many cubic feet of earth must be 
removed in making the cutting between the two end sections given ? 

70, 88, 94, 93, 87, 76 

2 . A is the cross-sectional area of a piece of oak at distance x from one end. 
Find its weight. One cubic foot of oak weighs 48 lbs. 


X feet . . 

0 

2 

4 

6 

8 

10 

A square feet 

i '7 

2*2 

29 

37 

4*9 

5*5 
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3. his the height in feet of the surface of the water in a reservoir above the lowest 
point at the bottom. The reservoir is filled to various heights, and the area A 
measured as follows : — 


h feet . 

0 

14 

i 

24 

36 

76 

96 

no 

120 

A sq. ft. 

0 

21000 

33000 1 

! 

36700 

42000 

44500 

52500 

60500 


How many gallons of water does the reservoir hold when full to a depth of 120 ft. ? 
x\lso, how much water leaves the reservoir when the surface level changes from 120 ft. 
to 60 ft. ? I gallon = 0*16046 cub. ft. 


4. A is the area of the surface of the water in a reservoir when full to a depth h. 


h feet .... 

60 

SO 

40 

30 

A, square feet 

37100 

25900 

16700 

9500 


The depth is originally 60 ft. ; water is pumped out of the reservoir to a height of 
100 ft. above the bottom until the depth is 30 ft. 

A{ioo — h)dh ; where w = weight of i cub. ft. of 


/•so 

i = 

j 60 


Find the work done ; 
water = 62 *3 lbs. 

6. A is the area of the surface of the water in a reservoir when full to a depth h. 


h feet . . . i 

0 

IS 

25 

35 

45 

A square feet 

2000 

4500 

20000 

30000 

50000 


How much water does the reservoir hold when full ? Construct a table showing 
the supply of water in the reservoir for different values of the depth at intervals of 
5 ft. from 20 ft. to 45 ft. 


6. A is the area of the water plane of a vessel at a distance x above the keel. 


X feet , , , 

2 

4 

6 

8 

10 

A square feet 

2690 

363s 

4320 

4900 

5400 


Find the total displacement of the vessel for a draught of 10 ft. 

The displacement in tons is equal to the weight of the vessel ; what weight is put 
into the vessel when the draught increases from 7 ft. to 10 ft. i ton of sea water 
measures 35 cub. ft. 

7. The area of the water-plane of a certain vessel is found to vary as where 
h is the distance above the keel. When h is 20 ft. the area of the water-plane is 4S10 
sq. ft. Find the total displacement in cubic feet for a draught of 20 ft. 



Volumes of Solids 


339 


198. A surface of revolution is generated when a plane figure rotates 
about an axis in its plane. 

E.g. a cone or cylinder is formed when a straight line rotates about an 
axis in its plane ; a sphere when a circle rotates about a diameter ; a paraboloid 
of revolution when a parabola rotates about its axis. 

The rotating curve which traces out the surface is called the generating 
curve. 

The section of a surface of revolution by any plane perpendicular to its 
axis is a circle. 



199. yolume of a Solid of Revolution. — Let the curve PQ represent j/ 
as a function of x- from = OA = ^ to = OB = A 

Let PQ and the ordinates AP, BQ, rotate about the axis of so as to 
generate a surface of revolution whose 
section by the plane OXY is PQSR. v/ 

To find the volume of the solid en- 
closed by this surface, suppose the solid 
cut into thin circular discs by planes 
perpendicular to OX. 

The area of any section is and 
its volume where Sx is the thick- 

ness of the disc, and j the ordinate at 
some point wdthin it. 

The whole volume of the solid is thus 
the sum of a number of terms of the 
form TTj^Xj which w'e wTite 

Now suppose the number of sections 
into which the solid is cut up to be in- 
definitely increased, and the thickness f’lQ- 17 a* 

dx of each section to be indefinitely 
diminished. Then the limit of the sum is 


B 



(§ 130) 


Thus, if a curve representing/ as a function of ;ir rotates about the axis 
of Xj so to trace out a surface of revolution, the volume enclosed by this 
surface between the sections at ;ir = and ^ is 



If the equation connecting / and ;ris known, the volume may in many 
cases be found by integration ; and if the form of the curve is known, the 
volume may always be found by graphic integration by the method of 
Chapter XVII. 


200. We shall first consider examples of solids of revolution where the 
equation to the generating curve is known. 
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Example {i),— To Jind the volume of aright circular cone^ having givcTi the height h 
and the radius a of the base. 

The cone is formed by the revolution of a straight line OA about an axis OH. In 
the fiirure, OYi =■ h^ HA = a. 

Take OH as axis of x. Then, if (:r, y) are 
the co-ordinates of any point P on OA, 

y a 

- = jand;r= j 

The volume of a circular disc of thickness dx 
and radius y is vy"Bx. 

/. volume of cone = limit of the sum of such 
discs as Bx is made smaller and smaller. 



= I xy-dx = I 

s= J(area of base) X (height) 


Example { 2 ). —The curve y = rruolves about the axis of y. Find the volume oj 
the solid thus formed between the sections where y = i and y = 3. 

We here suppose the solid divided into 
circular elements of thickness and radius x 
by planes perpendicular to the axis of^. 

We have y = ^ = (3^)^- 

Then the volume of an element = Ttx'By^ 
and the whole volume of the figure = 





■x'^dy 


{3^-1} 


= 35 

5 

= 20-ss 


Example (3). — Find the volume of a sphere of radius a. 
Take two perpendicular diameters, OA and OB, as axes. 



Flo. 175- 
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Tben the sphere is generated by the revolution of the circle APB about the 
axis of X. 

If {x, }') are the co-ordinates of any point P, on the circle, .v® = ^r. 

Divide the sphere into thin circular elements of thickness, Sx^and radius ^ by 
planes perpendicular to the axis of x. 

Then the volume of an element = irj-Jx, 


r-fc 



Example (4). — Fmd the volume of the frustum of a spha-e of radius 3 inches lying 
hetiveen two parallel planes on opposite sides of the centre^ and at distances i and 2 inches 
respectively from the centre. 

Take the centre as origin, the diameter perpendicular to the two end sections as 
axis of X, and any diameter perpendicular to this as axis of 

Then the frustrum is formed by the revolution of an arc of a circle about Ox. 

The limiting values of x are — i and 2, and it follows, as in the previous example, 
that 



Example (5 ). — Prove the formula for the volume of the frustum of a cone, 

r . + P) 

Let the trapezium ABOD rotate about AB, so as to generate a frustum of a cone. 



Fig. 176. 



342 


Practical Mathematics 


Produce CD and BA to meet at O. 

Take O as origin, OA as axis of x, and a straight line parallel to BC as axis of y. 
Let OB = OA = BC = - 5 , AD = a, AS = k. 

Then at any point P [x^ on CD 

y b . bx 
andjj/ = - 


• V 

also a = 


' b. 


Volume of frustum 




vy^dx 


^rrb'X^ ^ I' bi* — 7 / J 

3 


) 


V {b*h^ , , h’'-hd\ 

= + "v") 

= — , ^ . (tf“ "i" -f- 0*) 


Examples. — CV, 

1 . Find by integration the volume of a cone having radius of base 3 ins., height 
4 

2 . Find by integration the volume of the frustum of a cone, the radii of the two 
ends being 2 ins. and 4 ins. respectively, and the height 3 ins. 

3 . The curves = rotates about the axis of x. Find the volume of the portion 

of the solid of revolution generated which lies between the origin and the section at 
^= 3 * _ 

4 . The parabola y = ImJ x rotates about the axis of x. Find the volume of the 
paraboloid of revolution generated between the origin and the section at = 4. 

5 . A sphere of radius 6 ins. is cut by two parallel planes on opposite sides of the 
centre at distances 4 ins. and i in. from the centre. Find the volumes of the frustum 
between the tw^o sections, and of the smaller segment cut off from the sphere by the 
plane at a distance of 4 ins. from the centre. 

Note. — Do not use the formula, but perform the integration in full. 

6. Find the volume of a frustum of a sphere of radius 4 ins., which is cut off by 
two parallel planes on opposite sides of the centre, and distant 3 ins. from the centre. 

7 . Prove the formula, given in § 44, for the volume of a zone of a sphere. 

8. The ellipse = i rotates about the axis of x. Find the volume of the 

16 9 

ellipsoid of revolution which it generates. 

8. The curves = x‘ — 2x 2 rotates about the axis of x. Find the volume of 
the solid of revolution generated between the sections at ^ = o and = 2. 

10 . The curve jj/ = rotates about the axis of x. Find the volume enclosed by 

the surface of revolution generated and the sections at ^ ^ and x — b. Given y = m 

when X ~ a ; b, m, and n are known constants. 

11 . The figure formed by the curve y = 4 x^, the axis of y^ and the straight line 
= 4 rotates about the axis of y. Find the volume of the solid of revolution 

generated. 


201. Graphic Determination of Volumes enclosed by Surfaces of 
Revolution. — Instead of having the equation to the generating curve given 
as in the above examples, we may have the form of the curve given by a list 
of tabulated values. 

The volume enclosed by the surface = 
a graphic method. 


/: 


Try-dx may then be found by 
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Example.-— are corres^ondhtg z-alnes of y and x for a certain curzis. 
This €tin*e rotates about the axis of x so as to generate a surface of revohiiio 7 i. Find the 
volume enclosed by this surface a?id the two end sections^ where or = 2'4 asid x =■ io*6. 


x inches 

2*4 

4-6 

7 

9*4 

10*6 

y inches 

i i-ss 

1 

2*13 

i 

2-32 

1-65 

i 

0 


Plotting these values of y and a-, we get the curve PQ. 



The volume enclosed by the surface of revolution generated by the rotation of this 


curve and the ordinate N P about the axis of x 


-L 


.r 

J 2-4 


Tty'dx 


y^dx 


Taking values of y from the curve PQ, squaring them, and plotting, we get the 
curve RS representing as a function of x. The area between this curve and the 
axis of X from x = 2*4 io x ■= I0'6 is found by Simpson’s rule to be 32*16, This is 
no -6 

the value of I y'^dx, 

J 2-4 

: the required volume of the surface of revolution is 



y^dx = » X 32*16 = loi cub. ins. 
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In practice it is not necessary actually to draw the curve RS. In the formula for 
Simpson’s rule we may substitute the values of the squares of the ordinates taken from 
the curve PQ at the proper intervals. The result will give the area under the curve 
RS, which is equal to jy-dx. 

The student should, however, in working the first few examples, draw both curves 
as in the above examples, until he has become familiar with the method. 

Examples. — CVI. 

The curves given by the following lists of values of ^ and y rotate about the axis 
of X. Find the volumes of the solids of revolution which they generate between the 
specified limits. 


1 . 


X inches 

2 

3 

4 

5 

6 

7 

8 

y inches 

5-15 

5 '54 

5-63 

5-46 

4*So 

3-86 

3*16 


Between = 2 and x Z. 
2 . 


X inches . , 

i 

0 

xo 

15 

20 

25 

y inches . . 

10 

6-93 

7*21 

9*8o 

15*03 


Between x ^ o and = 25. 

3 . 


X inches 

0 

1 

1*5 

2 

2*5 

3 

3*5 

4*0 

y inches 

0-5 

i 

0*9 

roS 

1*17 

1-24 

1*2 

I -05 

0*8 


Between x = o and :«: = 4. 
4 . 


X inches . , 1 

1*99 

2 ’80 

3*412 

3*919 

4*359 

i 

4*75 

y inches . . 

x-8 

i’6 

1*4 

1*2 

I 

0-8 


Between x = 2 and x = 4*5. 
5 . 


X feet . 

0-5 

f 4 

2 

2*7 

3*5 

4*2 

4-6 i 

5*3 

6 

y inches 

12*37 

1278 

12*62 

11*78 

10*89 

10-56 

i°' 4 S ! 

1 

10*69 

12*04 


Between x = o'5 and x sz 6 . 
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6. A buoy IS m the form of a solid of revolution floating with its axis vertical d is 
Its diameter at depth h below the surface of the water. Find the weic^ht of water 
displaced by the buoy. One cubic foot of sea water weighs 64* r i lbs ^ 


Depth below water-line (feet) j 0 

1 

0-6 

0, 

1-25 

1*50 

rSo 

2 

Diameter (feet) . . . . j 6 

1 ! 

5-90 1 

s-s 

5*55 

5-25 

470 

4*20 


The bottom of the buoy is flat, and at a depth of 2 ft. 




CHAPTER XXV 


CENTRES OF GRAVITY 

202, In Chapter XXL we defined the centre of gravity of a number of weights 
supposed concentrated at isolated points, and obtained expressions for its 
position. 

If (x,/) are the co-ordinates of the centre of gravity of weights 
nt^ , . . situated at the points (^i, J'l), (^ 2 ' Js) • • • then 

- _ MiXi 4- 4- . > « _ 'S.imx) 

Ml -f “h ^^3 + • • ‘ 
y = ^1,^1 + ^2.^2 + ^3J^3 -h > » « „ 

+ ^2 + ^3 “h • • • 

203. Centre of Gravity of Distributed Masses.— If any figure is cut 
out in a thin stiff uniform material, such as sheet metal or cardboard, there 
is a certain point in the plane of the figure through which its resultant weight 
always acts so that the figure will balance if supported only at this point 

In this sense we speak of the centre of gravity, or centre of mass, of a 
plane area. The position of the centre of gravity will evidently depend only 
on the shape of the figure, and not on its material, so that in finding the 
centre of gravity of a figure we may take the area of any portion as equal to 
its weight. 

The centre of gravity of a figure is also known as the centre of area, or 
centroid. 

In the same way every solid body has a centre of gravity through which 
the resultant weight always acts. 

We may suppose the number of isolated masses enclosed in a given 
space to be indefinitely increased, and at the same time the magnitude of 
each mass to be diminished so that in the limit a continuous solid body is 
formed. Then the definition of the centre of gravity of a number of isolated 
weights may be extended to the case of a continuous solid body. 

Example .— the abscissa of the centre of gravity of the area given in the figure^ 

Divide the area into ten strips of equal width by straight lines parallel to the 
axis of j/. 

Take the weight of each strip as numerically equal to its area, and assume this 
weight to act at the centre of gravity of the strip. 

If the strips are sufficiently narrow, the centre of gravity of each strip may be 
supposed to lie on the ordinate drawn at the mid point of the base of that strip j e.g, 
in the figure the centre of gravity of the second strip is at G. 

We now have, if (x, y) are the co-ordinates of the centre of gravity, 

* ^ approximately 

where m is the area of a strip, and x the abscissa of the mid point of its base* 



34 ^ 


Practical Mathematics 


^{mx) is obtained by multiplying the base of each strip by its mean height to get 
the area, and then multiplying the result by the abscissa of the mid point of the 
and adding the results. * 

:§(;«) is the whole area of the figure. 


. X 62*96 
/. :Zimx) = -I- = 2*os 
30-64 ^ 


the centre of gravity lies in the ordinate AB. 

Similarly, the ordinate of the centre of gravity maybe found by dividing the area 
into strips parallel to Oy. 



U I I ! ! U I - I I i 8 

0 0 


Fig. 17S. 


204 . Centre of Gravity of an Area by Integration. — The accuracy of 
the method described in the last paragraph depends on the number of strips 
into which we divide the area. I^the area is divided into 20 parts instead 
of into 10, the resulting value of x will be nearer to the exact value of the 
abscissa of the centre of gravity, and so on. 

If Bx is the width andj/ the mean height of a strip, then the area of that 
strip, which is proportional to its mass, is yBx, and 

^(xyBx) . , 

^ ^ s approximately 

The exact value of x is the limiting value of this expression, as the 
number of divisions is indefinitely increased, ix. when Bx is indefinitely 
diminished* 
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i xydx 



\ ydx 


where a and b are the limiting values of x for the area considered. 

Similarly, since the ordinate of the centre of gravity of a strip is ^ we 


and in the limit 


_ 2(1 .^.sr) 

^ "" 2(^5jr) 


i j y^dx 


Thus, if the equation to the bounding curve is known, we may be able to 
evaluate these integrals, and so find the position of the centre of gravity. 

Example (i). — Find the centre of graxvity of a triangle. 

In the triangle ABC draw AN perpendicular to BC. 
Take A as origin of rectangular co-ordinates, and AN as 

X sucis of X, 

Let AN =/ 5 , BN = p, 

p First find the centre of gravity of the triangle ANB. 

to tTn/* ctroiorlit Kda AR io ^ . 


/ 


Fig. 179- 


Then the equation to the straight line AB is 

X h 


-J- 

1 xydx 1 ~T-ax 

0 J 0 ^ 

J 

P “ ff^px 



1 

f X^dx 


, since p and h are constants, 

xdx 


Similarly, for the triangle ANC, = \h. It follows that x =.\h for the whole 
triangle. 

Similarly, the centre of gravity is at a distance of | of the height measured from 
any other side of the triangle, and its position is completely determined. 

Example (2). — Find the centre of gravity of the area bounded by the parabola 
y =: o-Zr® 4- Ij the axis of and the ordinates at x % and x = 
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a 

j: 


xydx 


ydx 

{o' 2 x^ -f x)dx 


'f. 


[o‘2x^ + l)dx 



Arni 



-20 

2 J: 

“a;* 

-15 

-I 5 

+4 


3 35*2 

- = g~ = 4-125 


r_ .A 

7 > 


" 8-53 

J f X^ 

~ 17*06^125 


Js “■ 17*06 - 


2*24 


the centre of gravity is at the point (4*125, 2*24). 

The student should draw the figure to illustrate this example. 


Examples. — CVII. 

1. Find by integration the centre of gravity of an isosceles triangle, having its 

base 6 inches, and height 4 inches. ^ 

Find the centres of gravity of the areas bounded by the following curves, the axis 
of Xi and the ordinates at the points specified : — 

2 . y -.zx^ between = o and = i. 2 , y = 2x^ between = i and = 4. 

4 :. y ~ xi between = o and a: = i. 5 . y = x^ between = i and = 2. 

6. = ^xi between at = o and x = 27. 

7 . A trapezium is bounded by the ordinates /i^ at jc = a, and bX x =z the axis 
of and the straight line joining the heads of the ordinates and Find the 
co-ordinates of its centre of gravity by integration. 

Find the abscissae of the centres of gravity of the areas bounded by the following 
curves, the axis of x^ and the ordinates at the points specified : — 

8. y ^ X X between a: = o and a: = i. 

9 . y ~x^ — zx 2 between a? = o and a: = 3. Plot the curve. 

10 . Find the position of the centre of gravity of a semi-circle of radius a. 

11 . Find the position of _the centre of gravity of the parabolic spandril bounded 
by the parabola S -^ = x, and the axes of at and y. 


205. Centre of Gravity of an Area— Graphic Method.— The graphic 
method may now be put into a more concise and accurate form than in § 203 . 
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With the same notation as before, we have shown that 



If we do not know the equation of the bounding curve or cannot evaluate 
the above integrals, we may find their values by the graphic method. 


Example, — The followmg are corresponding values of x and y for a certain curve; 
find the abscissa of the centre of g7-avity of the area enclosed by this curve^ the ordinates 
at X — \ and ,r = 5 , and the axis of x. 


X 

I 

i-s 

i 

2 

2*5 

1 ^ 

3*5 

4 

4*5 

5 

5*3 

y 

3*52 

3 "45 


2*67 

2*00 

1-56 

1*40 

1*40 

£'6S 

2*00 


Plotting the given values of x and y we get the curve PQ. 



Fig. 180. 

Plotting the values of xy and we get the curves RS and TQ. 
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The work may be set out as follows— 


(1) 

No. of 

ordinate. 

(2) 

X 

(3) 

>' 

(4) 

SM 

(5) 

>XSM 

( 6 ) 

xy X SM 

(7) 

y-2 X SM 

1 

2 

3 

4 

5 

6 

7 

S 

9 

ro 

1*5 

2’0 

2*5 

3*0 

3*5 

4-0 

4*5 

5*0 

3*52 

7*16 

2-67 

2-00 

1*56 

1*40 

1*40 

r6s 

1 

4 

2 

4 

2 

4 

2 

4 

I 

3*52 

1 3 ‘So 

6-32 

io’68 

4*00 

6*24 

2 -So 

15*60 

1-65 

3*52 

20*70 

12*64 

26*70 

12*00 

21*84 

11*20 

25*20 

8*25 

12*39 

47*61 

19*97 

28*52 

8*00 

9*73 

3*92 

7-84 

2*72 


54-61 

■ 142 'OS 

140*7 


Column (5) is obtained as the product of the numbers in (3) and (4) 

,, (6) - - ’’ 


( 7 ) 


(3) >> (5) 


Adding the numbers in column (5) and multiplying by we obtain the area 

under the curve PQ from = I to a: = 5. 


n 


jydx=:ix 54 ‘ 6 i 


Adding the numbers in column ( 6 ) and multiplying by we obtain the area 
under the curve RS from a- = i to at = 5, 


■/: 


XJ'i/x = 'i X I42'0S 


j\yJx 


* X — 


/: 


ydx 


= EllLS = 2-60 
54 ' 6 i 


Adding the numbers in column (7) and multiplying by we obtain the area 
under TQ from x ^ i to .i = 5 * 


■/: 


fdx = I X 1407 


:.y = i 




. H07 , 

' 2 X 54*61 


: r29 


the centre of gravity is at the point G, whose co-ordinates are (2-60, 1-29). 

Note that it is not necessary actually to carry out the multiplication by the 
factor since this occurs in both numerator and denominator of the expressions 

^“in^practice the curves RS and TQ need not be dravm ; the values of and / 
necessary for the calculation of the integrals may be found from the curve PQ. 
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Note that this method of finding jk has onl^been shown to apply when the base of 
the area consider ed is the axis of x. To^ dud y in other cases w^e may divide the area 
into elements parallel to the axis of x ^ is then given by the relation 


xydy 
J ^ 



where c and d are the limiting values of yt and x denotes the width of the figure 
measured parallel to the axis of x. 

Examples. — CVIII. 

1 . A curve passes through the following points. Find the abscissa of the centre 
of gravity of the area enclosed by this curve, the ordinates at jr = 0*5 and jr = 6'5, 
and the axis of x. 


X 


V2 

2*3 

3*2 

4*5 

i 

I 

5*4 . 

61 

6 -S 

y 

S’o 

3-6 

27 

2-45 

2-34 

2-43 

2*6 

27 s 


2 . The height of a certain figure is measured at different points along the axis of 
X, as given in the following table. Find the abscissa of its centre of gravity. 


X 1 

0*3 

1 


2*0 

2*6 

3*2 

3*5 

4*0 

4*4 

S-o 

5*3 

y 

0 

0*42 

o'SSs 

076 

i-oss 

1*53 

2*4 

219 

1*92 

VIS 

0 


3 . Plot a curve from the following values of x and y. Find the abscissa of the 
centre of gravity of the area enclosed by this curve, the line 7 = 10, and the ordinates 
at X = 20 and x = 40. 


X 

20 

26 

30 

32-5 

36 

38 

40 

y 

30*3 

46*1 

58 

65-9 

77-6 

84-6 

91*9 


4 . Find the co-ordinates of the centre of gravity of the area enclosed by the curve 
given by the following values, the ordinates at x = 3*1 and x = 5*2, and the 
oix : — 


X 

3*10 

3*56 

4*1 

4-85 

5*20 

1 

y 

22*47 

19*19 

«S '97 

12-85 

11*72 


2 A 
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6. Find the co-ordinates of the centre of gravity of the area within the closed 
curve, V hich passes through the following points in the order given ; — 


X 

I'l 

I *8 

26 

3-8 

4*4 

5*2 

5*35 

5*1 

4*3 

3*1 

2-0 

1-2 

0*7 

0*6 

j.j 

7 

ro 

0*3 

o’oS 

0*40 

0*7 

1*7 I 

2 '6 

3*75 

5'i7 

5-83 

5*5 

4'6 

3*25 1 

2’I 

1*0 


6. Find by the graphic method the position of the centre of gravity of the 

quadrant of a circle of radius 4 ins. Also find the centre of gravity b^y experiment, 
and compare the results. 

7 . The equation to half of an ellipse is = V i — 0*25^:^. Plot this curve, and 
find by the graphic method the centre of gravity of the area enclosed between this 
curve and the axis of x. 

8. ABCD is the section of a bar. AB, BC, CD are three adjacent sides of a 
regular hexagon. AD measures i ft. Find by the graphic method the position of 
the centre of gravity of the section. 

206, Centre of Gravity of a Curve. 

Example. — The curve shown in the figure represents a thin uniform wire. Find 
the position of its centre of gravity. 



Divide the curve into small elements of some convenient length. Then each 
element is approximately a short straight rod, and its centre of gravity is situated at 
its mid point. 

In this case we divide the curve into elements ^ in. long. Take the mass of each 
I in. element as the unit of mass. The length of the last element at B is 0'II5 in., 
and its mass is therefore 0*46. 

Take any convenient axes of x and j/. Then, since 

* “ S{m) ’ “ 2 ( ot ) 

We shall obtain the approximate position of the centre of gravity by the following 
method : — 
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Multiply the mass of each element by the value of jc at its mid point, and add the 
products obtained. Divide the sura by the total mass of the curve. The result is the 
abscissa of the centre of gravity. In the same way the ordinate of the centre of gravity 
may be found. 

"Substituting the values from the curve, we find 

^ _ 2(w:c) _ 51*28 __ 

^ “ 2(/«) - 15-46 ^ 

- _ S(otj) 48-26 ^ ^ 

^ 2(w) 15*46 

Thus the centre of gravity is at the point G (3*32, 3*12) in the figure. 


206a. Centre of Gravity of a Uniform Ciroiilar Arc. 

Take the centre O of the arc as origin, and the middle radius OC as initial line 
of polar co-ordinates (Fig. iSia). 


D B 



Let 2a be the angle which the arc subtends at the centre, and (r, 0) and (r, d -f 50) 
the polar co-ordinates of two adjacent points P, Q on the arc. 

Let w = weight of unit length of the arc. 

By symmetry the centre of gravity lies on OO. Let G be its position. Draw 
OD perpendicular to OC. 

Then, weight of portion PQ = wr5d. 

Moment of portion PQ about OD = ON . wr$d =• wt^ cos 050, 50 being a small 
quantity. 


.OG. = - 




cos Bci9 


w?'dB 


^2 sin a __ ^sm a 


Examples.— C l X. 

1. Plot a curve from the following values of x and y. Find the co-ordinates of 
the centre of gravity of a uniform wire bent into this shape, the ends of the wire being 
at the points (0*7, 3*54) and (5, 6). 
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6. Find the co-ordinates of the centre of gravity of the area within the closed 
rve, which passes through the following points in the order given : — 


X 

i*i 

1*8 

2*6 

3-8 

4*4 

5*2 

5*35 

5*1 

4’3 

3*1 

2*0 

1*2 

0*7 

0*6 

i*i 

! 

y 

1*0 

i 

0*3 

0*08 

0*40 1 

i 

0*7 

17 j 

2-6 

i 

3*75! 

5*17 

5*S3 

5*5! 

4-6 

3*25 

2*1 

1 

! 1 

1*0 


6. Find by the graphic method the position of the centre of gravity of the 

quadrant of a circle of radius 4 ins. Also find the centre of gravity % experiment, 
and compare the results. 

7 . The equation to half of an ellipse is j “ o‘2^x^. Plot this curve, and 

find by the graphic method the centre of gravity of the area enclosed between this 
curve and the axis of x, 

8. ABCD is the section of a bar. AB, BC, CD are three adjacent sides of a 
regular hexagon. AD measures i ft. Find by the graphic method the position of 
the centre of gravity of the section. 

206. Centre of Gravity of a Curve. 

Example . — The curve shown in the figure represents a thm uniform wire. Find 
the position of its centre of gravity. 



Divide the curve into small elements of some convenient length. Then each 
element is approximately a short straight rod, and its centre of gravity is situated at 
its mid point. 

In this case we divide the curve into elements \ in. long. Take the mass of each 
I in. element as the unit of mass. The length of the last element at B is 0*115 in., 
and its mass is therefore 0*46. 

Take any convenient axes of x and^. Then, since 

- :Z{mx) - _ :^{my) 

* “ 2{m) ’ ^ ~ 2(/w) 

We shall obtain the approximate position of the centre of gravity by the following 
method : — 
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Multiply the mass of each element by the value of x at its mid point, and add the 
products obtained. Divide the sum by the total mass of the curve. The result is the 
abscissa of the centre of gravity. In the same way the ordinate of the centre of gravity 
may be found. 

'Substituting the values from the curve, we find 

51*28 

.. ^ _■ 48-26 ^ , 

' I5'46 ^ 

Thus the centre of gravity is at the point G (3-32, 3*12) in the figure. 


206a. Centre of Gravity of a tlniform Ciroular Arc. 

Take the centre O of the arc as origin, and the middle radius OC as initial line 
of polar co-ordinates (Fig. iSia). 


D B 



Let 2 a be the angle which the arc subtends at the centre, and (r, $) and (r, e -f S0) 
the polar co-ordinates of two adjacent points P, Q on the arc. 

Let w = weight of unit length of the arc. 

By symmetry the centre of gravity lies on OC. Let G be its position. Draw 
OD perpendicular to OC. 

Then, weight of portion PQ = wrS 0 , 

Moment of portion PQ about OD = ON . wrS 6 =• wr^ cos 056 , 50 being a small 
quantity. 

I cos Bdd 

J -a 2 sin a sin a 


.OG. 


wrJB 


Examples.— CIX. 

1 . Plot a curve from the following values of x and y. Find the co-ordinates of 
the centre of gravity of a uniform wire bent into this shape, the ends of the wire being 
at the points (0*7, 3*54) and (5, 6). 
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X 

1 

1 

1*3 

2*0 

2*6 

3'4 

4*0 

5*0 

y ^ 

3‘54 

4‘3S 

5*0 

S'4 

575 

S’9i 

6*0 


2 . A curve passes through the following points in the order given. Find the 
position of its centre of gravity. 


X 

19 

17 j 

17 

21 

26 

36 

45 

48 

50 

53 

62-6 

66 

677 

!_!L 

y 

10 

20 

29 

38 

43 

45 

3 S -5 

33*5 

1 

27 

1 

18 

15 i 

1 

18 

24 

31 


3 . Find the position of the centre of gravity of the perimeter of the figure in 
Example CVIII. 5. 

4 . Find by the graphic method the position of the centre of gravity of the arc of 
a semicircle of radius 4 inches. 

5 . Draw an arc of a circle of radius 10 inches, subtending a chord of length 
5 inches. Find the distance of the centre of gravity of the arc from the curve. 

6. Show that the centre of gravity of a sector of a circle of radius a and angle 2a 

is at a distance | . a from the centre. 


207. Centre of Q-ravity of a Solid of Uniform Density. 



Take a fixed axis of x in the body. Divide the body into thin plates by 
a series of planes perpendicular to the axis of x. 

Let ^x be the thickness of any plate and A its area. Then its volume, 
which is proportional to its mass, is A5jr. And 

2(A;ir5^) . 

the values of x in the numerator being measured to some point within 
the corresponding thin plate. 

^ In the limit, as is diminished and the number of divisions increased, 
this becomes 

/ Ajcdx 
“ 

where a and b are the values of x for the two end sections. 

The law connecting A and x may be given by means of an equation or 
by an empirical series of values obtained by measurement at various points 
along the axis. In the latter case the above integrals may be found by a 
graphic method. 
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Example. — TAa cross-sectimal area J\ of a certain body of tmijorm density is 
measured at right angles to a fixed axis in ike hody^ x is the distaiue of a section from a 
fixed point on this axis. 

The following table gives corresponding values of A and x. Find the value of x at 
the centre of gravity of the body. 


X 

I 

1*4 

2 

3 

4 

5 


7 

A 

0 

2*5 

i 

4*25 

5 

I 

* 

4-8 

j 4’33 

3-S6 


We have 


I 


Axdx 




Plotting A and x we get the curve PQ. 



Fig- 183. 


The value of j Adx is the area between this curve and the axis of x. 

This is found to be 26*2. 

To find the value of the numerator we require to plot the values of Ax and x. 
Multiplying the given values of A and x in pairs we get the values of Ax Jis 
follows : — 
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1 

X 

X 

1*4 

2 

3 

4 

5 

6 

7 

Ax 

0 

3*5 


i 

15 

20 

24 

26 

27 


Plotting these values we get the curve PS. 

Then the value of Axdx is the area between PS and the axis of x. 
This is found to be 107 *7. 

— 1077 


i.e, the centre of gravity is situated in that section of the solid for which x = 4*11. 


208. Centre of Gravity of a Solid of Kevolution. — This Is a special 
case of the last method. 

The sections of the solid by planes perpendicular to the axis of revolution 
are circles. Let the solid be cut by such planes into thin circular discs of 
thickness and radius then A = and we have 


X 


J. 


Axdx 


/: 


Adx 



Example (i). — Find the centre of gravity of a solid hemisphere. 



Let a be the radius of the hemisphere. Take 
the centre as origin and the radius perpendicular to 
the plane surface as axis of x. 

Then the hemisphere is a solid of revolution 
formed when the quadrant of a circle of radius a 
revolves about the axis of x. 



where {x, y) are the co-ordinates of any point on the 
generating curve. 

But we have x” and substituting 

y” ah —■ x^ in the above, 


f (a“x — x^)dx 

i = -1 

I (<?* — x^)dx 

L 2 _ 4 io = 4 


— ?] 


0 


2 X 

”3 


Fig. 184. 
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The centre of granty of a solid hemisphere is on the axis at a distance off of the 
radius from the centre. 


Example (2). - 77 i£ cnrvi y — 3 -}«■ ^revolves about the axis of x so as to generate a 

solid of revolution. Find the ce^Hre of gravity of the portion of this solid which lies 
between the sections at x ■=. i and x ■=. 


We have 


■ 4-8 

xy^dx 


* 4-8 

y^dx 

2 


J 

0 

^ i6\ 

9 x 4 - 24 + “ Jdx 



( 24 , i6\ ^ 

J 



J 

9. 

y + 24X -f 16 log^ 


[ 9 * + 24 log<^-^j, 


31*97 


5*19 


Since the body is symmetrical with respect to the axis of jr, we also know that the 
centre of gravity lies on the axis of x, and its position has been completely determined. 


Examples. — CX, 

1 . Find the centre of gravity of the cone formed by the straight line y ts.\x 
rotating about the axis of x, the base of the cone being a plane perpendicular to Ox 
at the point x = 6. 

2 . Find the centre of gravity of the frustum of the cone in example i, which lies 
between the sections at x = 3 and x = 6. 

3 . Prove that the centre of gravity of a right circular cone of height h lies at a 
distance \h from the vertex. 

4 . The radii of the ends of a frustum of a cone are 3 and 7 ins. respectively, and 
its height is 9 ins. Find the distance of its centre of gravity from the smaller end. 

Find the position of the centre of gravity of the frustum of a sphere of radius 
5 ins. The radii of the plane faces are 4 and 3 ins., and they are both on the same 
side of the centre. 

6. The curve j = x- — 2x + 2 rotates about the axis of x. Find the centre of 
gravity of the solid of revolution generated between the sections at x = o and x = 3. 

7 . The parabola^ = 16 a/ x rotates about the axis of x. Find the position of the 
centre of gravity of the paraboloid of revolution which is generated between x = o 
and X = 16. 

8. Find the centre of gravity of the portion of the same paraboloid lying between 
sections at x — 4 and x = 9, 

209. Centre of Gravity of a Solid of Revolution— Graphic Method. 

Example. — The curve given by the follo^ving values of x a?id y revolves about the 
axis of X* Find the centre of gravity of the solid of revolutiori which it generates 
between the end sections x = 3 a 72 d x = 9. 
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X 

3 

37 

4*3 

5 

5*5 

6-3 

7 

7*5 

8 

8-6 

1 

1 

9 

y 

i 

1 ITO 

1*19 

I '3° 

I '395 

I -60 

I-8S 

2‘10 

2-43 

2-925 

3'35 

f 

\ 

r 1 

I -21 

1*42 

1*69 

1 

1*95 

2'S6 

3*42 

4*41 

5-90 

8-ss 

11*22 


3 

4*5 

6‘i 

8.4 

10*7 

16*1 

23*9 

33*0 

47*2 

73'6 

lOI 


We have 


f. 


x)rdx 


f. 


y^dx 


Calculating the values of>^, as shown in the third line above, and plotting, we get 
the curve PQ. 



The area between this curve and the axis of x is found to be 20 'i. 



Multiplying in pairs the corresponding numbers in the first and third lines, we get 
the values of given in the fourth line. 
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Plotting these, we get the curve RS. 

The area between this curve and the axis of x is found to be 142 '$. 
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Examples. — CXI. 

1. The curve given by the following values of y and x rotates about the axis of x. 
Find the position of the centre of gravity of the solid of revolution which it generates. 


X 

2 

2*8 

1 

3*5 


5*5 

6*4 

7*3 

8-0 

y 

1 

2*06 

2*71 

3 ‘ 2 S 

3*39 

3*30 

2 *80 

I -So 


2. Find the position of the centre of gravity of the solid of revolution specified in 
Examples CVI., I. 

3. Find the position of the centre of gravity of a solid hemisphere of 5 inches 
radius by the graphic method, and compare with the result obtained by direct 
integration. 

4. A is the area of the vertical cross-section of a solid at distance x from one end. 
Find the distance of the centre of gravity from that end. 


xft 

0 

25 

so 

100 

150 

206 

230 

240 

250 

A sq. ft. 

1 

145 

214 

260 

277 

i 

250 

1 

188 

140 

I 


5. Find the centre of gravity of the water displaced by the buoy whose dimensions 
are given in Example CVL, 6 . 


210. Theorem of Pappus for the Volume of a Ring. — A closed figure 
rotates about an axis in its plane so as to generate a ring. To find the 
volume of the ring. 

Divide the total area A of the rotating figure into small elements of area 
5A, and let x be the distance of any element from the axis of rotation PQ. 

Then the element 5A traces out a thin circular ring of radius x. 

The volume of this ring is 27r;rSA, and the volume of the ring generated 
by the whole area A is the sum of the terms 27r;ir5A for all the elements 5A. 

But if we divide an area A into small elements and multiply each element 
by Us distance x from an axis, the sum of the products is in the limit equal 
to .r . A (t/tde p. 297) where x is the distance of the centre of gravity of the area 
from PQ. _ 

the volume of the ring = 2nx.A ; i.e. it is equal to the area of the 
rotating figure multiplied by the circumference of the circle traced out by its 
centre of gravity. 
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In the same way it follows that if the area A does not rotate throuj^h a 
whole circle, the volume traced out is equal to the area A multiplied by the 
length of the path of its centre of gravity. 



If A rotates through an angle B radians, then the volume of the solid 
traced out is B.jir. A. 


211. Theorem of Pappus for the Area of the Surface of a Ring.— 
Let a closed curve of perimeter S rotate about an axis in its plane so as to 
generate a ring. To find the area of the surface of the ring. 

Divide the perimeter S into small elements 5S (Fig. r86). 

Let or be the distance of 5S from the axis of rotation PQ. Then 5S traces 
out a ring whose area is 27rxSS. 

The whole area is therefore 

2frXr5S = 2frjrS 

where Ji: now refers to the centre of gravity of the perimeter S and not to the 
centre of gravity of the area A of the figure. 

Thus the area of the surface of a ring is equal to the length of the 
generating curve multiplied by the length of the path traced out by its 
centre of gravity. 

If S is not a closed curve this method gives the area of one side of the 
surface of revolution which it traces out. 

Note. — These theorems are sometimes attributed to Guldin, who published them 
in the sixteenth century. They had, however, been previously discovered by Pappus in 
the third century, A.D. 


Example (i). — an expression for the volume and area of the surface of an 
anchor ring. 

An anchor ring is generated when a circle rotates about an axis in its plane. Let 
r be the radius of the rotating circle, and R the radius of the circle traced out by its 
centre (Fig. 186). 


Then the area of the rotating circle = Trr' 
Length of path of its centre of gravity = 2'n'R 

volume of anchor ring = 2^*8 ^9 
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To find the area of the surface we have 

Perimeter of rotating curve = 2 irr 
Length of path of its centre of gravity = zttR 

area of surface of anchor ring = 477- R * r 


Example (2). — Thecwi,'' whose centre of gravity was found tn §206, rraolves about 
the axis of x so as to generate a surf cue of revoiution. Find the area of this surface. 

We found that the length of the curve was 3*865 inches, and the ordinate of its 
centre of gravity was 3*12 half- inch unites = 1*56 inches. 

the centre of gravity traces out a circular path of radius 1*56 inches. 

The area of the surface is 

3 '865 X 2^ X 1*56 = 3S*5 square inches 

This is, of course, the area of one side only of the surface. 


Example {3), — Find the area of the surface of a sfherc. 

The sphere may be regarded as being generated by the revolution of a semicircle 
about a diameter. 

If X be the distance of the centre of gravity of the curve from the axis, the length 
of the path of the centre of gravity is 27rx, 

By § 206a we have 

_ _ sin tt __ 2r 

eU TT 

Also length of curve = irr. 

2r 

A Area of surface of sphere = itr • 2^ 

= 47rr* 


Examples.— CXII. 


1 , The mean radius of the rim of a cast-iron flywheel is 3 ft., width 9 ins., thick- 
ness, measured in direction of radius, 6 ins. Find its weight, i cub. in. of cast 

iron weighs 0-26 lb. r • • i 

2 . The cross-section of an anchor ring is an ellipse, of which the principal 
diameters are 3 ins. and 1*5 ins. The mean diameter of the ring is iS ins. Find its 

Verify by the theorem of Pappus that the volume of a cone is one-third of the 

volume of a cylinder of the same height on the same base. . . , 

4 . The mean diameter of a pneumatic tyre is 28 ins. The inside diameter of the 
air tube when the tyre is inflated in position is 1*3 ins. What volume of air will it 
hold ? How many square inches of indiarubber are needed to make the inner tube ? 

6. Find the weight of a wrought-iron ring whose cross-section is an ellipse. 
Radius of ring measured to centre of ellipse = 13 ins. Principal diameters of ellipse 
3 ins. and 2 ins. i cub. in. of wrought iron weighs 0*28 lb. r • -1 £ 

6. A bend in a wrought-iron pipe is in the form of the quadrant of a circle of 
mean radius 6^ ins. The bore is 2 ins,, and the thickness of the metal o 176 in. 
Find the weight of the bend. 

7 . A cylinder circumscribes a sphere. Two parallel planes are drawn per- 
pendicular to the axis of the cylinder. Show that they include equal areas on the 
surfaces of the sphere and cylinder. 



CHAPTER XXVI 
MOMENTS OF INERTIA 


212 IF a mass moves along a straight Ime witn uniform velocity 7/ and 
wi^out rotating, we know that its kinetic pergy is equal to _ This 

qupity measures the amount of work which the body will do against a 

w“mavfhowevM,“wish to taow the kinetic enerp of a rotating body, 
such as a flywheel. In this case the different parts of the bop are moving 
with differed velocities, and there is no single value of w for the whole body 

wtreq^^e'^finrs^ome method of calculating the kinetic energy of a 

'^^^Vifst consider a simple case, such as-the following : 

^ Masses of 5, 4 and 9 units are fixed on a 
light rigid framework, whose mass may be 
neglected, at distances of 3? 2, 3 5» and 2 5 ft. 
from an axis about which the whole framework 
rotates at the uniform rate of « radians per 

second. . r 1 ^ 

Find the total kinetic energy of the four 

masses. . 

The mass of 5 units is tracing out an arc ot 
30) per second, i.e. at any instant the linear ve- 
locity of the mass of 5 units is 3« ft. |)er second. 
Therefore its kinetic energy is ^ . 5 . 3- . o-l 

Similarly the kinetic energy of the mass of 
4 units is . 4 • 

The whole kinetic energy is 

+ 6 X 3-52 + 9 X 2-5V = i ■ 19075 X 



Us X s'" + 4 X 
The whole mass is 24, and 

igo‘75 = 24 X 8"25 = 24 X (2’S2)® 

the total kinetic energy is | . 24 (2-82)2 2. ^ • 

This is the same as if the whole mass of 24 units were concentrated in a 
ring at a distance of 2'82 ft. from the axis. ^ , • -l 

The radius 2-82 ft. is called the radius of gyration. It is the root mean 
SQuare of the distances of all the separate units of mass from the axis. 

If we have any number of masses m at various distances r from the pis, 
and if M is the total mas-s and i the radius of gyration, then, as in the above 
example. 
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where denotes the result of multiplying each mass by the square of 

its distance from the axis and adding the results. 

The quantity 2(f/2r2) -- ig called the moment of inertia of the whole 
mass about the axis. 

213. Moment of Inertia of a Continuous Rigid Body.—In actual 
cases, however, which occur in experience, we have to deal with the rotation 
of bodies whose mass is not collected at a few isolated points, as in the 
above example, but is spread throughout the whole of the body. In such 
cases we can find the moment of inertia by integration. 

Example (i). — J^ind tki mommt of inertia of a solid of uniform density and 

thickness^ about an axis^ through its centre and perferidicular 
to its plane. 

Let a be the radius of the wheel, m the mass of a 
portion I sq. ft. in area, and of thickness equal to the thick- 
ness of the wheel, and hi the mass of the whole wheel. 

Divide the wheel into thin concentric rings of radius r 
andjjadiai thickness Br, 

Then the mass of any one ring is m . 2 Trr 5 r. 

The moment of inertia of one ring is rn . 2irr5r . ir = 

27r?-^ . mBr. 

The moment of inertia of the whole wheel is the limit 
of the sum of the terms 2Trr*mBr for all the rings from 
r = o to r = when 5r is taken smaller and smaller. 

the moment of merua = / = 

Jo 2 

The mass of the whole wheel is Tsa'm 

/, moment of inertia = Ttd'^in . — = hi and ™ 

22 2 

i.e, the energy of the rotating wheel is the same as if its whole mass were concentrated 
a 

in a ring of radius —p = 0*707^. 


Exa-MPLE (2). — Find the moment of inertia of a uniform rectangle^ of length a and 
breadth b, about an axis through its centre 
parallel to the side b. 

In speaking of the moment of inertia of ^ 
an area, we shall take the mass of unit area 
as the unit of mass, so that the mass of any 
portion of the figure may be taken as 
numerically equal to its area. 

Take the mid point of the side DC = a 
as origin and axes along and perpendicular 
to DC. 

Divide the rectangle into thin strips of p, y <5^ 

breadth 5jr and length b by lines parallel to K a 

Oy, Then mass of one strip = bdx. Fig. 189. 

moment of inertia of one strip about Oy = bdx . x^ = bx^Bx. 

Moment of inertia of whole rectangle = limit of sum of terms bxrBx^ when Bx is 
indefinitely diminished 




Fig. i£S. 
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hx^dx 


=/: 




= U^ 
12 12 


12 


Exam«.e of inertia and radius of syraiion of a tr^n^le 

ABC about dn axis through A and paralkv to DO. 



Draw AN perpendicular to BC, and take AN as axis of i let AN = h. 
the triangle into thin strips parallel to BC. 

Let X be the distance of any strip from A, and 5 ^ its width. 

Then its length — and its mass = t x5x 


Divide 


moment of inertia of the strip — 


a ^ 
'a* 4 


ah h} 


= M 


2 


Moment of inertia of whole triangle — j 
and 

Note that the moment of inertia of the whole triangle is the same as that of three 
particles each of massy situated at the mid points of the sides. 

Examples. — CXIII. 

1 Weifrhts of fi; 7 12 and 14 lbs. are fixed to a light rigid framework at distances 
of 7 and 2 ins’ respectively^rom a fixed axis. If the whole framework revolves 
aL^ut^he axfs at 3<^ re'volatioZs per minute what is the 
weights? At what distance from the axis should they all be placed together 

have the same total kinetic energy? . - j + 1 « iKc the unit of 

JiJqxe. — T o get the kinetic energy m foot-pounds, take 32 2 lbs. 

“"2. Fhid ae momenttflnerdf aiout its axis of a hollow cylinder of mass M. inner 

Find^lhrmoment of inertia of a thin bar, 3 ft. 
about an axis through one end and perpendicular to its length. minute ? 

energy when it is rotating about this axis at the rate of lOO ^ rnetal 3 ft. by 

4 . Find the moment of inertia of a uniform rectangular sheet of metal, ^ It. oy 
4 ft., weighing 6 lbs. about an axis through one of the shorter sides. 
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214. Moment of Inertia about ‘Two Perpendicular Axes. — If we 
know the moment of inertia of an area about two perpendicular axes in its 
plane, we can find its moment of inertia 
about a third axis perpendicular to its 
plane. 

Let (x, y) be the co-ordinates of a 
point P in the area. Then the moment 
of inertia of a small mass 5M at P 
about the axis of ;r is and its 

moment of inertia about the axis of y 
is But the moment of inertia 

about an axis through O and perpen- 
dicular to the plane of the area is 
-f ; i,e, the moment 
of inertia of each element of mass 5M 
about an axis through O and perpen- 
dicular to OX and OY is equal to the 
sum of its moments of inertia about OX and OY. It follovrs by addition that 
this is also the case for the moment of inertia of the whole area, or, if and 
1 2 are the moments of inertia of the area about OX and OY, and I is the 
moment of inertia about OZ, which is perpendicular to OX and OY, then 

I = Ix + I, 

Example. — To find the moment of inertia of a circular disc about a diameter. 

We have seen that the moment of inertia about an axis through the centre, and 

. ^ 

perpendicular to the plane of the circle, is . This is the sum of the moments of 

inertia about two diameters at right angles by the above theorem. 

By symmetry these moments of inertia are equal, and therefore each of them is 

equal to M— » 

4 



216. Principle of Parallel Axes. — Given the moment of inertia of a 
body about an axis through its centre of gravity, to find its moment of 
inertia about a parallel axis at a distance h from 
the former. 

Let P be any point in the body, and let a 
plane through P perpendicular to the tw^o axes 
cut the axis through the centre of gravity in Q 
and the other axis in O. Then OG = h. 

Produce OG to N, and draw PN perpen- 
dicular to ON. Let PG = r, GN = .r, and let 
there be a small element of mass SM at P. 

Then the moment of inertia of 5M about the axis 
through O is 

OP- . SM = (7/2 + + 2//ji-)5M . (§ 27) 

The moment of inertia of the whole body 
about the axis through O is therefore 



Ij = 5(^2 q. ^2 q. 2 ;zar) 5 M 

= 4* 2(r25M) 4- 2i5(:rSM) 


But 2SM = M, the whole mass of the body 

= moment of inertia of the body about the axis through G = I 
2 ( 3 irSM) = Iflx = 0 ..,*•(§ 202) 
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where x is the value of x at the centre of gravity, and is zero, since the axis 
at G passes through the centre of gravdty. 

/. Ii = I + M . -42 


Or, in words, the moment of inertia about any axis is equal to the moment 
of inertia about a parallel axis through the centre of gravity, together with 
the moment of inertia about the former axis of the whole mass supposed 
concentrated at the centre of gravity. 

It follows that the moment of inertia about an axis through the centre of 
gravity is less than about any other parallel axis. 

Example. — To find the moment of inertia of a recta^igle about one edge. 


Let a and h he the length and breadth of the rectangle. 

We have shown that the moment of inertia about an axis through the centre of 
gravity, and parallel to the edge b, is M~* 

We require the moment of inertia about an axis parallel to this, and at a distance 


— from it. 
2 




Examples. — CXIV, 


1 . Find the radius of gyration about one side, of an equilateral triangle whose 
sides are 6 ins. long. 

2 . Find the radius of gyration of a circle of radius a about a tangent. 

3 . The Section of a T “iron is in the form shown in the figure. BC = 4", 

AB = DE = 3 * 5 ^^ Find the radius 

R C gyration of the area of the section about an axis 

through its centre of gravity parallel to BC. 

4 . In the section of a T -iron, BC = 4", AB = 
EF = 0*5", ED = 2*5". Find the moment of inertia 
of the area of the section about an axis through the 
centre of gravity parallel to BC. 

6. A ^rder is formed of four equal rectangular 
plates 5" wide and 0*5" thick. In section they enclose 
a rectangle 5" by 3‘5”i the top and bottom plates over- 
lapping the side plates by 0*25" on each side. Find 
the moment of inertia of the area of the section about 
an axis through the centre of gravity, and parallel to the 
top and bottom plates. 

6. A solid wheel of i ft. radius and uniform thick- 
ness pd density weighs 50 lbs. Find its kinetic 
energy in foot-pounds, 1st when it rotates about an axis through its centre and 
perpendicular to its plane, and when it rotates about a parallel axis 0*5 in. from the 
former. It makes 20 revolutions per second in both cases. 

7 . What is the moment of inertia about a diameter of the cross-section of a 
hollow cylindrical tube, i in. in outside diameter and in. thick ? 

8. Show that the moment of inertia of a sphere of radius a about a diameter is 

M.y. 

8. Show that the moment of inertia of a cube about an axis through its centre of 

CL^ 

gravity parallel to an edge of length a ii M— , 
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216. Moment of Inertia of an Area about an Axis in its Plane. 

In general, to find the moment of inertia of the area, bounded by the 
cur\'e^ =/(^) and the axis of x, about the axis oiy, we divide the area into 
thin strips of thickness hx and parallel to O/. 

Then the mass of each strip is >'5^, and ;r is its distance from Oy, 

Its moment of inertia about Oy is x‘^yZx, and the moment of inertia 



of the whole area about Oy is the limit of '2,(xhlx) as ^x is indefinitely 
diminished. 


/. moment of inertia about 



where a and b are the limiting values of ;rfor the area considered. 

Similarly, moment of inertia about Ox of the area between a cun^e and 

the axis ofy = j y^xdy, where c and d are the limiting values of^. 

If we know the relation between y and x, and can evaluate the above 
integrals, the moments of inertia can be calculated directly. If not, we can 
find the values of the integrals for any particular case by the graphic method. 


Example. — Tbe shape of the quarter section of a hoUoiv pillar is given by the 
follottnng table. The axes of x and y are the shortest and longest diameters. The other 
three quarter sections are equal and symmetrically placed to the one shown. Find the 
moment of inertia of the section about the axes of x and y. 


X ins. . . 

0 

I 

1*5 

2-0 

2*2 

2-3 

3*0 

3*2 

3*3 

Outside ins. 

6 

576 

5 '44 

4*99 

4*75 

4-64 

3-0 

2'0 

0 

Inside y^ ins. . 

5 

4‘47. 

3*86 

2*80 

I ‘90 

0 

— 

— 

: 


Plotting these values we get the form of the quarter section A BCD. 

rz’3 

The moment of inertia about Oy is j yx^dx, where y is the height of a strip of 
the area parallel to Oy, i.e. y =: y^— y^. 

Accordingly we measure a number of values of y at suitable intervals, multiply 
each by the corresponding value of and plot the curve so obtained. 


2 B 
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X 

0 

o '5 

I 

1-5 

2*0 

2*1 

2'2 

2*3 

2*5 

2*8 ' 

3*0 

3 'i 

3-2 

3*3 

1 

I 

II 

1-29 

1*59 

1 

2*17 

2*42 

3-85 

4-64 

4*33 

365 

3*0 

2*60 

2*0 

0 

yx^ 

0 

0-275 

I '29 

3'89 

8-68 

! 

10 62 

18-63 

24-5 , 

27*07 

I 1 

28*6 

27 

24-95 

20*48 

0 


Plotting: the calculated values of as ordinates, and the values of x as abscissse, 
we get the curve OFD. 

Then moment of inertia of quarter section about Oy 


= area OFD 

= 35'4S 

and the moment of inertia of the whole section about Oy is 4 X 35*45 = I4i'8, 
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I 


To find the moment of inertia about the axis of we require to find the value of 

xy^dy, where x denotes the width of the area ABCD measured parallel to Ox, 

Calculating the values of x^ and plotting, we get the curve A HO. 

Then moment of inertia of quarter section about 


0;r 




xy*dy = area AHO = 93*7 


and the moment of inertia of the whole section about is 4 X 937 = 374'S. 


Examples. — CXV. 

1. The section of a solid pillar is a regular hexagon, whose sides measure 6 ins. 
Find the moment of inertia of this section about a diameter by the graphic method, 
and verify your result by integration. 

2 . The quarter section of a solid beam is given by the following ordinates and 
abscissae. The axes of x_^and y are the shortest and longest diameters of the section 
which is symmetrical with respect to these axes.’ Find the moment of inertia of the 
whole section about Oy. 


X 

0 

I 

r6 

2 1 

2*2 

2*6 I 

3 

3 ‘4 

4 

y " 

7 

676 

6-4 

6 

i 

s-s 

5-27 

4-6 

3'6 

0 


3 . Find the radius of gj^ration of a flat ring of inner radius 2 ft. and outer radius 
3 ft. about an axis through its centre perpendicular to its plane. Find the percentage 
error which is caused in the calculated value of the energy of rotation by taking the 
mean radius instead of the true value of the radius of gyration. 

4 . Find the radius of gyration about an axis through its centre and perpendicular 
to its plane of a circular disc of radius whose thickness varies as the distance from 
the centre. 

5 . Find the radius of gyration about a diagonal of a square of side a% 

6. Find the radius of gyration about its axis of a cone of height radius of base r. 
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PARTIAL DIFFERENTIATION 


217 . Pimetioii of Two or more Variables.— We have already met with 
many instances in which there were two variable quantities connected in 
such a way that if the value of one was fixed the value of the other was 
determined. In such a case the second variable was called a function of the 
first. 

It is also possible for a variable to be a function of two or more other 
variables. 

Suppose, for instance, that a point P can move about on a fixed surface 
such as that of a sphere (Fig. 196). Let its position be denoted by its 
rectangular co-ordinates (jr, y, z) with respect to fixed rectangular axes 
through the centre of the sphere. 

Then the co-ordinate 2 is a function of the two co-ordinates x and y. 

For, \iy alone is known, the point P may lie anywhere on a line such as 
AB, and the value of 2 is not determined. 

Similarly, if x alone is known, the point may be anywhere on a line such 
as CD, and the value of 2 is not determined. 

If both '2: and;' are known, P can only lie where two definite lines such 
as AB and CB intersect, and the value of 2 is determined. 

We express this by saying that 2 is a function of both x and y, or 

An equation of the form 2 -J[x,y) can evidently be represented by a 
surface in the same way as equations of the form;' = J{x) are represented by 
curves in plane geometry. As another example, consider the case of a 
definite quantity of a gas enclosed in a vessel. We can alter its state by 
changing its pressure, its volume, or its temperature. It is found that if any 
two of these are fixed, the third is determined, e.g. if the pressure and 
temperature of a certain definite quantity of a gas are known, its volume is 
determined, or w is a function of p and t. 

The intrinsic energy E of a definite quantity of a substance is determined 
when its pressure and volume, or its volume and temperature, or its 
temperature and pressure are known, i.e. E is a function of i and v, or of 
wand/, or of/ and/. ’ 

Siinilarly, the potential V at any point P in a field of force is only 
determined when we know the three co-ordinates {x^ y, 2) of P, or 


2 X 8 . Fartial IDififerential CoefiScients.— — Let x ;') j then, if we 
suppose 7 to remain constant while a: changes, 2 will in general change in a 
definite way. 

The rate of increase of 2 with respect to x while remains constant 
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Is called the partial differential coefficient of z with respect to x, and is 

d3 /e/s\ 
written — or I 3- i 
dx \dx)^ 

denotes the rate of increase of z with respect to 

y ’while x is constant. 

The suffix denoting the variable, which is supposed to remain constant, 
is usually omitted unless there is some special reason for inserting it to 
prevent misconception ; ^ the brackets are also often omitted when it is 
ob\nous that the differentiation is partial. 

In the same way, if 2 ^? is a function of three variables x, y, and z, ^ or 

ax 

(S) increase of u with respect to x, while y and z are 

supposed to remain constant. 

To find ^ when z is given as a function of x and y by means of an 
equation, we differentiate z with respect to x alone, treating^ as a constant. 


Example (i). — Ixi « = jr* - zxy -f 



2x ^ 2y 
— zx 2 y 


Example (2 ). — Lei y = sin {ci — x) where c is a constant. 






c cos {ct — x) 


Example (3), — Lei z~x* — ^y 4 * xy^ 4 - sin {x — zy) 4 * 3 cos (zx — j) 4 - 
— ^xy 4-^’ 4- cos {x zy) — 6 sin {zx — y) 4- zy^ 

■ 4x‘ 4- Sxy'^ — 2 cos {x — zy) + 3 sin {zx — 4- zxe^^ 


(D- 


219. Geometincal Illustration. — Let the three co-ordinates (x, y^ z) of 
a point P be connected by the equation z -f[x^y). 

Then, if we take a number of pairs of values of x and 7 , and calculate the 
corresponding values of z by means of the above equation, we shall find in 
general that the points whose three co-ordinates are thus found lie on a 
surface, z '=^ f{Xyy') is known as the equation to this surface. 

If we suppose the point P to move along the surface so as to keep the 
value oiy constant, it will move along a section AB of the surface by a plane 


parallel to zx. ^ is then equal to the slope of the curve AB to the plane 

Ox>', or the tangent of the angle which the tangent PM to the curve AB 
makes with a line parallel to the axis of x. 
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In the figure 


Bx 


= tangent of angle between QM and PM 


= — tan PMQ 



Fig. 196. 

Similarly, if we suppose x to remain constant, P is restricted to a curve 
such as CD, and is equal to the slope of the curve CD to the plane Oxy, 
In the figure 

= - tan PNR 

By 


Examples.— C XVI, 

Find the values of the following : — 

B B 

1. where u is a constant. 

2. where a, and f are constants, 

+ O') } > sin {ifx + O')}, cos {3x + cy)}, ^{a cos i3x+ cy)}. 
4. Let z = ^x^ — 2xy. 

^ differentiation. 

Then take x = io, ^ = 12 ; increase x by the amount ^x = 0 * 1 , ^ remaining con- 
stant and equal to 12. and calculate the resulting increase Sz in z. Thence find 

ds 

axithmetically, and compare with the value of ^ already found. 

Similarly, find ^>7 arithmetical method, and compare. 
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5. If (r, are the polar and [x, >') the rectangular co-ordinates of the same point 
on a plane prove that 


Br 

dx 


= cos d, 


Br 

dy - 


mrx / nxci \ f dy \ / d%\ 

6 . liy = A sin — cos 4 . A find ( (^// 

A, /, a are constants. 

7. If the pressure volume z/, and absolute temperatv.re T of a gas are connected 
by the equation J>v = RT, where R is constant, dn-i :he vc.lues of 


(dj\ . / ^ \ . 

\dv)z 


m: 


m. 


Note the physical meaning of the sign of each of these quantities. 
8 . If r = v/i’+r + cS find 


220. Small Variations. — Let r be a function of and and let r, 
and 2 be represented by the co-ordinates of a point P. ^ 

Suppose P to move into a new position Q close to its former position on 
the surface representing the function z. 

Then w'e may suppose P to reach Q by first moving to Pj on the surface 
so that X alone increases by a small amount 5x, while y remains constant, 
and then moving from Pj to Q so that x remains constant while y increases 
by a small amount dy. 

In the figure PM = P^N = dy. 



During the first movement from P to Pj, 2 increases by the amount MPj 
in the figure, while x increases by the amount PM = dx. Thus 

P^M = X tan MPPj 

{^2 

= Sx X (mean value of on the surface between P and Pj) 
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Similarly, during the second part of the movement the change in 2 
is NQ. And 

NQ = X tan NPjQ 

= X (mjean value of ~ on the surface between Pj and Q) 

gy 

The whole change Bs in 2 during the movement from P to Q is made up 
of the two parts MPi and NQ. MP, is the change in 2, which would take 
place if X alone changed by the same amount as it actually does while y 
remained constant, and NQ is the change in ^ which would take place if y 
alone changed and remained constant. 

As By, B2 are made smaller and smaller the points P, P^ Q move 

nearer together, and the mean values of ™ and ~ become more and more 

nearly equal to the exact values at P. 

Thus, if 5 jr, 5 /, B2 are sufficiently small 


B2 = MPi + NQ 

82 


Example {t).—T/te side a of a triangle is calculated from the following observed 
values : — 

A = 27° B = 54®, h = 235 ft. 

If the correct values are A = 26*5®, B = 54*9®, what is the error in the calculated value 
of a due to the errors in the observed values of A and B / 

We have 

, sm A 


If there are small errors 5A, 5B, in the values of A and B, the consequent erroi 
in <2 is 

We have 

5 A = 0-5® = 0*00873 radian 
5B = — 0*9® = — 0*01571 radian 


Also 


^ ^ _ 235 cos ^7^ _ 

dh Jg” sin B “■ sin 54® “ 

' b sin A cos B _ ^ 235 sin 27® cos 54® 

dB sin® B ■” sin® 54® 


- 95;8 


The error in the value o(a=Ba = 259 X 0*00873 + 95’^ X 0*01571 = 3*8 ft. 


Example (2).— certain quantity of air ai pressure 2000 lbs. per square foot and 
temperature 10® C. occupies 12 cubic feet. What change in volume will he produced 
the pressure is increased by 2 lbs. per square foot and the temp^ature by i C. ? // 

givm that pv = where p is the pressure, v the volume, and T the absolute temperature 

of the air and R is a constant. 


•Vs 
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By substituting the given values, we find R = 84*5. 
We have 

RT 

. dv RT 

.•.^=-^ = -0-006 

with the given values of /, and T. 

^ R 

dj> — 2, 5 T = I 


^^=-=0-0425 


,% Substituting, the increase in volume = dv = — o*oi2 + 0*042 

= 0*03 cub. ft. 


Examples. — CXVII. 

1 , A certain quantity of air occupies lO cub. ft. at pressure 2116 lbs. per square 
foot, and absolute temperature 250® C. Find the change in pressure when the volume 
is diminished by o*i cub. ft., and the temperature increased by 2®. 

2 . With the same data as in example i, find the change in temperature when 
the volume is diminished by o‘2 cub. ft., and the pressure increased by 5 lbs. per 
square foot. 

8. With the same data, find the change in volume when the temperature increases 
by 2®, and the pressure by 2 lbs. per square foot. 

4. (r, 0 , <p) are the polar, and {x, z) the rectangular co-ordinates of the same 
point P. What change is produced in x by given changes dd in Q and 5 (/> in <^ ? 


221. Successive Partial Differentiation. — Let a be a function of x 

82 

and y. Then we have seen that ^ denotes the result of differentiating s 

with respect to 2 r, y being treated as a constant. The result of this operation 
is, in general, itself a function of x andjy. 

If it is diferentiated again with respect to x, y being still treated as a 


constant, the result is which is written or ^ 

.82 


dxy' 


If ^ is differentiated with respect to^, x being treated as a constant, the 


result 


. 8 fd 2 \ . 

IS — ), w. 

8y\d2:J 


whick is written^ or (^). 


Similarly, denotes the result of first differentiating z with respect 

to 7 , treating ;ir as a constant, and then differentiating the result with respect 
to X, treating ^ as a constant. 
d“2 


8y^ 


denotes the result of differentiating 2 twice in succession with 


respect to/, treating as a constant. 

In the same way, we may proceed to partial differential coefficients of a 
higher order. 
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Example (i).- 


2 = jT* - p:y + 3^1'^ + 
= 4,r’ - 6x}’ + 3/. 

J^^ = - 6 . + 6 ,. 

^ = - yc- + 6xj' + 4./. 

dy 

%^^ = 6x + I2y\ 


Note that 


= ~ oj: 4 “ 6 ^* 

dh . ^ 

9a'c))/ 6[y5^ 


or, the order in which we differentiate with respect to a: and does not affect the 
result. We shall find that this is the case for all the functions with which we deal in 
this book. 

Fy AMPLE (2) ---If V is the potential at any point (:r, 7 , z) in a field of force^ then it 
canUshcnvnfrom the definition ofi potential that the component X parallel to thereof 
X of the forcLt any point in the field is equal to the rate of decrease of the potential per 
unit increase of x at that potni> 

OrX=-\pp] 

Similarly 7 = - 

where V and Z are the eomfonents of the force paralUl to Oy and Oz. 

Show that if the potential at any point vanes inversely as its distanee from O, then 
the resultant force at any point varies inversely as the square of its distance from O. 

Let F be the resultant force at a point P {x, y^ s), and X, Y, Z its components 
parallel to O^, Oy, Oz respectively. 

Then F'-^ = 

Also we have ^ 


(f) 


We have 


where c is constant. 


v = c = 


c 

A/sc‘+f'+. 


Then X ; 




{x“ + + s“)^ 

cy 

[x^ + y^ 2 ")^ 
Cz 

{x^ 4 " y"^ 4" 
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/, squaring and adding, 



or the force varies inversely as the square of the distance from 0, 


Examples.-^CXVIII 
1* If « = - ^xY “ ^xy -f /, find the values of 

5 ^^ dy d^- 5 /“’ d^dy dyd^^ 

and verify that the last two are equal. 

2. If 2 = 3 sin { 2 x + 3y) “ find 

d"^ 5*2 

dx' dy dx^ dy dxdy dydx 


Q“Z 0 S 

8. Verify that in the following cases :— 

2 = axy^, z = z = "** 

s = j sin (3;c 4- 0')> « = ^ cos {3jr + 
s = sin {£x + ify) 

1 If the potential V at a point P [x^ y, z) varies inversely as the distance of P 
from the origin 0, show that V satisfies the equation 

^ 

dx^ ‘ 

5. y is the displacement at time / of a point on a vibrating stretched string at 

distance x from one end. It is known that =r(^'V Show that this 

V/V* \dx^/t 

equation is satisfied if 

. i>x 

y = A an Y (/^ + e) 


where k,p,c, a are constants. 




CHAPTER XXVIII 


MISCELLANEOUS METHODS OF INTEGRATION 


222. We shall here give examples of some methods of integration somewhat 
more difficult than those treated in Chapter XVI. 

Example xdx. 

We have 

Jsin^ xdx = JJ(i — cos ^x\ds 
~ — i sin 

Example ( 2 ).-^/ tan" xdx = Jlsec" - i) ^ = tan 


Example {3).— ja * dx , 

W e have 

a = a 

ja^dx = 

~ log, a 


f dx 

£xamfle(4).— 

We have 


Similarly 


L.\ 

y? d 2a\x - a X + af 

f dx ^ I f ^ _ f ] 

2a\j X - a'~ j X + aj 

= — {log« (;r - a) - log, (x f a)] 
2 a 


r , X - a 

~ 2a X a 


h 


dx 


I , x-\- a~ b 

= rrlog. 


Example 
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Wc have 4" 3-* “ 5 “ 3-^ 4* f 5 § 

= (^c 4- ?)’“ 

- f^Y 


= [x + D’ 


2 ^ 


•••f. 


dx 


XT + 3 X-- S V29 






V29 

^ bj example ( 4 ) 


>s /29 


I , 2.y 4- 3 

V29 2^ 4 - 3 + 29 


Example (6).- 


a respec ^ 

^ = a sec > = 0(1 4- tan V) = ‘^ (^ * + ? ) 


Let X ^ o, tan r. , 

Differentiating with respect to we have 


T.T ^ 

dy 


and 


Similarly 


/. 


^ j:* 4- 

^ j bv the definition of an indefinite integral 
= a] dx^^'~‘ a ^ 

I ^ 

= - tan-^ — 
a ^ 


4- 


/ ( 7 +^)' + i’ “ i ' 


jr 4 - 


Example (7)*~ J 
We have 




+ 3 ^ + 5 

jr® + 3^ 4- 5 = (^ + 3^ + ^ 

= (x 4 - |)* + ^ ^ by example ( 6 ) 

dx ^ A-tan-if-Ll 

jhi 

z 

2X + 3 


/: 


0^4- 3^ + 5 


”■ Vii //ii 
Examples. — CXIX. 
Evaluate the following integrals ; 


1 . Jcos® xdx. 

4 . I 


2 a 4 4 - 6 j: - 10 

dx 


2 . 

6 . 


r. 


rf'jr 


h 

f . 8. f| 

j x^ — 2X + I j 3 


dx 

:* - 2 a: 4 -'"s' 


f ^ 

' j x^ ^ 4x + 7 

dx 


±J>=‘dx. 
— 2 a: 




•-. 8 ’ 


a:® 
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223. Integration by Substitution. — Consider a function such as 
f = (loga Xy, 

Let logs X = u, then we may also writer = tr. 

Thus we may regard j/ as a function either of x or of u. 

Let u increase by the amount while x increases by Sjr. 


Then 5/^ 


lu 

Tx' 


Zx 


/; 


and j ydu = limit of sum of terms you 

Zu. 








where u changes from c to d, ■while x changes from a to 

If we regard the upper limit as variable it follows that the indefinite 
integral 


Jydu = 


(§ I3S) 


In the case considered above, this result gives 

= /(log. x)^.^.dx = Ju^du 
= J = i(logo x-f 

We have here shown that in an indefinite integral du may be substituted 
for when it occurs in the integral^ just as if du and dx were separate 
. . , du 

quantities and were a fraction. It must be remembered, how^ever, that 

no meaning has been given to du and dx standing alone, and when we use 
them as if they were separate terms it is understood that they occur in the 
expression of an integral. 


Example (i). — Integrate Js/n x x dx. 

Let u = cos X. 

Then du may be written for —dx^ t.e, fox —sin x dx, 

^ ax 

Jsin x cos’ X dx — Ju^du = — — = — 


Example {2). — To find 
Let = .a:® + 3;r + 4. 


/■ 


2x + : 


-dx. 


+ 3:r -f 4 


4 
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Example (3).. — By an extension of the method of Example (2) we may mtegrate any 
expression of the form 


E,g. to find I — dx. 

Let « = 4:® 4- 3;e: -f 7. 


Arrange the numerator in the form ^ ± where ^ is a constant, dividing out by 


whatever coefficient is necessary. 

In this case we write the integral. 


f?i^i±A=ildx 
J X' + 2^ -^7 


f__2X_±J_ 
' ^ + 3x + 




dx 

XT + 2^ + 7 


The first of these integrals falls into the class treated in Example (2) above, and th 
second is of the type treated in Example (7), p. 382, and we find that the require< 
integral 

2 2j?4*3 

= 2 log. + 3:« + 7) - ^ tan- 


Example (4), —Find the position of the centre of gravity of the area of a semicircle 
of radius a, y 

Take axes of co-ordinates as shown in the figure, and 
divide the area into thin strips parallel to the axis of y. / \ 

Then the mass of an element = 2ydx* \ 

We have 7 \ 




x/jc^ — o^dx 


To find this integral let c? — x^ — u. 

Then du dx — — 2x dx. 
dx 


, /sf u du. 


>![“*]>; 


the limits being chosen as shown, because u ■= d^ when x = o, and u = o when x = a. 


Example (5). — Find 
Let a; = <2 sin 0. 


f dx 

J 

Then dx — 


[do =: a cos d dB 


— a cos B 


J -a? j a cos 9 J 
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Example (6). 


j V X- i a - 


Let Vx* i at* = « - :r. 


Differentiating with respect to //- 


O = 2« — 2X — 2 U 

au 


y7=i°2«=ios(-*^+v^=d=«=)- 


Any integral of the type 


: may be reduced to the form of examples 


+ + c ' ^ 

5 or 6, according as a is negative or positive by the method used in examples 4 and 
5, § 222. 

Otherwise, we have (Ex. LX VIII. a, 10). 


f dx 

Example {*j).—Find \ 

We have sin = 2 sin cos ^x. 


dxy a) 


S' x“ — d“ ' 


i cosh~^-~. 
a 


. f 

** J sin X “Ism 

_ a sec^ i 
“■ J tan 


sin cos Jjr 
sec® ixe/x: 


dividing numerator and denominator by cos® |x. 
Let tan = u. 

Then du — ^dx = J sec® ^x^fx. 
dx 


, f . f — = log « = log tan Jx. 

•• J smx J u ^ ^ ® 


No general rule can be given to find the proper substitutions and changes of 
variable to use in applying the method of this paragraph ; it is largely a matter of 
practice. 

A few examples for practice are given below, but the student who wishes to 
pursue the subject further should consult works on the integral calculus. 


Examples. — CXX. 


Find the following integrals : — 

1 . Jtan X dx (take u = cos x); 2 . J cot x dx, 

'J^ + :c + S ‘U + x-^ 


2. f cot X dx, ^ 8. f ' 

J J cos X 

6 . f{^£± 5 )^^ e. f ( 5 ^ - 4 K^ 
Jx^ + x-h s' J x^ + x + s' 


2 c 
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7 . 8. foosxsm^xdx. 8 . 

J COS'* X •' . J cos® 

j - x®^/.r (take :r = a sin as in Example (4) above.) 

11 . Verify by integration that the area of a circle of radius a is equal to 
Note. — This is not really a proof since the result is implicitly assumed in the 
value of Tt, which is taken as a limit of integration. 

Evaluate 


2 x dx 

\/5 — 2 X ® 

cos X dx 
1 + 2 sin® X 


19 . j tanh x dx. 


20 . Find by integration the area of the portion of a circle of radius 5 inches 
which lies between two parallel chords, distant 3 inches and 4 inches from the centre, 
and on opposite sides of the centre. 

21 . Prove that the centre of gravity of the zone of the surface of a sphere is at 
the middle point of its axis. 


04 + 5 -^ 

13 . 

dx 

15 . 

'1/5 — 20^ 


\/2 — 

17 . 

rT 


^cos® X dx. 

19 . 


Evaluate 
22. ( -r= 


dx 

2X — S 


dx 

- 2X — X?" 


224. Integration by Partial Praetions. — In Chapter VI. we showed 

how to resolve into partial fractions a fraction of the form ^2 +j^ 4 . 

where the denominator is of higher degree than the numerator. 

The partial fractions can be integrated separately by one or other of the 
methods already given. 

Example {i).—T0 find I v 


i.j. * - / — J + 2 — 

Resolving into partial fractions we get 

2;r — 5 9 8 

2«® + 2 X “2 “ 5('^ + 2) 5(20: - l) 


(Example (i), p. 76.) 


• 1 

f 2;c-S , ,| 

\ dx , , 

f dx 

"I 

2;^® + 3^ -2'^ 


2j: — I 


Example (2).— 
f dx 

I(X- l](x + 2Xx-S) 


= I log (» + 2) - I log {2X - I) 




. (Ex. (2), p. 76) 


= - ^ log (j; - i) + ^ log (JT + 2) + log (x - s) 
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Example (3)--“ 

I dx 

j{x- i}V+2){-^“S) 




dx 

■* - S 
(Example (3), p. 76.) 


= jij log (^ - I) + _ - ^slog {x + 2) + ,.1.5 log (x - 5) 

Example (4).“" 


Ulosix-6)-Mj;ff^^ -iij- 


dx 


I :j;- 4 - ^ + I 

= ^ I log (^ - 6) - If log (^ = + X + I ) - tan - ' 

43 Vs ^3 


Examples.— CXXI. 
Find the following integrals : — 


j - , Verify by the graphic method, 

j 3^“ “• 4 

2. . 8 

J -h •¥ 15 

4 f 5 ^ + 7 _ 

J (x ~ i)(j? 4- 2}(^ 4- 3) 

/ (2Lr — l)U- 


13 -^ 4 - 9 


(2Lr - l){jr- 4- 3^ 4* 4) 


6 . 

7 . 

B. 


h 

I 


3 ^ 4-8 
4 - 7^ + 6^-^- 
4 ^ 4-23 


(2^-4-i)(j;~3)(:r 4-2) 
— 24.3;- 4- 6.r — 23 


(/;r. 


f jx^ — 24.3;- ■ 


4 )(^ 4 - 3 ) 

8.17 4" 1 1 


:/x. 


(.i4 4- X 4- 3)(x - 2)' 


i/x. 


225 . Integration by Parts. — It has been shown that, if it and v are two 
functions of x, 

d , . dv du 


The same theorem may be otherwise stated in the form 

f dv . f du ^ 

UV=ju^dx + 

= fudv + fvdu 

01 fudv z^uv — fvdu (i) 

Any function of x which can be directly integrated may be taken as ^ 

V being its integral, and thus we get a method which sometimes enables us 
to integrate the product of two functions, one of which can be immediately 
integrated. We integrate this function as though the other were constant, 
and subtract the integral of the product of the integral already found and 
the differential coefficient of the other function. 
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Example ( i). — Find the value of fx sin x dx% 

Take u =. x and ?/ = — cos x. 

Then dv =■ sin xdxj and du = dx 

/. Substituting in (i), we get 

fx smx dx^ — cos ^ — /( - cos x)dx 
= — ^ cos X 4- sin x 
dv 

It is often useful to take ^ consequently v = Xf as in the following 

ixample : — 


Example [f).— Find flog ^ xdx, 

/loga dx =/(ioge x)>ii ,dx 
Take u — log x, v — x 
Then dv = dxy du — -dx 

X 

A Substituting in (i), 

/(log x)i , dx = xlog X — fx , -dx = log ^ — ;c 

Example (3). — Find the values of fd^^ sin [cx + d)dx^ and fd^ cos {cx + d)dx. 
In fe^^ sin {cx -f d)dxt let u = sin {ex 4- d) and v = je^. 

Then dv = i^dxy and du — c cos {cx 4- d)dx» 

Substituting in (i), 

fd^ sin {cx 4- d)dx = sin {cx d) '—j j e^^ cos {cx + d)dx 

Similarly, we get 

fe^^ cos {cx + d) = cos (cx + d) +jj sin {cx + d)dx 

We have here two simultaneous equations to find the values of the integrals, 
sin {cx + d)dx, and fe^^ cos {cx 4- d)dx 


Solving wc get 


fd^ sin {cx 4- d)dx = 
fd^ cos {cx 4- cl)dx = 


^ sin {cx + d) — e cos {cx 4* d) 
^=4* if® 

c sin (cx 4-^4“^ cos {cx 4* d) 


226- It is sometimes possible to reduce an integral to a form which we 
can integrate by applying the process of integration by parts several times 
in succession. 

Example. — To fndfx ^^ dx . 

Let u = x\v = tf*. Then dv = e^dx, du = j^dx. 

A fx^e^dx = x^e^ — efe^sddx 
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The integral fe^x^dx may now be reduced in the same way. 

4fx^c^dx = — izfx^d^dx 

= 4Ji:V — I2 j:V + 24 j'xd^dx 
= 4.rV — l2jrV -f 24 .r^ — 24j‘e^dx 
:,f x‘‘edx - a'V--4:r*<r* + I2xred - 24ac* -f 24* 

Examples.— CXXIL 

Find the values of the following integrals : — 

I , Jx cos X dx, 2 . f xr-^dx, 8. Jx log x dx. 

4 . Find the mean value of logjo x from :r = i to ;»: = 10. 

6. f log^ .r dx. 6. J x-^dx. 

7 . Find the mean value of d sin qt from t — Oiot — — . 

q 

8 . Find the abscissa of the centre of gravity of the area lying between the curve 

y = sin .r and the axis of x from ^ = o to = -. 

2 

9 . cos 3X dx. 10. J X sin 4jr dx. 

II . By means of a curve representing 2^ as a function of v prove graphically that 
uv = J'udv + fv du. 



CHAPTER XXIX 

SOJfM DIFFiaNTIAl. SQUATIONS OF APPLIED PHYSICS 

dv d^y • 

x.c.p» XV,.. .« ->^ 7 ;““:;::“:=-::?. r.r: 

between, and and 

We showed how to find “ ^examples of the solution of differential 
to represent it by a curve. ^ 

'“tSlio., invo.™* Sr Jw.,”£^B5£S“ " 

£r«sS5» 

''''w?‘Sll’»2“«tSS‘tom. of daetentM equations which occur in 

applied physics. 

. 4.T««r There is a large class of cases in 

228. I. Oompound Interest Law. he 

sr«o/r:s‘-« 

Thi! hrw may bo «prc«cd b, an .,na,ion ,n the form ^ 

‘ "ZTL sc... .ha, when , = a<“, | * ‘X. 

: a"L.bc.,c.n..nd*, which .ways sa.U.cs rhe 


^ = by. 
dx 


Otherwise, we have 


= h 

v' dx 


In integrating we may separate the variables (§ 223)- 


/■ 


= ibdx 

y 


log., = + c 

where C is the arbitrary constant of integration. 

y = where C = log« d 

a bf eXnttom 
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When a sum of money is invested at compound interest payable annually, 
the interest for each year is added to the principal at the end of that year 
and proceeds to bear interest for the following year, and so on . 

Thus the rate at which the interest accrues is proportional to the total 
amount at the end of the preceding year. 

By making the interest payable more frequently we could approximate 
more closely to the cases of the Compound Interest Law which occur in 
nature. 

Suppose the time to increase by a succession of small increments S/, and 
that the interest is added to the principal P at the end of each of these 
intervals. Then, if r is the rate per cent, per annum, the interest gained in 

r t 

time 5/ is — P5/, where 5/ is expressed as a fraction of a year and P is the 

total amount at the beginning of the interval 5/. This is now added to the 
principal, and may be denoted by SP. 


A 5P = — TBt 
100 

5P r ^ 
5 / 100 


If now the time 5/ is continually diminished so that in the limit we may 

5P 

consider the interest as continuously added to the principal, — continually 

dP 

approaches a limiting value, which is the value of for the case where the 
interest is added on continuously. 

• ^ = Jlp 
•• dt \oc 

Comparing this with the equation given above to express the Compound 

y 

Interest Law, v/e see that we may write P for y, / for x, — for L and the 
relation between P and t is therefore 

P = 


where ^ is a constant. 

To find a put / = o, then P = ; t.e. a is the principal originally invested 

when / = o. Writing P^ for this, we get 

P = 


229. The exponential ^ is defined algebraically as the limiting value of 
when n is infinite. 

The student sometimes finds difficulty in understanding the connection 
between this definition of ^ and its use to express the Compound Interest 
Law, which is more important in physical applications. 

It is easy to show that, if compound interest is j)ayable m times per 
annum, the amount in / years at r per cent, per annum is 

p = p/i + -ji. y 

\ loom j 
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Now write n 


and 


IQO;^ 

r 


then m = 


nr 

loo 


P = 



rt 

100 


If we continually increase the value of m until the interest is payable 
continuously, and therefore n also, approaches the value infinity* 

rt rt 

We have shown above that in this case P = and therefore is the 
' when n is infinite. 


limiting value of 


(■^r 

r/ 


If we write = ;ir we get the algebraical definition that is the 

lOO 


limiting value of 




when n is infinite. 


Thus the algebraical definition of implies also its capability of 
expressing the Compound Interest Law. 


280. The following are examples of natural phenomena which obey the 
Compound Interest Law : — 

(1) The case of a belt or rope passing round a pulley. It can be shown 
that at any point on the belt in contact with the pulley the rate of increase 
of the tension in passing through that point along the belt from the slack to 
the taut side is proportional to the tension at that point- Thus the tension 
follows the Compound Interest Law. The results of an experimental proof 
of this are given on p. 1 54. 

(2) The Compound Interest Law is also extended to include the case 
where the rate of decrease of a variable is proportional to that variable 
itself. 

Newton’s Law of Cooling is an instance in point. The rate of cooling of a 
body is under certain conditions proportional to the excess of its temperature 
above the temperature of its surroundings ; i.e. the rate of decrease of the 
temperature 6 per unit time t is proportional to the temperature, or 



and therefore B = where ^0 is the temperature when / = o and is a 
constant. For experimental results, see p. 108. 

(3) If the two sides of a charged electric condenser are connected 
through a large resistance, the discharge takes place rapidly at first and then 
more slowly, the rate of decrease of the voltage at any instant being pro- 
portional to the voltage to which the condenser remains charged at that 
instant. Thus the Compound Interest Law connects the voltage and the 
time. 

V = 

where V is the voltage at time Vq the voltage at time / = o, K the capacity 
of the condenser, and R the resistance in the circuit. 

The student may be familiar with the^ method of testing the insulation 
resistance of a cable, which depends on this law. 

(4) As we pass upwards from the earth’s surface into the atmosphere, the 
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density and pressure of the atmosphere at any height diminish ; the rate of 
decrease of the pressure per unit rise in height is proportional to the density, 
and, therefore, if the temperature is constant, to the pressure at that height. 
Thus the pressure, regarded as a function of the height, follows the 
Compound Interest Law. 


Examples.— CXXIII, 

1 . Find an expression for j in terms of if it is given that ^ = 3j, and jj/ = 5 
when X = 

2 . What is the equation to a curve whose slope is everywhere numerically equal 
to one-half of its ordinate, and whose ordinate is i when x = o} 

3 . A point starts at A and moves along a straight line AB, so that its velocity in 
feet per second is always numerically equal to its distance in feet from B. If AB is 
100 ft., how long will the point take to get halfway from A to B ? 

4 . Find the amount of ;^ioo in 3 years at 4 per cent, per annum compound 
interest 

(l) when the interest is payable yearly 


(2) 


„ half-yearly 

( 3 ) .. 


„ quarterly 

( 4 ) » 

S» 

,, continuously 


5 . If 8 is the temperature of a certain body at time it is known that the rate of 
cooling is equal to o‘oo 65 , and that when f = o the temperature is 20® C. Find an 
expression for 6 in terms of jf. 

6. A rope passes round a drum. T is the tension of the rope at a distance s, 
measured along the rope from one end of the portion of the rope which is in contact 

with the drum. It can be shown that ^ = — , where r is the radius of the drum, 

as r ’ 

and fi the coefficient of friction. Find an expression for T in terms of s for the case 
when fi — 0*5, r = 9", and T = 25 lbs. where j = o. 

7. f is the quantity of the charge at time t in s. condenser of capacity K, dis- 
charging through a resistance R. It can be proved that ^ = 0. Find an ex- 

pression for ^ in terms of /. Taking the initial charge when = o as o‘cxx)5, plot 
a curve to show the value of ^ for any value of i from o to 0*03 secs., given 

R = 5000 X 10®, K = 3 X io~ In what time is the charge reduced to of its 
original value ? 

8. If i is the current at time / in a circuit of resistance R, and coefficient of 
self-induction L, and the impressed electro-motive force has been removed, then 

+ Ri = o. Find i in terms of taking R and L as constants. 

If R = 0‘S ohm, L = 0*05 henry, and / = 15 amps when / = o, plot a curve to 
show the value of the current at any time from / = o to / = 0*2 secs. 


231. The following is an extension of the Compound Interest Law : 
Let g ^ 


where a and 3 are constants. 

To find the law connectings^ and 2 r, we have 


dx 


h — ay 
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/. separating the variables and integrating 



“ log, (3 - ay) - x + Q 
where C is any constant. 

log, (3 ~ ay) = — ax -- aC 
3 ay = 

y = he~^ + “ 

a 

where the constant A is equal to — 

Example . — If ^ "I" 3^ = 5 J o.n expression for y in terms of x. 

Following the above process we get 

y = + I 

To verify, we find 

dx 

+ ay = - 3A«-5» + 3A«-»» + 5 = 5 

and thus the given differential equation is satisfied by this solution. 


Examples.— CXXIV. 

1. Take A = i in the above example, and plot the curve y = + | from jc = o 

to 4 : = -J-. Measure as accurately as possible the values of^-^ and^ for this curve at 
the point where :r = 0 * 1 , and verify by substitution that they satisfy the equation 

dy . 

£ + 2y = s 

Find the value of ^ in terms of ;r so as to satisfy the following differential equations: — 


2 . f^=y + 3- 

dv 

^ ^ + 4y+ 3 = 0. 


6. |_6^ + 7 = o. 


6. If a constant electro -motive force E be impressed on a circuit of resistance R, 
and co-efi5cient of self-induction L, the current / at time t satisfies the equation 


lJ;+r^=e 

Find an expression for * in terms of t, choosing the constant of integration so that 
2 = 0 when / = o. 

If R = 0*5 ohm, L = 0*05 henry, and E = 7 volts, plot a curve to show the 
value of the current at any time from ^ = o to ^ = 0*3 secs. 

From the shape of the curve deduce the probable value of the current at the end 

of 5 seconds. Measure the slope of your curve at / = 0*1, and verify that i and ^ at 
this instant satisfy the given differential equation. 
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7 . In an electric circuit of resistance R, and coefficient of self-induction L, there 
is a simple harmonic impressed electro-motive force E sin qt. 

Then it is known that the current t at time / satisfies the equation 

L “h R* = E sin qt 

where L, R, and E are constants. 

Show that this equation is satisfied if 

where C is a constant and tan a = 

If / = o when f = o, find the value of C, and plot a curve to show the value of i at 
any time from ^ = o to / = 0*05. 

Given R = 25, L = o*l, E = 100, q = 600. 


232. The following differential equation may also be considered : — 


Let 


^ : 
dx 


X 


Find the law connecting 7 and x. We have, separating the variables and 
integrating 

* log«^ = n loge ;r 4* C 

y = where ^ ^ 

and may therefore have any arbitrary constant value. 

Example. — If a gas expands withotd gain or loss of heat it can be shown that 


Find the law connecting jp and v. 
As above, we have 

integrating 


dv 


£ . = — Xdv 

p V 


logep = — 7 log* ^ 

.% p = hj~^ where ^ is a constant 
or pvf = k 

233. More Greneral Case, where ^ is given as a Punetion of y.- 
Consider such an example as the following : — 


dx 


= r 


__ dx I 
Then -r “ "T 
dy y 


and ;r =fdx = j^y =J^ 


= r^ = _i+c 

y 



Xalues of y 
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So, in general, if 


%-M 


dx _ _i 

/{y) 



and ;r can be found in terms of y if the function can be integrated with 


respect toj^. 

If f cannot be integrated directly, or if the connection between ^ 
jf{y) ^ dx 

and y is given by means of a number of experimental results, we may obtain 
a solution by the graphic method. 


Example. — Lei 



Constnict a curve shcnoing the relation between x and y from y —otoy having 
given that when y 



Fig. 199. 
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We have 


i_ 

V (i~—jr){i — o * 25^*1 


and ;r 




jo^y 


^3^ since ^ r= o when ;r = o 


To find this integral we plot a curve in which values of are ordinates and values 
of ^ abscissae by choosing a number of values of y and thence calculating the corre- 
sponding values of 

This is the curve PB in the figure. 
fVjc 

The value of j for 3-uy value of y is the area lying between this curve and 
the axis ofjv from^y = o to the value oiy which is being considered. 


E.g. the area OABP gives the value of 


i 


^ d.x 

^od therefore of x when y = O A. 


This is found to be 0*307, which is therefore the value of ;r when y = OA. 
Setting off AC equal to 0*307, we get a point C on the required curve connecting 
X and y. 

Proceeding in this way for a series of values of y we construct the curve OC in 
the figure, which shows the relation bet\veen and so that the given differential 
equation may be satisfied. 


284. We may also have the relation betw^een ^and^ given by means 
of the results of experiments as in the following example. 

Example. — The accelerating torque of a h'acHon motor can he found whefi the 
speed is hiow?i. The following are values of the torque fa available for acceleration at 
speeds v of a car on the City mid South London Electf'ic Railway, 


V ft. per sec. 

0 

16 

i 6 - 9 S 

iS-SS 

20 

21*2 

ia inch-lbs. , , 

7520 

7 S 20 

S 400 

3000 

1200 

0 


The torque is constant from v -=^0 to v — 16, and then decreases. 

The acceleration is proportional to the torque, and it is known that the acceleration 
is 0*4637?. per sec. per sec, when ta is 75^0 inch-lbs. 

Construct a curve to show the relation between speed and time from starting. 

(Carus- Wilson, Eleciro' Dynamics, p. 163.) 

Let a be the acceleration. Then, since the acceleration is proportional to the 
torque, and a = 0*463 when ta = 7520, we have 

a = = 6-i6 X 


and the values of a, which is equal to may be calculated. Hence we get the 
dt 

values of as follows % — 
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0 

16 

16-95 

18-55 

20 

21-2 


I 0-463 

0-463 

0-333 

0*1845 

0-074 

0 

a 

dv 

2-159 

2 -IS 9 

3 

5*45 

13*5 

00 


Plotting the values of | and a., we get the curve ACD, 



We have t = therefore the value of t corresponding to any value of 

e, is equal to the arU between the corresponding part of the curve ACD and Ae axis 
of ^ the value of ^ is constant, and equal to 2-IS9 from e, = o to t- - l6 ft. per 

.^a i! to “",*5* °f *'aS“'5. pa £»oJ s '1“* “ tk. rf > 

Thus from ^ ^ I is obtained by adding to the abscissae 

The remainder BF of the velocity tim the curve CD and the axis of v. 

lengths equal to the “tS speU at any dme from starting. 

^V‘oraflm mXd°o? 0^^^^^^ - cLus-WEson, EUciro-D^nan..., 

p. 163. 
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Examples. — CXXV. 

1 . The speed z/ of a car at a distance x from its starting-point is given by the 
following table : — 


X feet . . 

0 

40 

80 

1 

1 

130 1 

200 

300 

vli. per sec. 

0 

! 

7-2 

12*2 

i8-8 

25 

29-5 


In what time does the car get from x = loo to x = 300 ? 


Note. — The required time = [ ^dx = 

i 10/* 

graphic method from the above data. 


- . dXi which can be found by the 


2 . The following table gives the acceleration a of an electric locomotive when the 
speed is v feet per second. 


V ft. per sec. 

0 to 26*28 

27 

29 

32 

34 

f. s. s. . . 

Constant and = 0*73 

0-495 

0*285 

0*090 

0 


Construct a curve to show the velocity at any time after starting. 

3 . The following data refer to a similar case : — 


V ft. per sec. 

0 to 37-4 

38 

39 

40 

42 

af. s. s. . . 

0-417 

0*300 

0*190 

0*105 

0 


Construct curves to show the relation between velocity and time from starting, 
and also between distance traversed and time. 

4. P is the pull in pounds exerted at the tread of an electric locomotive at speed 
V feet per second after tractive resistance has been allowed for. The mass to be 
drawn is 3360 engineering units. Construct a curve to show the relation between 
velocity and time from starting. 


V ft. per sec. 

0 to 28*6 

29 

30 

32 

35*4 

Plbs. . . 

i960 

1713 

1273 

605 

0 


6. The following table gives the speed of a car at various distances s from 
starting. Construct a curve showing the relation between the distance and the time 
from starting. 
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Velocity ft. per sec. j 

0 

5 

7*5 

! 

9'9 

12*5 

i6'9 

s ft * 

— 

0 

35 

70 

120 

180 

300 


(P. V. MacMahon, Electrician, June, 1899, p. 227.) 


285 . Linear Equatioiis of the Second Order. We shall first consider 
and compare the three differential equations. 


g + 2|-3.>' = o 
g+2|+3J' = ° 


(0 

(2) 

( 3 ) 


We note that the equation 


dx 




has been shown to be satisfied by putting 

y = A^* 

The equations which we are now considering are similar to equations of 

this type, but contain an additional term of higher order. 

(i) We shall try whether a value oiy of the form j where A and 

A are constants, can be made to satisfy the equations (i), (2), (3)« 

We have, ifj' = A^^, 

^ \ ^ = Aa2<2^ ( 4 ) 


Substituting in equation (i), we get 

(a 2 + 2A - 3)A^^» = o 

This is evidently satisfied if 

a2 + 2X - 3 = Oj and ^ = 1 or -3 

Therefore equation (i) is satisfied if we put 
y = Ai^* or / = 

where Ai and are any constants. 

/ = Ai^ + (5) 

also satisfies equation (i), since the sum of two functions can be differentiated 

sSwn that all possible solutions of equation (i) can be put 
into this form by giving different values to the constants Aj and A^. 
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(2) If we attempt to solve equation (2) by the same process, we get on 
substituting from (4) 


(a3 + 2X4- 3 )A^^ = o 


The equation + 2\ + 3 = o has no real roots, so that in this case we 
cannot find two real values of A to give a solution of the form (5), 

If, however, we introduce the imaginary = / as in p. 66, we find, 
solving the quadratic in A, 


A 


2 ± .y/— 8 
2 . 


= - I ± 2V3 


,% the general solution Is 

j' = 4 

= cos A-J sin 4 Ag cos aJ2x 

“ Agf sin (see p. 224) 

= (C sin 4 D cos Aj2x)e^ 


where D = Aj 4 A2, C = AJ - AoZ. 

Note that as Aj, Ao may have any values, real or imaginary, C may be 
real, and C and D are constants. 

We have shown (p. 42) that 

C sin jj2x 4 D cos a/2x 

may be expressed in the form A sin 4 B). 

Therefore the general solution of the equation (2) is 

^ = A<?~* sin (V 2 ;ir 4 B) . ( 6 ) 

where A and B are constants. 

(3) In equation (3) we get, on substituting / = 


(a2 4 2A 4 i)A^^ = o 


This is satisfied if A^ 4 2A 4 i =0 

ue. (A 4 i)2 = o ; X = - I 

Thus y = A<?“* will satisfy the equation, but this solution only contains 
one arbitrary constant A instead of two, as in cases (i) and (2). 

It can be shown that the complete solution of a differential equation 
d^y . , . 

containing must contain two arbitrary constants. 

We find that the equation is satisfied by putting 

= (A 4 B:r)^*"® (f) 

For ^ = - A#~* + 

ax 

^ = (A - 2B)e- + 

. + V = (A - 2B - 2A + 2B + A>“* + (B - 2B + B)xe-^ = o 

* ' dx^ dx 
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238 . The equations (i), (2), (3) are all of the form 


d^y . dy , 

^ + <^.-+4, = o. 


e ( 8 ) 


where a and b are constants. 

We thus find that there are three forms of the solution. 

If the quadratic 

has two unequal roots Aj, Xgj ihe solution is in the form 
y = as in (5) 

If the quadratic has imaginary roots the solution takes the form. 
y — sin -f B) as in (6) 


where the roots of the quadratic are 


K p ± ig 


— a 'i: ijsjA-b — 

2 


and therefore the solution is 

y = sin ~ 


( 9 ) 


If the quadratic has equal roots the solution is ^ = (A + 

The student is advised not to use the general formulas, but to work out 
each case separately as has been done for equations (i), (2), (3) above. 


237 . Simple Harmonic 
when a o in equation (8). 
We get 


Motion. — ^An important special case arises 


dx^ 


+ = o 


The solution (9) becomes 

= A sin (A^bx 4- B) 

The case of simple harmonic motion is represented by a differential 
equation of this form. 

Let a point move along a straight line so that its acceleration towards a 
fixed point O is proportional to its distance from that point. 

Let :r be the distance of the moving point from O at any time /• 

Then the above condition gives 

d^x . 

where ^ is a constant 

d^x 2 

or ^ + g^x = o 


The solution of this differential equation Is 
;*r = A sin {gt 4- 

where ^ is a constant. 

This gives the distance x described in time / in simple harmonic motion. 
This is the same as the equation obtained to represent simple harmonic 
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motion in the graphic treatment in Chapter VII., where simple harmonic 
motion was defined as the projection of uniform circular motion. 

We thus see that the definition of simple harmonic motion by means of 
the property that the acceleration varies as the distance from the centre 
leads to the same result as its definition as the projection on a straight line 
of uniform circular motion. 


238. Example . — A condenser of capacity K is discharging through a circuit of 
resistance R and coefficient of self induction L ; its potential v at any time i satisfies the 
differefiiial equation 




(I) 


Find an expression for the potential at any time. 

We have seen that the solution of this equation depends upon that of the 
quadratic 

+ Rx + g » o (2) 

If ^ ; i.e. if 4L < R^K, this quadratic has real roots, and the 

differential equation is of the same type as equation (i), p. 400. 

Let Xj, Ag be the roots of the quadratic equation (2). 

Then the solution of the differential equation (i) is 

V = 

If R® < ^ ; i^. if 4L > R^K, the quadratic has imaginary roots, and the 

equation is of the same type as equation (2), p. 400. 

Its solution is 


V =’ ke sin/" . / JL — —j 4- 
VV KL ^ 

If 4L = R^K we have equal roots as in equation (3), p. 400, and 

V = (A + B/)<r at* 

239 . The constants in any actual case are found from the known initial 
conditions. 

Consider the case where R = 200 ohms and K = 0*5 microfarad = 
0*5 X io“® farad. 

First take L = 0*002 henry. 

Then the differential equation becomes 

dfhj , . . 

0*002^ + + 2 X io®2/ = o 

Substitute v = 

We get, as the condition that the differential equation may be satisfied 

o'oo 2 a 2 4 - 200A 4 - 2 X 10® = o 

— 200 ± v'4'io* — 1*6. 10* 

- * 

4 X 10 * 

= - io*(5 ± 3*875) = — 8*875 . 10* or — I‘i25. 10* 
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the potential to which the condenser is charged at any time / is 
given by 

To find the values of the constants Ai and the initial conditions must 
be given. Suppose the condenser is charged to looo volts when / = o. 
Substituting, we have 

looo = Ai + Ag 

We also know that the current and therefore ^ = o when / = o. 

We have 

^ = — 8 '875 . 10^. ~ 1*125 . 10* , 

civ 

A substituting / = o and ^ simplifying, we get 

o = - 7 iAj - 9Aj 
••• Ai = - afofi _ _ 145^ a. 2 = 1 14s 

A the solution is 

V = ii45«-«“-“'‘* - 1 45^-8-876. io*« 

The curve representing this equation has been plotted as an example in 
Example 7, p. no. 

Next suppose R and K have the same values as before, but L = o*oi. 
The quadratic in A becomes 

0*01X2 4. 200X 4-2 X 10® = o 

X =: "" 1 V4 io^ - 8*10^' 

0*02 

= - 10^(1 ± t) 

A the potential at any time is given by 

V = sin (loV + B) 

To find the constants, we have 

V = looo when ^ = o 
A 1000 = A sin B 

Also, as before, ^ = o w^hen / = o. 

^ sin (loV -f B) 4* cos (loV 4- B) 

du 

Substituting ^ = o and / = o, we get 

o = lo^A cos B — lo'^A sin B 
A sin B = cos B and tan B = i 

A B = ^ - 0*7854 

and looo = A sin ~ 

4 V2 


A A = 1414 
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the value of v at any time is given by 

z = sin (loV -f 07854) 


The curve representing this solution was given as an example in 
Example 4, p. 120. 

As an example the student should work out the solution numerically and 
plot the curve for the case when L = 0*005 = initial conditions 

being the same as in the above examples. 


Examples. — CXX VI. 

Find tbe relations between v and Xf so that the following equations may be 
satisfied : — 

1, a. + 41/ = o. Taking each of the constants equal to unity, plot a 
^dx 

curve to show the relation between^ and x from x — o to x = 2. 

dx^^^dx 
e. g+ 16^ = 0. 


: O, 


6 . S + 4 | + S^-°- 


dx^ 


7 . A mass fn is supported by a vertical spring which will stretch a length h when 
supporting i lb. Then, if we neglect the stiffness of the spring and the resistance of 
the air, the motion is given by 


d“x , X 


o 


where m is obtained by dividing the weight in pounds by 32*2, and x feet is the 
distance of the weight from its position of equilibrium at time / seconds. Find 
an expression for x in terms of having given that x = o when ^ = o. Taking 
the weight equal to i lb., h = 0*5 ft, and the greatest value of jp 9 ins., plot a curve 
to show the displacement at any time from / = o to ^ = i sec. How long does it take 
the weight to make a complete oscillation in the numerical case ? Take g lbs, as the 
unit of mass. 

8. If the stiffness of the spring and the resistance of the air in Example 7 have the 
effect of retarding the motion with a force proportional to the velocity, the motion is 
given by 


m 


d”x . jdx 


0 


k is the retarding force when the velocity is unity. Find an expression for x in terms 
of / for the case where the weight = J lb., .4 = 0*5 ft., and = 0*02 lb. Sketch a 
curve to show roughly the character of die motion. 

9 . I is the moment of inertia of a ballistic galvanometer needle round its axis of 
rotation, k is the twisting moment per unit angular displacement due to the torsion 
of the fibre and the controlling magnetic field, k is the moment of retarding force per 
unit angular velocity of the oil bath used to damp the motion. The motion is given by 


. rdd , 


where 0 is the angle through which the needle is displaced from its equilibrium 
position at time 
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Find an expression for B in terms of i 

1st, when k' ; 2nd, when 

Sketch figures to illustrate the character of the motion in each case. 

Note that in the second case the^ motion is^“ dead-beat,” i.e. the needle does not 
swing back past its equilibrium position, while in the first case the motion is oscillatory. 


240. Next consider a differential equation of the type 




where V is a function of x* 

Compare this with the equation 


^^ + a-£+by = o 


(I) 


( 2 ) 


which has already been considered. 

If j/ = u is any solution of equation (i), then^ = 4* is also a solution 

where v is any solution of equation (2). * 


we 


For if_y = 74 + 2^ 

dx'~'dx^ dx' dx^ “ ^ 


d^v 


and, on substitution. 


= V + o 


since ^ = u satisfies equation (i) 
andj/ = V satisfies equation (2) 


Thus the solution of equation (i) consists of two parts: 

{a) A '‘particular integral''/ = 7/, which may be any solution of equa- 
tion (i), the simpler the better; and 
{b) The “ complementary function ” which is the general solution of 
equation (2). 


Example — 

^ + 2^-tv-0 
dx^ ^ dx 

We have shown, p. 400, that the solution of 
d^y dy 

_ + 2__3^ = o 

is = Ai<!« + 


A particular integral is evidently / = — 3. 
Therefore the solution of the given equation is 


/ = Ai^ -f ~ 3 

This may be verified by finding— and ^ and substituting. 


241. S3rmbolio Method. — When there is only one independent vari- 
able, we may denote the operation of differentiation by the symbol D. 

Thus 

dy d^y 

dx ~^-y> and so on. 
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F or example 

D sin px =: cos px, 

D cospx =z smpXj D- sin px z=. ^ p- sin px^ cos px = ~ ^2 

Note that the effect of the operator D upon is the same as that of 
multiplication by a, and the effect of upon sin^or and cos px is the same 
as that of multiplication by — jz5-. 

In the same way the complete operation of forming^^ 4- ^^4- by may 

be denoted by (D® + oD + b)y. 

Thus 

(1)2 ^ ^ = (0.2 4. + b')e*^^ (D^ 4- 3) sin px = (-.^24. smpx^ 

(D^ 4- flD 4- sinpx = (- p^ + aD + 3 ) s'lnpx = ( 3 -p-) sinpx 4- ap cospx. 

In order to be consistent with Algebra, the inverse operator “ must denote 
an operation which is reversed by D, that is 

Ly =Jydx ; for D gjt/ = Dfyix = ^ jydx =y 
Thus ^sinpx = -^cospx, ^sin px = - isin/;r. 

So also denotes the operation which is reversed by 


so that (D2 + aD + ^) . 


+ i'- 


r => 


Thus 


for 


4- + 3 

gax 


= . 


(D= + «D + 3)^ 


4- 4- ^ 

a2 4. 4. ^ 




a2 4. 4- ^ 4- iZa 4- ^ 


QOJC rr ^ojr 


We have seen that D'" . D^_y 




dx"^^ dx^ dx>>^-^^ 


D(^ + ')-£ + £-D, + D. 

D(ay) = = oDy when a is constant 


Thus the symbols D, D^, etc., when operating upon a function of x obey 
laws similar in form to the fundamental laws of Algebra, and we may perform 
the operations of Algebra with them as if they were parts of an algebraic 
expression, the other parts of the expression being constants. As an exercise 
the student should verify the following examples by carrying out the operations 
of differentiation and integration involved : — 

(D - 2)(D 4- 3)^ = (D 4- 3)(D - 2)^ = (D2 + D ~ 6 )b^ 

= (32 4. 3 — 6),?^ = 65®* 

(D - i)(D 4- 4) sin 2x = (D - i)(2 cos 2;ir 4- 4 sm 2;r) 

= — 4 sin 2jr — 2 cos 2Jf 4- 8 cos 2;r — 4 sin 2 x 
= — 8 sin 2;ir 4" 6 cos 2x 

(D - i)(D + 4) sin 2x = (D2 4- 3D - 4) sin 2:r = (- 4 4- 3D - 4) sin 2jr 
= — 8 sin 2;ir 4- 6 cos 2X 
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D 2 + 3 - aP _ sin i>x, performing 

J rsin/jsT = TKOr^ - + ^ + 

^ ^ operation + 5 - aB on both numerator 

and denominator 

Th. symbolic L^.i ’^y b. »=<* » »«■> “ =>“•““ * 

differential equation m certain cases. 


Thus if 


^ + iy = 2 

dx 


or (D^ + aJ) + l’)y ^ 

I j is a value of/ which satisfies the differential equation. 

then/ - ^ D" + aP + get 

For, operating on both sides ^ 

(pi + flP + i)y = + dD ■¥ i) -1)2 + aP +~t>'^ 


i.e. 


D‘^ -f ^zD + 
Example i- 


. ^ is a particular integral of the equation (P^ + ciD + i)y - x 


£Z-s^ + v=^^’ 

dx- dx 

, (D= - sD + 4b' = 2“^ 

We have ^ ^ 

A particular integral is 


. ^sx = 


/ = DnrjDT4 3"-5X3+4‘ 

and the complete solution is / - Ajs + 

Example 2— „ , , 

, -u f^r. nf the snrlns considered in Example CXXVI. S, 
This represents the ^raton f ^ P ^ frequency /. Taking a - to, 

in/Kme vtluVoTi 1% as before, find a numerical solution. 

We’have + |d + ^ ^ 


A particular integral is 
a 
m 

X = 




Y” sin 271/? = 




£../*- sin irft - cos av/i' 

m \ m h } 

= A, cos 2»// + B, sin 2 t/j; 


sin 2T^ft 
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where 




^2Tffka 


j- 4 ^/ 


T--) 


B, =. 




+ ^rp]^ 


( 1 - 4 ^=/=^) 


-f 


The particular integral may also be put into the form 
X = Cl sin {tTf/t 4 - Di) 

where C = V Af 4 * Bj* and tan Dj = ^ 

■Di 

The numerical values are c = lo, / = 20,' m = , /; = o’C, k = o*02 

4 X 32‘2’ 

/, Ai = -0*017, Bi =: -0*083 
and the complete solution is 

X = -0*017 cos 407r/ - 0*083 sin 407r/ -h 9;— ^" 25 * sin 15*75/ 

where the complementary function has the form found in Example 8, p. 405, and the 
same values of the constants are taken. Putting the solution into the form 

X = -0*084 sin (40T/ 4- 0*22) 4- 9 r- 2 ‘ 29 « sin 15*75/ 

we see that the motion of the spring consists of two parts r 

{a) The ‘‘natural” or “free” oscillation of the spring, represented by 
9<r*2’2&« sin 15 * 75 /, which is of gradually diminishing amplitude ; 

( 3 ) The forced oscillation, represented by -o’cS,* sin (.jOr/ 4- ^0*22), which is a 
simple periodic motion of the same period as rhe imprci«i. d force. 


Examples.— eXXVIL 


Find complete solutions of the following differential equations. 
5§ + 4|+4y=i6 


Verify by differentiation and substitution. 

4 . If a constant electromotive force of 1000 volts is applied to a circuit containin 
a self-induction L, a resistance R, and a condenser of capacity K, then the quantity 
of the charge in the condenser at time / satisfies the equation 




Giving R and K the same numerical values as in § 239, find expressions for ^ in 
terms of the time for the two cases when L = o*oo2 henry and L = 0*01 henry, 

having given that ^ = 0 when / =■ 0, and ^ — ^ when / = 0. 

Note.— With the data as given the result will give the value of q in coulombs. 


Ki CfQ 
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COMPLEX NUMBERS 

242 . Take two rectangular axes_ OX and OY, and let the unit i be repre- 
sented by a vector of unit length in direction OX. Then any other ordinary 
integral or fractional number, such as 2, ys,x is represented by a multiple 
of the unit vector) that is, a vec/or of length 2, x in direction OX. 




Let i denote a vector of unit length in direction OY. Then any number 
of the form 2Z, yi is represented by a vector of length 2, 3'5, y in 
direction OY. 

Any other vector OP may be expressed as the sum of two vectors in 
directions OX and OY. 

Thus, in Fig. 201, OP = r = x -f /i/, the + sign here denoting vector 
addition. 

Example.— In Fig. 202, OP = 3 -f 4; 

OQ = -4 + 3 f 
OR = 3 - S» 

If the vector r makes an angle 9 with OX, then 

x = r cos 6, y = r sin 9 

and rj = a? -p fy = f(co3 J + > sin 9 ) 

Thus in Fig. 115, p. 285, 

the vector AB = 35,0 = 3(cos $7'’ + f sin 57®) = 3{o'545 -f 0-8392) = 1-64 + 2-52/ 

CD = 4,200 = 4(cos 120° -f t sin 120®) = — 2 -p 3-4642 
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4TI 

The length r, regarded as a scalar quantity and not a vector, is called the modulus, 
and the angle B the argument of the vector = x -f- y'. 

The modulus of jv + is denoted by the sign \x + rjl. 

Thus in the examples considered above 

I 3 + 4 *i = S ; Ii'64 + 2-S2j 1 = 3 ; arg(i-64 + 2'S2 j) =57®. 


Examples.— CXXVIII. 


Determine the modulus and argument of each of the following complex numbers, 
draw diagrams to represent them as vectors and express them in the form : — 


1. “I. 2. —9. 

5. I + /. 6. I — /, 

9 , 0707 — 0707/. 

11. —0707—07072. 

14. — 0-868 d- 4*9352. 


3. 22. 4. —3/. 

7. 4 + 32. 8. 0707 + 0*7072. 

10. — 0*707 -f 0*7072. 

12. 1-8274-08132. 13. 1*827-0-8132. 
15. 1*1724-2-7612. 


Express the following vectors as complex numbers and illustrate by diagrams : — 
16. 2^30. 17. 345 ®* ^®* 3 — 45°' 3315®* 

20. 2^500. 21. 4i70®* 

22. Show that x 4 - iy and y — ix represent two perpendicular vectors. 


243. Addition and Subtraction of Complex lumbers. — In order 
to be consistent with the vector representation of complex numbers which we 
have adopted, the addition and subtraction of complex numbers must follow 
the same laws as vector addition. 

We have seen (§ i6o) that the sum of the projections of a number of 
vectors on any axis is equal to the projection of their sum. 

Thus, if r^- + zy^ ; rg = JTg 4- ^>2 ; ^3 + iyz 

the projection of 4- + ^3 on Ox — Xc>^ x^ 

„ » » « Oy =jyi+yl + ys 

and + rj + rs = + ^2 + ^3) + Kfi + J'2 + >'s) 

For example, in Fig. 141, p. 303, with our present notation 

OA = 3 cos 62® 4-2.3 sin 62® = 1*4085 4- 2*64872* 

AB = 4 cos 165® + 2.4 sin 165° = -3*8636 4- 1*0352/ 

BC = 2 cos 280° 4-2.2 sin 280*^ = 0*3472 — 1*9696/ 


OC = OA 4- AB 4- BC = -2*1079 4- 1*71432 

the sum of these complex numbers being obtained by adding separately 
their ^t* and j/ components. 

If two complex numbers are equal their separate components must be 
respectively equal. 

Thus, if x^ -f = jTo 4- 2>2 

then Xi = x^ and yi = y2 

For the sign = between two vectors implies that they can be represented 
by equal and parallel straight lines, and if two straight lines are equal and 
parallel their projections on the axis of x are equal, as also are their 
projections on the axis of y. 

It follows that if x + zy o 

then x = o and y = o, 

244. Multiplication of Complex ISTumbers. — If we wish to perform 
the operations of ordinary scalar algebra wnth complex numbers we must 
choose our definition of multiplication so that if the unit i is multiplied by 
any number x + ty the result is the same number x 4- /y* 

Thus we must have i x 
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Now any vector is obtained from the unit vector i along Ox hy 
multiplying its length by r and turning it through an angle d. 

The direction of our original axis Ox and the length of the unit vector 
were arbitrary, so that ^ve may take any other vector as the unit, and 
the product p<p x will be obtained from P(^ exactly as i x was obtained 
from I. 

Accordingly, to multiply any vector pp by we must multiply its length 
by r and turn it through an angle 6, 

That is P^x^e- + q 

In other words, to multiply any vector by Tq we must alter the scale of 
the diagram in which it is represented in the ratio r : i, and rotate the 
diagram through an angle 

Applying this to the complex numbers which the vectors represent we 
get the rule . 

To miiltiply two complex mijnbers 7nultiply their moduli and add their 
arguments. 



i 



Fig. ao4. 


Example (i).—33oo x 2400 = 6700. 

In Fig. 203 OP represents To multiply by 24^0 draw the vector 2..0, taking 
3300 as the unit vector ; that is, set off OP' = 2 . OP and angle N'OP' = 40°. ^ 

Example (2). = ig^o x iggo ~ = —i, 

204 z = OP'. To obtain P multiply by I and rotate through 90°. This gives 


Since the square of z = -i,i may be \yritten - i. Although this expression 
has no meaning in ordinary algebra or arithmetic we 
now see that it has a perfectly definite meaning in 
vector algebra. When interpreted in this sense it need 
no longer be considered as imaginary. 

Example (3).— 

(1 + *)(4 + 3*) = i-4i4«o X = 1-414 X S«ox«.oo. 
— 7’o78i- 90 = I 4- 7f* 



Example (4).- 

(I + «)(i -i) = i-4i4„o X r4i4-«o = 2„„_„o = 2 . 
Example (5). — 

{x + z»(^-z» r^Q = 9^ +y^. 

^ Complex numbers of the form x -- iy are 

said to be conjugate to each other. 

Fig. 203. They are represented by vectors OP, OP' of equal 

length and making equal angles with OX on opposite 
sides of it. 

Thpir product is a vector in the direction OX, and is consequently free from the 


unit z. 
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245. Laws of Multiplication.— We can now show that the product of 
two complex numbers, as here defined, obeys the same laws of multiplication 
as the products of ordinary scalar algebra (7/. § 176). 

Considering the vectors which represent them, we see that — 

(1) Complex numbers obey the commutative law of multiplication. 

In multiplying two complex numbers it does not matter which we take 
first, for in multiplying their moduli and in adding their arguments we may 
change the order of multiplication or addition without affecting the result. 

Thus P,s,x’'0 = Pr<j,+e = ^Pe+'P = 

For example 2^0° x 345“ = 6-5° = 3^5° x 230° 

(2) Complex numbers obey the distributive law of multiplication. 

For let OB = OA + AB. 

Then the effect^ of multiplying each of these three vectors by a fourth 
vector rQ is to multiply the modulus of each vector by the same quantity r, 
and to turn each through the same angle 9, that is, to enlarge the scale of 
the figure OAB in the ratio r : i, and to 
turn it through an angle 6 without altering 
its shape, so that it takes up the position 
OA'Bk 

It follows that the product (represented 
by OB') obtained on the left-hand side of 
the equation is the sum of the products, 
represented by OA' and A'B', obtained on 
the right. 

(3) Complex numbers obey the associa- 
tive law 

a X dc =: a3 X c — ac X 3 

This is evident from the definition of 
multiplication. 

All the results and methods of ordinary 
scalar algebra follow from these laws, and 
hence we are justified in using the same algebraic methods in dealing with 
complex numbers as we are accustomed to use in dealing with arithmetical 
numbers. 

Thus the product of two or more complex numbers can also be obtained 
algebraically without reference to the vectors which represent them. 

Example.— (I + /)(4 -f 3 /) = i x 4 -h i x 32 4 * f x 4 + f X 3 / 

= 4 + + 4f ~ 3 since - 1 

= I 4- 7f 

Compare with Example (3), p. 412. 



246. Division. — This must be a process which is reversed by multipli- 
cation. Hence, to divide by a complex number x + ijf = r^, we must 
divide the modulus by r, and subtract 6 from the argument. 


If and ^2 + 


+ fyi _ 

rj + 



For example, in Fig. 203, to divide OP'= 6,ooby 2i(,o, we must divide its 
length by 2, and move it back in a counter-clockwise direction through 40°. 
thus bringing it into the position 0 P = 3„o. 
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Examples. — 
(I) 


(2) 


0*5 + O'SSSz _ cos 6o° -f z sin 6o° _ 

0’S66 + o*5i ~ cos 30° -h t sin 30° I300 

“ 1 80°— 30° ~ ^30° ~ “f* ^ Sin 30* 

= 0-866 -f 0*5/ 

i+i . LIL- = (m) = 0 - 28 , „ = 0-.8 + 0 - 04 .- 

\ 5 / 430-37° 


4 + 3^* S 370 


(3) 7 ““ T ~ IflO-floO — 1 - 90 ° — * 

^ * 90 O 


(4) 


•*'0° 


f-) 

\5/ o°— 370 


4 "f 3^’ 537° 

= 0*2 cos { — 37°) -h io'2 sin ( — 37°) 
= 0*2 cos 37° — 70*2 sin 37® = o*i6 - 


As we have shown that algebraic laws apply to complex numbers, we may also 
carry out division as follows ; — 

Multiply divisor and dividend by the conjugate number of the dividend so as to 
transform the dividend into an ordinary arithmetical number. 

Examples. — 

( t ^) I + g ^ (1 + f)(4 - 3^0 _ 4 -- 3^ + 4f + 3 
151 4 ni (4 4. 32)(4 - 32) 16+9 


( 6 ) 


4~ 3^ 


-Tjti 

25 

= ±ZJf = o*i6 


4 + 32 (4 4 - 32 )( 4-30 25 

Examples. — CXXIX. 


0*28 + 0*047 as in Ex. (2), above. 

I *27 as in Ex. (4), above. 


Multiply together the following pairs of vectors, expressing the product as a vector 
and illustrating the process of multiplication by a diagram : — 

1 . Igo° X I450. 2 . 2^50 X I450. 3 . 2^50 X Iflao. 

4 . I450 X 1^450. 5 . I450 X Isiso. 3 . 330 ° X 2goo. 

7 . ( 180 °)^ 8 . (I .,o°r. 8- (l 45 °)^ 10 . 

Multiply together the following pairs of complex numbers by expressing each as 
a vector and proceeding as in Examples i — 10. Draw diagrams to illustrate the 
process : — 

Also multiply algebraically, as in § 245, and compare the result. 

11. (i + z){2 4- 5 f)* 1 ^* (3 + 4 f )(5 ^27). 13 . (2 4 “ 32')(2 — 37). 

14 . (I 4 - g)-. 15 . (I ~ iy. 16 . (I - 7j(2 - 37). 

17 . (0*707 4- o7o77)( -0*707 -0*7077). 18 . (1*827 4 - o'8i37')(- o*868 +4‘92$t). 

Evaluate and illustrate by diagrams, 

^220° 

2iooo 

i 

^ 40 ° 

27 . 

5 - 45 ° 

Evaluate the following by expressing each complex number as a vector and pro- 
ceeding as in Examples (i)— (4), above. 

Also evaluate algebraically as in Examples (5), (6), above, and compare the results. 

^ ^ 29. ^ 


19. 

20. 

21. 

22. 

240° 

220° 

340° 

23. 52M. 

24. — . 

25. — . 

26. 

7 

1 450 

2400 


28. 

32. 

35 . 


I — 7 
I 

I — /• 


38. 


t' 


I + s/sl 

t 

5 + 127 


0-8664-0*57* 


36. 


Sjiiff 

3 + 4 *“ 


30. 


34. 

37 . 


2 + 3 ^’ 

I 


31. 


I 

'Tff 


0-61 4- 0-547- 


2 4 ~ f 
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247 . Powers of Complex liTumbers.— -For simplicity, consider a complex 
number cosB 4 - zslnd =1^, of which the modulus is unit5% represented by 
OPi, in Fig. 207. 

Then (cose + isiney = x = lo^ = cos 20 -|- /sin 20 = OPg 
(cose + /sine )3 = x = cosse -f /sin 30 = OP3 

and in general 

(cos 0 4 - z sin fff’ = ine ~ cos nO + z' sin nB 
where n is any positive integer. 

Thus the power of the vector OPj is obtained by turning the unit 
vector OA through the angle n6 in a counter-clockwise direction from 0 .r. 

Example.--(i 4- zy = (Viiso)® = (2\/2 )i350 = — 24-2/ 

The expression (cos 0 4 - z sin 0 )~» must denote the result of an operation 
which is reversed by finding its power, z>. it denotes the result of turning 
the unit vector OA through an angle nQ in a clockwise direction. 

A (cos B 4 * z*sm 0 )“» = cos (— nB) 4- 2 sin nB) = cos nB — z sin nB 

Next consider the case of a fractional index, such as — 

(cos0 4“ z sin 0)^ 




Fig. 208. 


To be consistent with scalar algebra this must have a meaning which 
obeys the laws of indices. 

We must have 

(cos 0 4- z sin 0)^ x (cos 0 4 - z' sin 0)^ = cos 0 4 - z sin 0 = i 

A (cos ^ 4- z' sin 6)^ denotes a vector which reaches the position OPj 
when squared. 

0 

OQi is a vector which satisfies this condition when AOQj = -• 

6 Q -I 

Thus cos - 4- z sin - is a value of (cos 0 4* z sin 0)* 

22 


Note that the same position 0 ?^ would also be reached by turning OA 

Q 

through the angle 180® 4- - twice in succession, and accordingly another 
value of (cos 0 4 - z* sin B)i is 

cos ^180 + + z' sin ^180® 4- -^ = —cos g — z' sin ~ = OQ2 

Thus a complex number, like an ordinary arithmetical number, has two 
square roots of opposite signs. 

We need not here consider the case of higher roots in detail, but it will 
always be found that 


. / - 
cos -0 4 - z sin -^0 is a value of (cos 0 4- z sin 0)^ 
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Example.— Evaluate + 7 ^ 

We have -h 7? = (7 ‘6 16570)^ = i n/7 '6 1633.50 

= ±27633.50 = ±(270+ 1-522) 

The square root of a complex number may also be found as follows 
Example i. — E valua te + 7 ^* 

Let A^/3 + 7 « = ± O' 

Squaring 3 + 7 f = ± {iyY = — ^2 4- 2ajj'2 

/. by §243 -/ = 3 

2;^' = 7 

Solving these equations we find x = 2*301, = 1*52, 01 x —2*301, y = — 1*52. 

Thus sjy^i = ± (2*30 ± 1*522). 

Example (2). — Evaluate Ji 

2 = I900 tji = I450 ^2230 

= 0*707 + 0*7072 or — 0*707 — 0*707/ 

When an accuracy of two significant figures is sufficient, as in much electrical 
work, the square root of a complex number may be found most rapidly by drawing 
the vector on squared paper, finding the square root of its modulus with the slide rule, 
and bisecting its argument. The components of the square root may then be read off. 


Examples.— CXXX. 


Evaluate 


1 . 


2. i 


(2450)“ 

Find the square roots of 

4. 43oo. 5. 90oo. 

a 9ooo. 9^'* . 

12 . -/. 13 . -42*. 

16 . 20+ 152'. 17 . 15 — 202*. 


3 . 


(I - i? 


6 . I 44 i 8 oO‘ ■~^ 44 * 

10. -9. 11. 4 ^’- 

14 . 1 4 - i. 15 . I - 2. 

la 5 - 122. 19 . 5*20 4- 4*682. 

20. Evaluate J rip where ^ = 88, k = 0*05 X I0“®, p - 20007r. 

21 . Evaluate where r=20, /=0*003, /2=o*oo8x 10 “®, 

j = 10 . 1 j . 

22. Draw vector diagrams to represent the roots of the equations solved in 
Examples XXV L, 6, 7, 8, 9, 12, and Examples XXVIII., 3, 4. 


248. Exponential Forms of Complex Numbers.— We have seen 
(§ 1 21 ) from the form of the series for cos B and sin B that the complex 
number 

X + zy = r(cos 0 + z sin 0) = 

0 being expressed in radians. 

And we have also shown that the arguments of complex numbers obey the 
index law when the complex numbers are multiplied together. 

Thus, if 

^1 + iy\ = ^i(cos 01 4 - i sin 0 i) = 

^2 + = i^2(cos 02 + 2 sin 02 ) = 

Then 

(^1 + 2>i)(^2 + %) = 

This proves that the index z's of the expression which was defined as 
a series, obeys the index law of multiplication, a fact which follows in another 
way from § 228 . 

We can now determine more fully the relation between circular and 
hyperbolic functions. 
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. . I . , . . , 

Thus sm IX = — = - - smh x = i sirih x 

21 21 t 

gihi ^-£ 2 ® g-x 

COS IX — = = cosh X 

2 2 

^ix — £—ix 

, sinh zx = i sin x 

2 

. 4- 

cosh zx - = cos X 

2 

Our original geometrical definition of the trigonometrical ratios of an 
angle has no meaning when applied to complex numbers. We have here 
extended our definition by means of the exponential values of the sine and 
cosine, which we may now call the circular functions, so as to cover the 
case of complex numbers. 

The addition formulas for circular functions of complex numbers follow 
from their exponential form. 

We have 

^ ^ ^ ^ . ^iy _ y i sin y 

^ QQQ ^ _ I . ^^iy _ cos — i sin 

By multiplication 

= cos X cosjj^ — sin x sin^ 4- f(sin x cos 7 4* cos x sin j) 
<?“Z’C®+3/) = cos ;ir cosy - sin sin^ — /(sin :r cos j' 4- cos x sin j) 
Adding 4- = 2(cos x cos 7 - sin x sin/) 

and cos 4- /) = cos x cosy - sin x sin/ 

Subtracting eK^+y') — = 2/(sin z cosy 4* cos x sin/) 

and sin (x i-y) = sin x cos / 4- cos z sin / 

Example. — cos (0*3 4 - 0*4^') = cos 0*3 cos 0*4/ — sin 0*3 sin 0*4/ 

= cos 0*3 cosh 0’4 — / sin 0*3 sinh 0*4 
= 0*955 X i-oSi - 0*295 X 0*41075/ 

= I '032 — 0*I2I2 


Examples.— C XXXI. 

Evaluate the following and draw vector diagrams to represent them : — 

1 . sin 2z. 2 . cos 3/. 3 . sinh 1*5/. 4 . cosh 2*3/. 

5 . tanh 3/. 6. tan 2/. 7 . sinh (0*2 — 0*22). 

8. cosh (3 4- 4/). 9 . sin (0*2 — 0*2/), 10. cos (3 + 42'). 

11 . sinh (2450). 12 . cosh (Ssoo). 13 . tanh (23000). 

14 . The current which reaches the receiving instrument in a telephone line is 
determined by 


~ So sinh 0 4“ "r ^o^h 6 

Evaluate I when Sg = 60.450, Zr = 50, 0 = i*5450j ^ = ^00. 

15 . Show that sinh (^ 4 * =/) is a vector of modulus Vcosh®.^— cos®/ and 

argument tan~^ (coth x tan/), and verify for Example 7. 

16 . Show that cosh [x 4 - iy) is a vector of modulus ^ysinh® x 4 * cos®/ and 
argument tan"^ (tanh x tan/), and verify for Example 8. 

249 . Effect of a Complex Operator on a Simple Periodic 
Punetion. — The complex number = cos pf 4 - i sin pt is represented 
by a vector OA of unit length, making an angle pt with OX. 

If / is the time, this vector rotates from the position OX with constant 
angular velocity^ as t increases from zero, and the projections M and N of 
A on the axes execute simple periodic motions cos pt and sin ^4 If this 
vector be multiplied by a complex number 4- 2/ = the result is 


2 E 
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This is represented by a vector OA' of length r rotating as / increases 
with the same angular velocity p as before, but in advance of the original 

vector by a constant angle 8 . , r a, • i 

At the same time the projections M' and N' of A execute simple periodic 
motions r cos (pt + e) and r sin (pt + 0 ), whose amplitude is r times that 

of the motions of M and N, and whose 
0 

phase is — of a revolution in advance of 

^ 2Tr 

that of M and N. 

Fixing our attention on the simple 
/; periodic functions rather than on the 

/ ; vectors which generate them, we may say 

TSs. \ that the complex number ^ jr + 

j ! \ operates on the simple periodic functions 

/ ; \ \ COS pt and sin pt so as to^ multiply the 

/ i \ \ amplitude by r and give a “lead” of 0, 

/ \ thus producing the simple periodic func- 

/ l ^ ^ 

!i Lx The operation may be expressed as 

0 W M follows : — 

Fig. =00. *=9® 

{x 4* iy) • sm pt r sin {pt 4- &) 

We shall insert the point . between the complex number and the function 
on which it operates to distinguish the operation from multiplication by a 
complex number. In the same way a complex operator which has a negative 
argument -e produces a “lag” of Q in the resulting periodic function. 

Thus - iy) • cos j)/ = r cos {pt - 0 ) 

{x - iy) . sin pt=r sin {pt — 6) 

In works on alternating current theory, where this method is found 
especially useful, the symbol j is frequently used instead of i in a complex 
operator to avoid confusion with the frequent use of the symbol i to denote 
electric current. 


Example (i).— f . sin ^ . sin pt = sin ( ~ J ~ cos pt 


i . cQ%pt = . cos pt = cos ^t + “ ^ — sin 

Example (2).— The simple periodic motion represented in Fig. 60, p. 116, is 

given by the equation = sin (0*6981^). 
p- If the operator 2300 acts on this, 

y we get 

\ 2300 . sin (o’dgSiO 

\ = . sin (0*6981/) 

\ =2 sin (0*6981/ 4“ 0*5236) 

\ Example (3). — To show by a 

\ ^ vector diagram the velocity and ac- 

M celeration at any time in a simple 

periodic motion. 

Consider the motion of the point M 
p** Fig. 210. generated by the revolution of the 

^ crank OP of length a with constant 

angular velocity p starting from the position OX at time /= o. Then at time / 
the angle XOP = pt and the displacement of M = OM = a cos^/. 

® dx ■ { 

The velocity of M = ^^ = *" sin pt — ap cos / 4- - J 


Example (2). 


, a pt ^ ip , a cos pt 
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Thus the velocity is obtained by the operation of the complex number ip upon 

w 

t— 

the periodic function a cos pt. In Fig. 210 the effect of the operator ip ■=. pe 
is to nmltiply OP byy> and to turn it through a right angle into the position OP'. 
The velocity at any time is then given by OM' as OP' rotates a right angle in 
front of OP. 

The acceleration of M = — = —ap- cos pt = ap'^ cos (pt-r 

= p ^^^^ . a cos pi '=^ pe ^»pe~^ , a cos pt 
^ ip .ip , a cos pt = {ipY . a cos pi 

Thus the acceleration is obtained by operating upon a cos pt with the complex 
number ip twice in succession. In the figure the effect of the operator {ipY is to 
multiply OP' by p and to turn it through a right angle 
into the position OP". The acceleration at any time is 
then given by OM". 

Example (4). — Find the effect of the vector operator 
3 4“ 42 on the simple periodic function 2 sin 42?. 

Let OA be a vector of length 2 rotating at 4 radians 
per second, starting from OX at time / = o, then its pro- 
jection OA' upon O Y = 2 sin 4^ and always represents the 
simple periodic function in question as OA rotates. 

3 4 “ 4^ ” 553 ° 8 ^ ~ So ’93 radian 

If we multiply the generating vector 2^^ by this, we 
get 104^ 4. o'93 = OB in the figure, and the projection OB' 
of this on OY is 10 sin (4/ 4 ~ 0*93). 

Hence 

(3 + 4f) . 2 sin 4t = 10 sin (42? 4- 0*93) 

Similarly 

(3 — 42*) . 2 sin 4t = 10 sin (4/— o'93)= OC' 



250 . Differential Operators. — The symbolic method of making use 
of the operator D, explained in § 241, may now be interpreted in terms of 
vector algebra. 

We have 

D sin pt = p cos pt ^ p sin (^t 4. = zyj . sin pt 

D cos pt = —p sin pt ~ p cos {^t 4 - = 2 ^ . cos pt 


The effect of the operator D is the same in both cases as the effect of 
the complex operator ip. 

It follows by repeating the operation that 


sin// = (2/)^. sin pt = gin pt 


D® cos pt = (2/)2 . cos pt = cos pt 

So also 

(D2 4- 4 -< 5 ) sin pt = {(2/)^ 4 - dip 4 * . sin pt 

— — sin pt -4- ap cos pt 4 - b sin pt 

and in general 

replaced by Y(if ) . 
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The operator ^ must denote an operation which is reversed by D, 

by ip. Accordingly the generating vector must be divided by ip. This 
will have the effect of retarding it by a right angle and dividing its length 
by/. 

Thus 

r . I . ip ... ip.%\\\pt I 

5 sin// = -S' sm// = sm// = cos// 

which agrees with 


' (ipf' ^ p' 

1 


So also 


^ sin pi = J sin ptdt = cospt 
i cos// = cos// = . cos// = j sin // 


which agrees with 


So also, as in § 241, 


g cos^Z = / cos ptdt sin pt 


I I 


-2-“S//=|^ 


D 2 + ^3 0/)2 + ^2' 

D* + dD +1 ^ {ipf + aip + b' b-p'^^apr 

_ (i? - /2 ) - ap i j,f_{b- /2) sin // - iap cos // 

- (4 __^3)3 4 . {b-py + aY 


^(4 _ _^2)2 + ^342 sin ^^4 _ 

(b-p^-f + a?^ 
sin (pt — g) • 




p, where tan a = 


(v. Example (2), p. 42.) 
ap 


Example (i).~Find the particular integral of the equation 
(Pv . dy 

^ + 2* -3jI' = 3cos4/ 

(D^ + 2D — 3)y = 3 cos 4/ 
y = W + . 3 cos 4/ = 4/37-3 • 3 cos 4/ 

= -l ie +^&- - 3 • 3 “S 4/ = . 3 cos 4 / 

I 

“20^6 .3 cos 4/ 

20 O157.10 

= 2Q.^ - -74 3i • 3 cos 4^ = 0*048Stf-2*^^»i . 3 cos 4^? 

= 0*1455 cos ( 4 zf - 2 * 743 ) 

Example (2).— An alternating E.M.F. 1000 sin (10’/) is impressed upon the 
condenser in the circuit considered in Example § 239, Case 2. 

Find the electrical oscillations which are induced in the circuit. 

If the impressed E.M.F. be considered positive when charging up the condenser we 
must substitute v — 1000 sin (10^/) for v in the equation § 238. 
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We then have 


(Pv dv 

LK^ + RK^ + ?? = 1000 sin 10®/ 


= LK.To'r + RKio’»+ I - '°°° 

~ (I - io*LK) + lo’RKr ^°°° 

(I - lo'LK) - lo’RK? 

“ (I - io“LK)= + io»R'-K“ • ^°°° 

We have in the given circuit L = o*oi, R = 200, K = 0-5 x lo*"®* 

substituting v = ^ I L ^ jqoo sin laH 

^ (0*995)' + o-oi 

= 1000 sin (10^/ — 0‘l) 

The amplitude is practically the same as that of the impressed E.^M.F., but there 
is a lag of = 5° = 0‘i radian. 


Examples.-CXXXII. 

1 . Draw a vector diagram to show the velocity and acceleration at any time in 
the simple periodic motions considered in Example S, p. nS. 

2 . Plot curves to show the simple periodic inoiions produced by the operation of 
/and —2/ on the simple periodic motion shown in Example, p. 117. Write down 
their equations. 

3 . Plot a curve to show the effect of the operator 2 -h 3^ on the same simple 
periodic motion, and write down its equation. 

Evaluate and illustrate by a vector diagram. 

4 . I450 . 200 sin 3000/. 5 , 2«goo . 3 cos SA 

6. (I + 2) . 3 sin 2 L 7 . (1*827 “ 0*813/) . 3 sin (4/ + 5). 

8. Work Example 3, p. 409, by the method of this paragraph. 

9 . Find the forced oscillation considered in Example (2), p. 40S, by the method of 
Example (2), above. 

10 . Find the particular integral of the equation 

d'^y dy 

^ + ^ - 6/ = 2 sin 3jr + 4 cos 2^ 

11. What is the result of operating on the periodic function A sin qi with 

operator where jv = 0*15 + 0*15/, x = 100. 

12 . The oscillations of a cylinder in a viscous liquid are determined by the 
equation 

0 ^ + L^ + Miz = E cos {pi)i where L = L' + iL" 

Find the expression for a in terms of giving the forced oscillation. 

(Coster, MiL Ma^., June, 1919.) 

13 . An alternating voltage V sin pi is impressed upon a circuit of resistance R 
and coefficient of Self Induction L. Find an expression for the current at any time t 
after the free oscillations have died out. 
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1 . Compute 30*56 4 - 4*105, 0*03056 X 0*4105, f 1051-23, 0*04105-2*3. 

The answers must be right to three significant figures. 

Why do we multiply log by 3 to obtain the logaritlim of (20) 

% If « = 5, ^ = 200, <: = 600, ^ - 0*1745 radian, find the value of sin {ci + 

(i) when/ = 0*001 

(ii) when / = 0*01 

(iii) when / = 0*1. 

Of course the angle is in radians, (20) 

3 . The keeper of a restaurant finds, when he has G guests in a day, his total daily 
expenditure is E pounds (for rent, taxes, wages, wear and tear, food and drink), 
and his total daily receipt is R pounds. The following numbers are averages 
obtained by examination of his books on many days 


G 

E 

R 

210 

167 

15*8 

270 

19*4 

21*2 

320 

21*6 

26*4 

360 

23’4 

29*8 


Using squared paper, find E and R and the day^s profits if he has 340 
guests. 

What number of guests per day just gives him no profit ? 

What simple algebraic laws seem to connect E, R, P the profit, and G? 

Two of the marks will be given for a correct answer to the following 

If he finds that he has almost too many guests from, say, i to 2 o’clock, anc 
from, say, 6 to 7 o’clock, and almost none at other times of the day, wha 
expedient might he adopt to increase his profits ? {25) 

4 . The following quantities are thought to follow a law like = constant. Tr 
if they do so ; find the most probable value of n 


V 

1 

I 

2 

3 


s 

P 

205 

114 

80 

63 

52 
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5 . There is a curve whose shape may be drawn from the following values of x and y 


X in feet . . 

3 

3*5 

4'2 

4-8 

y in inches . 

10 ' I 

1 

12*2 

I 3 'J 

11*9 


Imagine this curve to rotate about the axis of x describing a surface of revolu* 
tion. What is the volume enclosed by this surface and the two end sections 
where a: = 3 and x = 4*8 ? (25) 

6. If ^ ^ sin cos pt for any value of t where a, and p are mere numbers ; 

show that this is the same as a: = A sin (//--h e) if A and e are properly 
evaluated. (25) 

7 . Let a closed curve rotate round a straight line in its own plane and generate 

a ring ; state and prove the two rules for finding the volume and surface of the 
ring. (25) 

8. Two sides of a triangle are measured and found to be 32*5 and 24*2 ins. ; the 

included angle being 57°, find the area of the triangle. Prove the rule used 
by you. If the true lengths of the sides are really 32'6 and 24‘i, what is the 
percentage error in the answer ? (20) 

9 . The polar co-ordinates of a point are r = 5 ft., a = 52® ; = 70®, find the jf, 

and z co-ordinates j also find the angles made by r with the axes of co- 
ordinates. (25) 

10 . Define carefully what is meant by the Scalar Product of two vectors and by the 

Vector Product of two vectors, giving one useful example of each. (30) 

11 . There is a piece of a mechanism whose weight is 200 lbs. The following values 

of s in feet show the distance of its centre of gravity (as measured on a skeleton 
drawing) from some point in its straight path at the time / seconds from some 
era of reckoning. Find its acceleration at the time / = 2*05, and the force in 
pounds -which is giving this acceleration to it. 


s 


0-3090 

2*00 

0-4931 

2-02 

0*6799 

2*04 

o'S/Oi 

2 -06 

1*0643 

2-08 

1-2631 

2'10 


(as) 

12 . What is meant by the symbol Explain how it may be represented by the 
slope of a curve. State its value in the cases 

y = y = y = a sin (bx -f- 

y = acos (bx + tf), y = loge (x + b), (30) 

18 . Find 

J'p . if pz/‘ = , a constant 

(1) when s = 0*8, 

(2) when j = I. (25) 
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14 . In the curve y = find ciiy-=.m when x = b. Let this curve rotate about 
the axis of x ; find the volume enclosed by the surface of revolution between 
the two sections at ar = a and x •=. b. Of course w, and a are given distances. 

(25) ‘ 

16 . The rate (per unit increase of volume) of reception of heat by a gas is p is its 
pressure, and v its volume ; 7 is a known constant. 

If py = j and c being constants, find h if 



Full marks will be given only when the answer is stated in its simplest form. 
If h is always o, find what s must be. {2 c;) 


16 . At the following draughts in sea water a particular vessel has the following 
displacements ; — ® 


Draught h feet . . . 

IS 

12 

9 

6*3 

Displacement T tons . 

2098 

1512 

loiS 

586 


Plot log T and log h on squared paper, and try to get a simple rule con- 
necting T and h. If one ton of sea water measures 35 cub. ft., find the rule 
connecting V and if V is the displacement in cubic feet. (25) 

17. Preferably to be answered by a Candidate who has already answered Question 

16. Find how A the horizontal sectional area of the vessel at the water line 
depends upon h. At any draught what change of displacement V or T is 
produced by one inch difference in /^ ? (20) 

18 . In any class of turbine if P is power of the waterfall and H the height of the fall, 

n the rate of revolution, and R is the average radius at the place where water 
enters the wheel, then it is known that for any particular class of turbines of 
all sizes, 

n oc Hi- 25 , p-o-8 
R 00 P 0 * 5 , H -075 

In the list of a particular maker I take a turbine at random for a fall of 
6 feet, 100 horse-power, 50 revolutions per minute, 2-51 ft. radius. By means 
of this I find I can calculate n and R for all the other turbines of the list. 
Find n and R for a fall of 20 ft. and 75 horse-power. " {20) 


Advanced Stage. 

1902. 

I . Compute by contracted methods, without using logarithms, 

23-07 X 0*1354, 2307 -i- 1-354 

Compute 2 ’ 3 o 7°'65 and 23'o7’“i'2® using logarithms. The answ^ers to consist of 
four significant figures. 

Why do we add logarithms to obtain the logarithm of a product ? 

Suppose we have a scale on a slide rule on which, as usual, the distance to 
any mark_« is log n ; and there is another scale on which the distance to any 
mark m is log (log m ) ; show that we can at once read off jw" and also the 
logarithm of any number to any base. (20) 
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2 « Write in a table the values of the sine, cosine, and tangent of the following 
angles : — 

23®, 123® 233O, 312°, 383® (20) 


3 . 


What is meant by the symbol ^ ? 


Explain how it may be represented by the slope of a curve. 

Uj/ = 2*4 — r2x + find and plot two curves from :r = o to ar = 4, 


showing how ^ and 


dx 


depend upon x. 


(20) 


4 . Work the following three exercises as if in each case one were alone given, 
taking in each case the simplest supposition which your information permits : — 
(a) The total yearly expense in keeping a school of 100 boys is ;£’2, 100 ; 

what is the expense when the number of boys is 175? 

(3) The expense is ;f2ioo for too boys, ;£^3050 for 200 boys ; what is it for 
175 boys ? 

(tf) The expenses for three cases are known as follows : — 

;!£’2I00 for 100 boys 
;^265 o for 150 boys 
;f3050 for 200 boys 

What is the probable expense for 175 boys ? 

If you use a squared paper me^od, show all three solutions together. (25) 

6. For the years 1896-1900, the following average numbers are taken from the 
accounts of the 34 most important electric companies of the United Kingdom. 

U means millions of units of electric energy sold to customers. C means the 
total cost in millions of pence, and includes interest (7 per cent,) on capital, 
maintenance, rent, taxes, salaries, wages, coal, etc. 


u 

0*67 

I ‘00 

1-366 

1*46 

2*49 

c 

4-84 

6-25 

8 ‘60 

9*11 

14-25 


Is there any simple approximately correct law connecting U and C ? If so, 
what is it ? Assume that from the beginning there was the idea of, at some 
time, reaching a maximmn output of 13*9, so that U - 4 - 13*9 is called y, a 
certain kind of factor^ Let C U be called c the total cost per unit ; is 
there any law connecting c and fl You need not plot e and f \ it is better to 
use the law already found. (30) 

6. In some experiments in towing a canal boat the following observations were 
made ; P being the pull in pounds and v the speed of the boat in miles per 
hour. 


V 

1*68 

2-43 

3-18 

3 * 6 o 

4*03 

P 

76 

160 

240 

320 

370 


Plot log V and log ? upon squared paper, and give an approximate formula 
connecting P and v. (20) 
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7 . What is the idea on which compound interest is calculated ? Explain, as if to a 
beginner, how it is that 


where P is the money lent and A is what it amounts to in n years at r per cent, 
per annum. If A is 130 and P is 100 and n is 7*5, find r. 

What does the above equation become when we imagine interest to be 
added on to principal every instant? State two natural phenomena which 
follow the compound interest law. (30) 


8. Only one of the following, {a) or (^), is to be attempted ; — 

{a) The inside diameter of a hollow sphere of cast-iron is the fraction 0*57 of 
its outside diameter. Find these diameters if the weight is 60 lbs. Take 

1 cub. in. of cast iron as weighing 0*26 lb. 

If the outside diameter is made i per cent, smaller, the inside not 
being altered, what is the percentage diminution in weight ? 

{d) The cross-section of a ring is an ellipse whose principal diameters are 

2 ins. and ins. ; the middle of this section is at 3 ins. from the axis 
of the ring. What is the volume of the ring ? 

Prove the rule you use for finding the volume of any ring. (20) 

9 . If/2^ is constant, and if ^ = I when 2^=1, find for what value of p is 0*2. 

Do this for the following values of kx 0‘8, 0*9, i‘0, i*i. Tabulate your 
answers. (25) 

10 . Define carefully what is meant by the Scalar Product and by the Vector Product 
of two vectors, giving one useful example of each. (25) 


11 . There is a point P whose p, and 2 co-ordinates are 2, 1*5, and 3. Find its r, 

0, <p co-ordinates. If O is the origin, find the angles made by OP with the 
axes of co-ordinates. (20) 

3 i+i 

12 . When is rrV — Y a maximum, 7 being 1*4? Plot the values near the maximum 

value. For this purpose you need only calculate the maximum value and 
two others. (25) 


13 . 


If the current C amperes in a circuit follows the law C = 10 sin 
seconds ; and if 


V = RC 



6 oot ; if / is in 


where R is 0’3 and L is 4 X 10“*^, what is V ? 

Show by a sketch how C and V depend upon time, and particularly how one 
lags behind the other, and also stale their highest and lowest values. (30) 


14 . There is a function 


/ = 5 logio + 6 sin + o'oS4{x - 3-5)* 


Find a much simpler function of x which does not difter from it in value more 
than 2 per cent, between 4? = 3 and x =: 6 , Remember that the angle is 
in radians. (2c) 


Advanced Stage. 

1903. 

I, Compute by contracted methods to four significant figures only, and without 
using logarithms or slide rule 

8*102 X 35*14, 254*3-^0*09027 
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State the logarithms of 37240, 37*24, 0*03724, 

Compute, using logarithms, 

V37’24 V3724 

372 •4“*'*^ o*3724“®'« 

Explain why it is that logarithms are multiplied in computing the powers of 
numbers. 

In using your four-figure logarithm table have you observed that there is 
more chance of error at some places than at others ? How is this ? Can you 
suggest an improvement m such tables ? (^o) 

2 . The three parts (a), {h), and (^) must be all answered to get full marks. 

(a) If 5 = O'S-JT, fjL. = 0*3, and N = ; 


find N. 


if (N — M) V == 33000 P ; 
if P is 30 and V is 520 ; 


{h) Find the value of sin {2'n/i -f 0*6), where/ is 225 and / is 0*003. 

Observe that the angle is stated in radians. 

W If 


• = "( 


I -h 


r 

looj * 


and if 
find n. 


A = 3P when r = 3J 


(30) 


B. }> rz a 4r is the equation to a curve which passes through these three points, 
x-=.o^y — 1*24 ; JT = 2*2, y = 5*07 ; x = S'SiX = 12*64 


find di by and n. 




When we say that ^ is shown by the slope of the curve, what exactly do we 


mean ? Find when = 2, 
dx 


( 30 ) 


4 . The following are the areas of cross-section of a body at right angles to its 
straight axis : — 


A in sq. ins. , . . 

250 

292 

310 

273 

215 

180 

13s 

120 

X inches from one end 

0 

22 

41 

70 

84 

102 

130 

HS 


What is the whole volume from ^ = o to .r = 145 ? 

At X = 50, if a cross-sectional slice of small thickness dx has the volume Sp, 


^ j 5 p 
find 

$x 


(30) 


6, Find accurately to three significant figures a value of x to satisfy the equation 
— 12 logitfX -f 2 sin 2x = 0*921 
Notice in sin 2x that the angle is in radians. 


(42) 
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6. Tbe population of a country was 4*35 X 10* in 1820, 7 '5 X 10® in i860, 11*26 x 10® 

in 1890. Test if the population follows the compound interest law of increase. 
What is the probable population in 1910 ? ^^o) 

7 . The following table records the growth in stature of a girl A (born January, 1S90), 

and a boy B (born May, 1894). Plot these records. Heights w'ere measured 
at intervals of four months. 

Table of Heights in Inches. 


Year . 

1900 

1901 

1902 

1903 

Month 

Sept. 

Jan. 

May 

Sept. 

Jan. 

1 

May 

Sept. 

Jan. 

A . . 

54*75 

SS'SS 

56*6 

57*95 

S9‘2 

6o*2 

60*9 

61 *3 

B . . 

48-25 

49-0 

497S 

50*6 

51*5 

52-3 

53*1 

53*9 


Find in inches per annum, the average rates of growth of A. and B. during 
the whole period of tabulation. What will be the probable heights of A. and 
B. at the end of another four months? Plot the rat^ of growth of A. at all 
times throughout the period. At about what age was A. growing most rapidly 
and what was her quickest rate of growth ? (^o) 

8. The New Zealand Pension law for a person who has already lived from the age 
of 40 to 65 in the colony is ; — 

If the private income I is not more than ^34 a year, the pension P is;£‘i8 a 
year. If the private income is anything from 34 to 52, the pension is such that 
the total income is just made up to 52. If the private income is 52 or more 
there is no pension. 

Show on squared paper, for any income I the value of P, and also the value 
of the total income. If a person’s private income is S 3 .y£^o, how much of it 
has he an inducement to give away before he applies for a pension ? Show on 
the same paper the total income, if the pension were regulated according to 
the rule 

P = >8 - (30) 


9 . The following table gives corresponding values of two quantities x and y: 


1 

jy 

io*i6 

12*26 

14-70 

20 *80 

24-54 

28-83 

X 

37 '36 

1 

31*34 

26 "43 

19*08 

16-33 

14-04 


Try whether x and_y are connected by a law of the form yx^ = r, and if so, 
determine as nearly as you can the values of n and c» 

What is the value of x when^ = 17*53 ? {30) 


10 . Both parts (^i) and (^) must be answered to get full marks. 

(<*) Prove the rules used in finding the volume and area of a ring. The mean 
radius of a ring is 2 feet. The cross-section of the ring is an ellipse 
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whose major and minor diameters are o'S and 0'5 ft. : what is its 
volume ? 

U) The length of a plane closed curve is divided into 24 elements, each 
I in. long. The middles of successive elements are at the distances x 
from a line in the plane, as follows (in inches) : — 10, 10*5, 10*91, 11*24, 
11*49, 12*57, 11*67, ii* 49 j 11*24, 10*91, 105, 10, 10*5, 10*91, 

11*24, 11*49, 12*57, 11*67, 11*49, IJ‘24, 10*91, 10*5. 

If the curve rotates about the line as an axis describing a ring, find 
approximately the area of the ring. (42) 

11, Three planes of reference, mutually perpendicular, meet at O. The distances of 

a point P from the three planes are x i*2, ^ = 2 7, s = 0*9. The distances 
of a point Q are jc = 0*8, ^ = 1*8, s = 1*5. 

Find 1st, the distances OP and OQ ,* 

2nd, the distance PQ ; 

3rd, the angle between OP and OQ. (30) 

12 . Find the moment of inertia of a hollow right circular cylinder, internal radius Rj, 

external R®, length /, about the axis of figure. 

Prove the rule by which, when we know the moment of inertia of a body 
about an axis through its centre of mass we find its moment of inertia about 
any parallel axis. 

What is the moment of inertia of our hollow cylinder about an axis lying in 
its interior surface ? (42) 

18 . If the current C ampbes in a circuit follows the law 

C = 10 sin 600^ 


where / is in seconds. If 


V = RC + L 


di 


where R = 0*3, L = 4 x 10-*, find V. 

Show by a sketch how C and V vary with the time f, and particularly how 
one lags behind the other, and also state their highest and lowest value. (42) 

14 . The entropy <f> ranks of a quantity of stuff at the absolute temperature / degrees 
is known to vary in the following way : — 



443 

403 

373 

343 

<p 

I ‘584 

1*668 

1749 

I *350 


Plot (p horizontally and / vertically. 

A rectangle whose dimension horizontally represents o‘i rank, and whose 
vertical dimension represents 10 degrees, has an area which represents o*l X 10 
or I unit of heat, what heat does each square inch of your diagram represent ? 
The total heat received from beginning to end of the above set of changes is 
represented by the total area between the curve, the two end verticals and the 
zero line of temperature ; state the amount of it. 

You need not, of course, plot the whole of <(> ; you may subtract, say, 1*5 
from each of the values. Also, if you want greater accuracy and can estimate 
areas of rectangles not actually drawn, you need not plot the whole value 
of (42) 
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Stage 2 , 

Answer Questions No. I, No. 2, and No. 3 , and five others. 

X / \ I A (d) must all be answered to get full marks, 

t) CoIJuL by Lntracted methods to four significant figures only, and with- 
out using logarithms, 

34-05 X 0-009123 ; and 3*405 0-09123. 

Compute using logarithms, iJo-235^ X i 6 yT, ( 32 -i 5 )““^! 

(3) Compute, i s , we wish to multiply numbers. 

(r) Explain cos 23°. What is the sum of the 

sJuar^'S these? Explain why you would get the same answer whatever 

the angle. 

9 The two parts {a) and (i) must both be answered to get full mMks. ^ ^ 

te) Express the angle 0-3 radians in degrees; find from the tables ite sme. 

If is in radians and if 

• ^ j- 4- etc 

sinx = ^-j3+jj (J+'“=- 

...imUte the sine of this angle to four significant figures. After how 
minytriS armore of them useless in this case when we only need 

four figures? ^ e< i 

[Note that means IX2X3X4X5.J 

Tt has been found that if P is the horse-power wasted in mr friction when 
^iscTfeet diameter is revolving at « revolutions per minute, 

p = 

If P is o- 1 when = 4 and n = 500, find the constant c. 

Whai is the diameter of a disc which wastes 10 horse-power m air 
toion when revolving at 580 revolutions per minute ? (20) 

8. The four parts (rr), (i), W. and (d) must all be answered to get full marks 

la) A hollow circular cylinder of length/, inside radius r, outside radius R, 

write out a formula for its volume V. _ (;„j p 

wrue^u^a ^ ^ i„ches, r = 2'ii inches, find R. 

li) The sum of the areas of two squares is 92-14 square inches, the sum of 

M ABct AB is^^f^ inches, the angle A 

(A The arek of cros^seSuS * of T prism’ is g^so square inches ; w^t is the 
^l^Tof a section making pi angle of 25 vntojhe cross-section ? 

* cross-section is the smallest section. v ) 

4. Find accurately to three significant figures the value of at which satisfies the 
equation 

- 20 logioA? - 7-077 = o. 

V (30) 

Use squared paper. 

spent in a particular passage, and C the coal consumed, 


wooDKp.«D*. T«iD"i, CkD. 
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A cross-Atlantic steamer of 10,000 tons at 20 knots crosses in 6 days, its 
power being 20,000, using 2520 tons of coal ; what must be the displacement, 
the speed, the power, and the coal for a vessel 'which makes the passage in 
5 days? (20) 

6. There is a district in which the surface of the ground may be regarded as a 

sloping plane ; its actual area is 3*246 square miles ; it is shown on the map 
as an area of 2*875 square miles ; at what angle is it inclined to the horizontal? 
Prove the truth of the rule which you use, (20) 

7 . At the following draughts h feet, a particular vessel has the following tonnage 

T in the salt-water : — 


h 

1 

IS 

12 i 

9 

d '3 

T 

2100 

1510 

1020 

59 ° 


Try if there is an approximate connection of the form 
and if so find c and n. 

If a cubic foot of salt water weighs 64 lbs., find a formula connecting D, 
the displacement in cubic feet, and h, (30) 


8. If 


J> = ZX+^-^, 
X 


state what value of x will make less than any other. An approximate answer, 
using squared paper, will gain as many marks as the correct answer. (20) 


9 . The following tests were made upon a condensing steam -turbine-electric-generator. 
There are probably some errors of observation, as the measurement of the 
steam is troublesome. 


Output in 

Kilowatts K. 

Weight W lb. of steam 
consumed per hour. 

1190 

i 

23,120 

995 

20,040 

74 S 

16,630 

498 

12,560 

247 

8,320 

0 

4,065 


Find if there is a simple approximate law connecting K and W, and slate 
what it is algebraically. 

W 

State in words what means. Call this w. Express w in terms of K. 

Calculate w iox’K =■ 1000 and K = 300. (30) 

10 . At the time t seconds a body has moved x feet along its path from some fixed 
point in it. These positions have been found from a skeleton dra'wing of 
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a mechanism. Find the average speed in ^ each interval. Find also the 
acceleration in the path at each instant approximately. 


Jf 

0 

O' I 

0*2 

1 

0-3 1 

0*4 

0*5 

0*6 

.r 

0 

4 

S-I 7 S 

12-558 

17-1S7 

22*094 

27*306 


( 20 ) 


, 1 . Assuming the earth to be a sphere, if its circumference is 360 X 60 nautical 
miles, what is the circumference of the parallel of latitude 50° ? What is the 
length there of a degree of longitude ? If a small map is to be drawn in this 
latitude, with north and south and east and west distances to the same scale, 
and if a degree of latitude (which is of course 60 miles) is shown as 10 inches, 
what distance will represent a degree of longitude ? (20) 

12 , There is curves = 2 -f 0*15^®. 

Prove that for any value of x the slope of the curve or ™ is o’3:r. (30) 


Stage 3. 

Answer Questions No. i, No. 2, and No. 3, and five others. 


1 . The three parts (a), (^), and {c) must all be answered to get full marks : — 

{a) Compute by contracted methods to four significant figures only, and 
without using logarithms, 

0*03405 X 0-9123, and 34*05 -r 0*09123. 

{^) Compute, using logarithms, 

( 2*354 X i* 6 o 7 )®‘ 3 ^®; and (32*i5)“‘^'i®2. 

(^) Write down the values of 

sin 107® ; cos 148® ; tan 250®. (30) 


2 . There are two formulae used to calculate (p : 


<#- = log.— , 


which is only approximate ; 


<p = 1-0565 + 9 X 10- 


'-'(^-503^) 


+ 0*0902, 


which is correct. 

If / = a 4- 273 when 0 = 53, find the two answers ; what is the percentage 
error in using the approximate formula ? (30) 


S. The three parts (t:), (^), and (i-) must all be answ'ered to get full marks 
(^7) Prove that 

sin (A + B) = sin A cos B 4 - cos A sin B. 

You may take the simplest case, where A + B is less than a right angle. 
Illustrate the truth of this arithmetically when A = 35® and B = 27®, 

using your tables. 
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( 3 ) Prove that in a triangle whose sides b contain 
C the area is 


J ab sin C. 


between them the angle 


There is a quadrilateral ABCD ; A and C being opposite corners. If 
AB is 16*23 feet, AC 25*4 feet, AD 12*09 ; if the angle BAG is 

41®, and the angle CAD is 35®, find the area of the quadrilateral. 

(r) If P is the present value of an annuity A, the first payment being due i 
year from now, the last at the end of the nih year from now, the rate of 
interest on. money being at r per cent, per annum ; then 



If the present value of an annuity of ;£’65 and r is per cent, 

per annum, what is the supposed number of years’ duration of the 
annuity ? (30) 


4 . Find accurately to three significant figures the value of x which satisfies the 
equation 


5 . At eorres^ondi-ng high speeds of modern ships of the same class, if v is the speed 
in knots, D the displacement in tons, P the indicated horse-power, T the 
time spent in a particular passage, and C the coal consumed, 


» 05 DJ, P ce dV, C « PT, 


show how P, T, and C depend upon D alone. 

A cross- Atlantic steamer of 10,000 tons at 20 knots crosses in 6 days, its 
power being 20,000, using 2520 tons of coal ; what must be the displacement, 
the speed, 2ie power, and the coal for a vessel which makes the passage in 
5 ? (30) 


6. Three planes of reference mutually perpendicular meet in the lines OX, OY, 

OZ. The line O P is 6*2 inches long ; it makes an angle of 62® with OX and 
43® with OY. Call the projections of OP upon OX, OY, and OZ by the 
names y, and z and calculate their amounts, taking the positive value in the 
case of z. What angle does OP make with OZ ? 

The plane containing OZ and OP makes an angle tp with the plane contain- 
ing OZ and OX, what is this angle ? (30) 

7 . In a certain vessel it happens to be true, within certain limits, that 

V = I200/i^'® 

where h is the vertical draught in feet and V is the displacement in cubic feet. 
If A is the area in square feet of a horizontal section on the water-level, express 
A in terms of h. 

If / and b are the length and greatest breadth of the section and if A = nlh 
w^here « is a constant fraction, show that V = mlbh where ^ is a constant 
fraction. , {40) 

8 . The following tests w^ere made upon a condensing-steam-turbine-electric-generator. 

There are probably some errors of observation, as the measurement of the 
steam is troublesome : 


Output in Kilowatts K 

1190 

99 S 

745 

498 

247 

0 

Weight W lb. of steam 
consumed per hour . 

23,120 

20,040 

16,630 

12,560 

8320 

4065 
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Find if there is a simple approximate law connecting K and W. 

The electric power goes some distance to drive a factory, and it is found by 
trial that when Y yards of stuff are being woven per hour 

K = 48 -f 0*45 Y. 


Express W in terms of Y. 

State the meaning of W/Y in words, and find its values when Y is 2000 and 
when Y is 500. What lesson ought to be drawn from this ? {30) 

9 . A quantity ^ is a function of x, what do we mean by Illustrate your 

meaning, using a curve. Illustrate your meaning by considering a body 

which has moved through the space s in the time t. What is ^ in the 
* ax 

following cases 


y = 4- + ca " + y a log X, y ^ y 


10 . Find the area of the curve 

4 - 


a sin {bx 4- c). 

(40) 


from the ordinate at = 0 to the ordinate at a* = If « is 2*5, and a is 0, 
and if the curve passes through the point {x = 5, jy = 4), find b. What is the 
area of the curve from the ordinate at a? = o to the ordinate jc = 5 ? (40) 


11 . Divide a number a into two parts so that twice the square of one part plus three 
times the square of the other shall be a minimum. 

How do you know that you have found a minimum value ? (30) 


12 . In the atmosphere, if p is pressure and h height above datum level, if 

Vi = 

where c and 7 are constants, and if 



find an equation connecting p and k. 

What is the above ^ if / = fwR ? Assume p ^ p,^ and t ^ where ^ = o. 
R is a known constant for air. 

Find the equation connecting h and L (50) 

18 . The following values of y and x being given, tabulate ^ and y , dx in each 

interval, and A or the sum of such terms as y . dx. Of course A is the 
approximate area of the curve whose ordinate is y. 


0 

0*1 

0*2 

0*3 

0*4 

0*5 

0*6 

0*7 

0*8 

0*9 

0 

0-1736 

0*3420 

0*5000 

0*6428 

0*7660 

o*866o 

0-9397 

0*9848 

roooo 


(40) 
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1005. 

Stage 2. 


Answer Questions No. i, No. 2, No. 3, and Eve others. 

1 . The four parts (a), { 6 ), (r), and {d) must all be answered to get full marks. 

(a) Compute by contracted methods to four significant Egures only, and without 
using logarithms, 

0*01239 X 5*024 and 0*5024 -t- 0*01239. 

(< 5 ) Compute, using logarithms, 

V 0*2607 ; 26*07^‘^3 . 26*o7“^'^5 

(<r) Explain why we subtract logarithms when we wish to divide numbers. 

{d) Write down the values of the sine, cosine, and tangent of 37°. Explain, 
from the definitions, why sin 37® 4 - cos 37® = tan 37®. Try by division 
if this is so. ' (20) 


2 . The four parts (a), ( 5 ), {<:), and {d) must all be answered to get full marks. 

(a) Using the tables, find the number of which 0*2 is the Napierian logarithm. 

1 X + j- -f etc., 


(^) 


calculate when x = 0*2, to three decimal places. 

After how many terms are more of them useless in this case where we 
only need three decimal places ? 

[Note that |5 means IX2X3X4X5.] 

Express 


0 * 5 ^? + 14*09 
— 3*S;r — 10*26 


as the sum of two simpler fractions, 

{d) The sum of two numbers is 12*54, and the sum of their squares is 81*56 : 
find the numbers. 

{d) ABC is a triangle, C being a right angle. The side BC is 12*4 feet, and 
the angle A is 65° ; find the other sides and angle, using the Tables. 

( 20 ) 


3 . X and / are the distance in miles and the time in hours of a train from a railway 
station. Plot on squared paper. Describe clearly why it is that the s/dfd of 
the curve shows the speed. Where is the speed greatest, and where is it 
least? 


X 

0 

0*12 

O'S 

1*52 

2*50 

2*92 

3-05 

3’05 

3*17 

3*50 

3 'S 2 

t 

0 

0*05 

0*10 

0*15 

0*20 

0*25 

0*30 

0*35 

0 

b 

0*45 

0*50 


(20) 


4 . Find X in degrees approximately if 

3 sin + 2 cos X = 3*4. 
For what value of x is 


3 sin 4* 2 cos x 

a maximum ? You may use squared paper. 


(aSj 
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6. Tlie net yearly profit P of a railway may be represented by 

where x is the gross yearly receipt from passengers, and^ from goods; 5 and c 
being constant numbers. 

When X = 520cx>0 and ^ = 220000, P was 330000. 

And at a later period 

when X = 902000 and;;/ = 700000, P was 603000. 

What will probably be the value of P when x = 1000000 and when ^ = 
800000 ? (20) 

6. In steamships, £ = -4- 1, where D is the displacement in tons, v the speed in 

knots, I the indicated horse-power. Now ^ is not the same for a ship at all 
speeds, but it is nearly the same for two similar ships at corresponding speeds. 
Corresponding speeds are as the sixth root of the displacements. Find c from 
each of the following actual measurements made on a ship of 9764 tons. 
Tabulate the corresponding speeds for a ship of 12000 tons, and calculate and 
tabulate the horse-power at each speed. 


Speed in knots .... 

10 ’8 

H'33 

Indicated horse-power . , 

1830 

4720 


(28) 

7. State Simpson’s rule. An area is divided into ten equal parts by eleven equi- 
distant parallel lines 0*2 inch apart, the first and last touching the bounding 
curve ; the lengths of these lines or ordinates or breadths are, in inches : — 

o, 1-24, 2-37, 4-10, 5-28, 476, 4-60, 4-36, 2-45, 1-62, o. 

Find the area in square inches. (20) 


X = a{(p — sin (p) 
y =: all — sin (p) 

Take a = lo. Calculate the values of ;c and v for the following values 
of <p 


6’ 4’ 3 

Plot points whose co-ordinates are these values of x and y, on squared 
paper, and draw a curve. (28) 

8 . When Q cubic feet of water flows per second through a sharp-edged rectangular 
notch L feet long, the height of nearly still water above the sill being H feet, 

Q oc (L - iH)H^ 

Now, a bad formula is sometimes used which assumes 
Q ocLH*. 

Show that for a given L, although a constant may be used to give a correct 
answer for one value of H, it must give incorrect answers for other values 
ofH. (28) 

10. A vessel is shaped like the frustum of a cone ; the circular base is 10 inches 
diameter ; the top is 5 inches diameter ; the vertical height is 8 inches. What 
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is tlie height of the imaginary vertex ? If 4: is the height of the surface of a 
liquid from the bottom, plot a curve showing for any value of x the area of the 
horizontal section there. 

Find from this the whole volume of the vessel in cubic inches. 

[Candidates will notice that if d is the diameter of the circular area, it is only 
necessary to plot cP.I (2S) 

11 . There is a curve 

= 1*5 + 0*054;^ 

Prove that for any value of 4 p, the slope of the curve or ^ is o*i 5 r. (2S) 


12 . Find accurately to three significant figures one value of x for which 

5 iogio ^ - 270 = o. (28) 


13 . The total cost C of a ship per hour (including interest and depreciation on 
capital, wages, coal, etc.) is, in pounds. 


0=4 + 


1000 


where s is the speed in knots (or nautical miles per hour). 
The time in hours spent in a passage of, say, 3000 miles is 


3000 s 

so that the total cost of the passage is this time multiplied by C. Express 
this algebraically in terms of s» 

Find what this amounts to.' for various speeds. For what speed is it a 
minimum ? (28) 


14 . The model of a ship, when being drawn at the following speeds v (in feet per 
minute), offered the following resistances R (in pounds) to motion : — 


V 

233 

287 

347 

406 

466 

525 

583 

646 

R 

1*08 

1*76 

2*93 

4*26 

6-33 

9 'S 2 

12*74 

15*16 


It is to be remembered that there are small errors in such measurements. 

If we assume a law like R = find n for the smallest and highest speeds. 
For what value of v does n seem at its greatest ? 

[Suggestion, plot log R and log v on squared paper.] (28) 


Stage 3. 

Answer Questions No. i, No. 2, No. 3, and five others, 

1 . The four parts (<2), (^), ( 4 j and (d) must all be answered to get full marks ; — 
(a) Compute by contracted methods to four significant figures only, 

0*01239 X 0-5024 
and 0*1239-1-50*24 

(S) Compute, using logarithms, 

(0*9415 X 2 *304)^ ■ 5 ^'* 
and (0*9415 X 2*304) 
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{£) Why do we multiply the logarithm of by to find the logarithm of ? 
(V) Write down the values of 


sin 254°, cos 124®, tan 193®, sin~^ (0*2250), cos”^ ( — 0*8192), 
taD~i (—4*0108). 

Only one value to be given in each of the last three cases. 


(30) 


2 . The three parts, (^), (<&), and (c) must all be answered to get full marks : 

{a) A quantity y is a function of x : what do we mean by 


dx 


? 


Illustrate your meaning, using a curve. 

Illustrate your meaning by considering the speed of a body which has 
passed through the space s in the time 

(^) Show that if A is the area of a curve from some standard ordinate to the 
ordinate corresponding to the co-ordinate x, then 

dK 
^ dx 


Hence to find A we merely find that function of x of which y is the 
differential coefficient. 

(^r) If A is the area of the surface of water in a pond when the depth on 3 
given vertical is Xy and if v is the volume of water, then 


Prove this. 



(30) 


8. Define the scalar product and the vector product of two vectors, 
illustration of each of these from any part of physical science. 


Give an 

(30) 


4 . The cost C of a ship per hour (including interest and depreciation 
wages, coal, etc.) is in pounds 


C — 4 -h 


1000 


on 


capital, 


where s is its speed in knots relatively to the water. 

Going up a river whose current runs at 5 knots, what is the speed which 
causes least total cost of a passage ? (^2) 


5 . In the curve 

y ■=. a bx^ 
lfy=l *62 when x = j 
and y = 5*32 when x — 4. 

find a and b. 

Let this curve rotate about the axis of x. 

Find the volume enclosed by the surface of revolution between the two 
sections a.t x = 1 and x = 4, ^^2) 


8. The foUowing values of y and * being given, tabulate and v . Sx in each 

• V OX 

interval. If y . Bx be called aA, tabulate the values of A if A is o where 
X =: o. 


X 

0 

0*1 

0*2 

0-3 

0*4 

0-5 

0*6 

0*7 

0*8 

0*9 

' ^ ! 

1*428 j 

1*561 

1*691 

1*820 

1*947 

2*071 

2*193 

2*314 

2*431 

2*547 


(4S) 
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To facilitate tabulation, it will be found convenient to change these rows 
into columns. 

7 . What is Simpson’s rule ? A circle is drawn of 8 inches diameter. The diameter 
is divided into eight equal parts, and ordinates are drawn at right angles to 
the diameter. Calculate the lengths of these ordinates, using the tables, and 
tabulate them. Using Simpson’s rule, find the area of the circle. 

This answer is in error : what is the percentage error ? (42) 


8. Find x in degrees if 

3 sin .a: 4“ 2 cos X = 3 -4 

X is supposed to be an acute angle. How many answers are there? 

Find, using the Calculhs, for what value of x is 

3 sin jr 4- 2 cos x 

a maximum ? (43) 

9 . The following values of / and 6 being given, find 

dp , 

-j wnen B — 1 1 5 . 


d 


100 

14-70 

los 

17*53 

no 

20 -So 

II5 

24*54 

120 

28-83 

125 

33*71 

130 

39*25 


(42) 


10. If 


X ^ adin pi -y h cos pi 


for any value of t where by and p are mere numbers, show that this is the 
same as 

= A sin (/>/ 4 - d) 

if A and t' are properly evaluated. 

If 


and if 


V=RC + L^ 
C = 100 sin (iooi 


R being 2 and L being 0*005, find V. 

What is the lag of C in degrees behind V ? 


(42) 


11 . A vessel is shaped like the frustum of a cone ; the circular base is lo inches 
diameter ; the top is 5 inches diameter ; the vertical height is 8 inches. If x 
is the height of the surface of a liquid from the bottom, express d the diameter 
there in terms oi x } express A the horizontal area iheie in terms of x ; 
express V the volume of the liquid in cubic inches, in terms of x, {42) 

13 . Water leaves a circular basin very slowly by a hole at the bottom, every particle 
describing a spiral which is very nearly circular. Let v be the speed at a point 
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whose distance from the sods is r, and height above some datum level k. 
Assume no ‘‘ rotation ” or “ spin,” that is 



and show that this means 

c 

Vzi- 

7 

where c is some constant, 

Now, at the atmospheric surface 


where C is a constant. 

Find from this the shape 








of the surface, that is the law connecting r and A. 

(42) 


IS. The model of a ship, when being drawn at the following speeds v (in feet pet 
minute), offered the following resistances R (in pounds) to motion 


V 

179 

220 

2 S 9 

301 

321 

341 

361 

R 

178 

276 

4*01 

5-69 

6'39 

8 'I9 

“•39 


There are small errors in such measurements. 

Assume a law R oc and describe how n changes. 'What is its greatest 
value ? Show that when v increases by a small percentage, R increases by n 
times this percentage. (42) 

14. The indicated horse-powers of the engines of similar ships similarly loaded may 
be taken to be proportional to the ijth power of the displacements at 
corresponding speeds. 

Corresponding speeds are as the sixth roots of the displacements. The 
following measurements were made at different speeds of a vessel of 1000 tons 
(the United States s. Manning), Find the horse-power at the corresponding 
speeds of a vessel of 5000 tons : state and tabulate these speeds. 


Speed in knots 

6 

n 

16 

Indicated horse-power . . . 

100 

486 

2i8i 


(42) 
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1908. 

Stage 2, 

You must not attempt more than questions in all, and of these Nos. i, 2, 

and 3 must be three ; that is to say, you are allowed to take not more than five 

questions in addition to Nos. i, 2, and 3. 

1 . The four parts (a), (^), (c), and (d) must all be answered to get full marks : — 

(a) Without using logarithms, compute by contracted methods to four 
significant figures 

9*325 X o'020S6 and 9*325 -5- 0*02056. 

( 5 ) Using logarithms, compute 

(6*345 X 0*1075)®** -^(0*00374 X 9^'37)*‘ 

(r) Extract the cube roots of 

20760, 207*6, 0*02076, 0*002076. 

(d) The side of a square is 3 yards i foot 9| inches ; find the area of the square 
in square feet. (22) 

2 . The four parts (a), (/ 5 ), (r), and (d) must all be answered to get full marks ; — 

(<2) The difference of x and x is 3*^4 ; the sum of and/® is 140; find 
and /. 

(^) The inside of a hollow copper sphere is filled with water whose weight is 
10 lbs. what is the inside radius? If the weight of the copper is 30 lbs,, 
what is its thickness? A cubic inch of copper weighs 0*32 lb- 
(r) ABD is a right-angled triangle, B being the right angle. BC is perpen- 
dicular to the side ACD. The angle A is 56®, BC is 10 inches ; find 
the lengths of AC and CD. 

(d) What are the factors of x® — 8*92^ 4- 18*37 ? (22) 

8. The three parts (a), ( 3 ), and (c) must all be answered to get full marks : — 

{a) If / = -f J if / = 6*3 when :*• = r, and if / = 133 when = 2, 
find a and b, 

(b) 20 lbs. of bronze contains 87 per cent, of copper, 13 per cent, of tin. With 

how much copper must it be melted to obtain a bronze containing 10 per 
cent, of tin ? 

(d) 1 ^ ~ if fJL — 0*25, 0 = S) find x//. It is known that x — / = 1000, 

find X and y, (22) 

4 . If t means V — > i, write down the values of f*, P. Find n/i 7 -f 302', 

s/Jj 1 -r %/ 7 . Each of the answers is like a 4- bi where a and b are numbers. 

(28) 

6. ^ is distance measured along a straight line AB from the point A ; the values of 
/ are offsets or distances in links measured at right angles to AB to the border 
of a field. Find the average breadth from AB to the border of the field 
between the first and last offset. Notice that the intervals in x are not equal. 


X 

0 

1*50 

3*00 

1 

5*00 

7 'SO 

9*00 

y 

0*53 

0*47 

0*40 

0*42 

0*46 

0*52 


(26) 

6. There is a root of — I0:r® 4* 40:r -- 35 == 0 which lies between i and 2 ; find 
it, correct to three significant figures. (26) 
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7 . The following numbers give x feet the distance of a sliding piece measured along 
its path from a certain point to the place where it is at the time t seconds • 
what (approximately) is its acceleration at all the tabulated times except the 
hrst and last ? Show in a curve how the acceleration depends upon /. 


X 

rcoo 2*736 

! 

4*420 

6*000 7*4 

28 8*660 

9'66o 10*397 10*84 

S II *000 

t 

0 0*1 

0*2 

0-3 0'4 I 0-5 

0*6 0*7 0*8 

0*9 

8. The following numbers give v the speed of a train in miles 
t hours since leaving a railway station. In each interval 
distance passed over by the train ? 

(26) 

per hour at the time 
of time, what is the 

V 

0 

2*4 

47 

7*2 

9*6 

12*0 

H '3 

i 

O’OO 

0*04 

0*08 

0*12 

0*16 

0*20 

0*24 

Continued, 

V 

i6‘9 

18*9 

20*7 

22*2 

23*4 

24*3 

24-9 

i 

0-28 

0*33 

0*36 

0*40 

0*44 

0*48 

0*52 


At each of the times tabulated, what is x the distance from the station? 
Tabulate your answers. (26) 

9 . Find the area of the parabola y a bx cx^ between the ordinate Sit x == a 
and the ordinate at If a = — and $ =: what is the answer ? 

(22) 

10 . The parabola y a + bx + cx^ passes through three points whose co-ordinates 

are — ; o, y^. Insert these values, and find b, and c in terms of 

the quantities, y^^ y^ and A. (22) 

11 . The following quantiiies measured in a laboratory are thought to follow the law 

y = ab Try if this is so, and, if so, find the most probable values of a and 
b. There are errors of observation 


X j 

0*1 

1 

0*2 

0*4 

0*6 

1*0 

1*5 

2*0 


1 

' 350 

316 

120 

63 

12*86 

■ 2-57 

0*425 


12 . The equilibrium position for a certain governor is that a ball should be at a 
certain distance r from an axis about which it revolves, when the centrifugal 
force is equal to 

200 + %qA 
T r 

A 

where A = ^2*25 — r®. 

Now a certain mathematical investigation becomes too complex if this law 
is used, whereas it is known that, if the centrifugal force were equal to br — a 
where a and b are mere numbers, the investigation would be easy. Find if 
there is approximately such a law within the limits r = 0*5 and r = 0*7, and 
what is the maximum error in making such an assumption ? {26) 
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13 . One of the three premium systems used in workshops is this : — 

If H is the number of hours usually allowed for a job ; the man does it in 
less time, say, h hours. The usual pay in the shop is p pence per hour ; the 
premium paid to the man is 

p _ (H ~ k)p 
2 ’ 

and he is also paid hp. 

If r pence per hour is the cost of tools and share of tota .1 shop charges, the 
master would have paid H(/ -h r) for the job. He now pays P -r + r). 

If H is 20 and / is lo and r is 4, find the total payment to the man for the 
job and by the hour, and also the saving to the master on the job ; tabulate 
your answers for the following values of : 20, 15, 10. (2S) 


Stage 3. 

You must not attempt more than eight questions in all, and of these No. i must 
be one ; that is to say, you are allowed to take not more than seven questions in 
addition to No. i. 

1 . The four parts (a), {c)f and {d) must all be answered to get full marks. 

{a) Without using logarithms, compute by contracted methods so that four 
significant figures shall he ccn-reci^ 9*32$ x o“02056 and 9*325 0*02056. 

{b) Using logarithms, compute 

(5*603 X o’05723)-5'-*37. 

{c) Write down the values of 

sin 207°, cos 123°, tan 325°. 

{d) Express 

{ 2 x 4 - I ‘38) / (jr» 4 - v^Sx - 24*6) 

as the sum of two simpler fractions. (33) 

2 . Find, with three significant figures accurate, a root of 

5J+xlogi.«-4-82 = o. (33) 

3 . The following tests were made on a steam electric-generator ; W is weight of 

steam in pounds used per hour ; K is the output in kilowatts : — 


K 

'3942 

1 

3105 

1907 

910 

W 

80,400 

68, 100 

50,200 

35,100 


Find if there is a simple approximate law connecting W and K. 
the meaning of W/K in words ; call it w. Express w in terms of K. 

4 . By tabulation give, approximately, a table of values of 

^ and jy . dx 

if the following values of x and are given : — 


State 

( 33 ) 


X 

0 

0*01 

0*02 

0*03 

0*04 

0*05 

o*o6 

0*07 

0*08 

[ 0*09 

y 

1*2679 

1*3640 

1*4663 

i '5774 

1*7002 

1-8391 

2*0000 

2*1918 

2*4281 

2*7321 


( 33 ) 


5 . If r is the radius of a heavenly body E, I the distance of another heavenly body 
M, of mass from E’s centre. Then mj{l r)* and m j {I r)^ are the 
accelerations towards M at points on E farthest from and nearest to M. The 
tide producing actions at these points are their differences from mjP which is the 
acceleration at E’s centre ; prove that the tide producing effect of M is inversely 
proportional to the cube of the distance when / is large compared with r. (33) 
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M d^y j 
— = ”, and -y- 
c ax' ax 

Let w be a constant. Find S. ! 
M and let M = o when x — L 
-f is a given constant. Find 


^ c A 
- = S, and ^ 

Let S = W, a constant, when x = /. 


and let its value be o when x o. 


Find y and let its value be o when x = o. 

( 33 ) 


and ilvf K p where c is a constant. Find p in terms of h. Up oc vit, express 
i in terms of h introducing constant, (23) 

8. The total cost C of a ship per hour (including interest, depreciation, wages, coal 

etc.) is in pounds ’ 

C = 3-a + -^ 

2200 

where s is the speed of the ship in knots. 

Express iLe total cost of a passage of 3000 miles in terms of What 
value of s will make this total cost a minimum ? At speeds 10 per cent, less 
and greater than this, compare the total cost with its minimum value. (33) 

9 . The curves = -f passes through the three points = o, = 26*62 ; x ^ i 

= 35*70 ; X =r 2, 7 = 49*Si ; find iJ, and c. What is the area of the curve 
from the ordinate at j? == o to the ordinate at = 2 ? (42) 

10 . Describe a method of finding whether a given curve follows, approximately, the 

law y = a + bx^ or y = b(x + or y = a + Logarithmic paper must 
not be used ; the work can be done on ordinary drawing paper using Tee and 
set squares. (42) 

11. li y •=^ a sm qt and x b sin {qt — c) where t is time and a, q, 3 , c are constants j 

if ^ r= 27 r/T where T is the periodic time. Find the average value of xy during 
the time T. (42) 

12 . Q being the rate of flow of water per second over a sharp-edged notch of length 

/, the height of the surface of nearly still water (some distance back) above the 
sill being h ; it has been proved that the empirical formula obtained by Dr. 
Francis is also a rational formula 5 it is 

Qoc(/~ \hWl^, 

Now an incorrect formula is sometimes used 
Q = cm-. 

Show that for a given /, although a constant c may be found which will give 
a correct answer for one value of h, it must give incorrect answers for ail other 
values o f h. ( 23 ) 

18 . If i is write down the values of 2^, /*, fL Find V f; 4- 30/, Vi; 

I -r- V/ each in the shape a + hi. 

If a + hi operating upon sin qii (where / is the variable and q is a. constant) 
gi ves a sin qt + b cos qt, ^d three answers, the effects of operating with 
V17 + 3 oij V^'j and i -i- /s/i upon sin qt. (33) 

14 . Get instructions from Ques. 13. 

The voltage applied at the sending end of a long telephone line being sin 
qtf the current entering the line is 


V r + i/q 

where, per unit length of cable, r is resistance, / is inductance, s is leakance, 
and k is permittance, or capacity. 

If r = 6 ohms, / = 0*003 Henries, = 5 x 10“® farads, r = 3 x io-« Mho, 
and if ^ = 6000, find the current. (42) 

Note. — There is a quicker method of working than what is indicated in 
Ques. 13, using Demoivre. You may use it if you please. 
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1910. 

Stage 2. 

You must not attempt more than eig/ii questions in all, including Nos. I, 2, and 
3 j that is to say, although i, 2, and 3 are not compulsory, you are not allowed to 
take more than five questions in addition to Nos. i, 2, and 3. 

1. The four parts (^x), (^),(ir), and {d) must all be answered to get full marks : — 

(£i) Without using logarithms, compute by contracted methods to four sig- 
nificant figures 

5*306 X 0*07632-!- 73*15. 

{b) Using logarithms, compute 

(22-15 -5- 4*139)0-86. 

(^) The value of g, the acceleration tin centimetres per second per second) 
due to gravity in latitude / is (approximately) 

980*62 — 2*6 cos 2/. 

Calculate this for the latitude 52®. 

{d] The gunners’ rule is that one halfpenny (the diameter of a halfpenny is 
one inch) subtends an angle of one minute at the distance of loo yards. 
What is the percentage error in this rule ? (26) 

2 . The four parts {a}, (b), (r), and (d) must all be answered to get full marks : — 

(a) A hollow cylinder of outside diameter D and radial thickness / is of 

length /. What is its volume? If D is 4 inches and ^ = 0*5 inch, if 
the volume is 20 cubic inches, find /. 

(b) Two similar ships A and B are loaded similarly. B is twice the length of 

A. The wetted area of A is 12,000 square feet, and its displacement 
1 500 tons. State the wetted area and displacement of B. 

(<r) The cross-section of a stream divided by the wetted perimeter of the 
channel in which it flows is called its hydraulic mean depth. What 
are the hydraulic mean depths when water flows in a pipe of diameter 
d (i) when the water fills the pipe, (ii) when it only half fills the pipe ? 
(d) What is the number of which 0*6314 is the Naperian logarithm ? (26) 

3 . The three parts (a), (b), and (r) must all be answered to get full marks : — 

(a) If xjy'* = a ; if x- is $ when_^ is 10, and if 3: is 1 1 when 7 is 8, find ft and a. 

What is the value of 7 when xis 

[b) The velocity of sound in air is 66*3 feet per second where / is the 

absolute temperature Centigrade, that is the ordinary temperature 
plus 273. What is the fractional change of velocity where the tem- 
perature alters from 10° C. to 15° C. ? 

{c) Assuming the earth to be a sphere of 8oco miles diameter, what is the 
circumference of the parallel of latitude 52° ? The earth makes one 
revolution in 24 hours (approximately) ; what is the speed at latitude 
52® in miles per hour ? (26) 

4 . There is a natural reservoir with irregular sides. When filled with water to the 

vertical height k feet above the lowest point, the following is the area A of 
the water surface in thousands of square feet : — 


A 

0 

5 

10 

20 

30 

42 

50 

6s 

1 

75 

A 

0 

220 ' 

1 

322 

435 

505 

0 

VO 

586 

617 

1 

624 


Find the average value of A between A — 10 and A = 65. 

What is A when /i is 36 ? Find the volume of water which would raise 
the surface from A = to ^ 36 J. (22) 

6. The energy stored in similar fly-wheels is E = ad^n“, where d is the diameter 
and n the revolutions per minute ; a is a constant, A wheel whose diameter 
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is 5 feet, revolving at loo revolutions per minute, stores 18,500 ft. -lbs. : find a. 
What is the diameter' of a similar fly-wheel which will increase its store by 
10,000 ft.-ibs. when its speed increases from 149 to 151 revolutions per 
minute ? {22) 

6 . There is a root of — 1 1 = o between i and 2 ; find it, using squared 

paper, accurately to four significant figures. (22) 

7. A steamer is moving at 20 feet per second towards the east ; the passengers 

notice that the smoke from the funnel streams olf apparently towards the 
south-west with a speed of 10 feet per second ; what is the real speed of the 
wdnd, and what is its direction ? If solved by actual drawing, the work mus 
be accuratel y done. (26) 

8. If jK = 20 + a/ 30 + xTi take various values of x from 10 to 50 and calculate y 

Plot on squared paper. What straight line agrees with the curve most near! 
between these values ? Express it in the shape y ■=■ a bx. (26) 

9 . If the force which retards the falling of an object in a fluid is proportional to Vi 

where v is the velocity of falling and s is the area of the surface of the objec 
and if the force which accelerates falling is the weight of the object, show thi 
as objects are smaller they fall more and more slowly. 

Recollect that of similar objects made of the same materials the weigh 
are as the cubes, the surfaces are as the squares of like dimensions. (26) 

10 . A sliding piece is at the distance s feet from a point in its path at the time 
seconds. Do not plot s and What is the average speed in each interval 
time ? Assume that this is really the speed in the middle of the interval, ai 
now plot time and speed on squared paper. 


s 

roooo 

I i‘ioS 4 

1*2146 

1*3268 

1*4432 

1*5624 

1-6857 

l-8ii8 

t 

0 

0*1 

0*2 

0*3 

o '4 

0*5 

0*6 

0*7 


What is the approximate increase in speed between if = 0*25 and / = 0*35 ? 
What is approximately the acceleration when t = 0'3 ? (22) 

11 . The sections of the two ends of a barrel are each 12 ‘35 square feet ; the middle 

section is 14*16 square feet ; the axial length of the barrel is 5 feet : what is 
its volume ? (22) 

12 . There is a machine consisting of two parts whose weights are x and y. The 

cost of the machine in pounds is I 2 x + ^y. The power of the machine is 
proportional io xy. Finder and y if the cost is 100 and if we desire to 
have the greatest power possible. Use squared paper if you please. (22) 

13 . According to a certain hypothesis the tensile stress in a rectangular cross-section 

of an iron hook at a distance y from a certain line through the centre of the 
section is proportional to 

■^"i y + 

‘ R 

When R = 10 and ^ = i, calculate / for various values of y fiom^ = 5 
toj>'= — 5 ? squared paper. What is the average value of/? 

For what value ofy is the stress zero? (22) 

Stage 3. 

You must not attempt more than questions in all, including No. i ; that is 
to say, although I is not compulsory, you are not allowed to take more than seven 
questions in addition to No. i, 

1 , The three parts (a), (b), and (r) must all be answered to get full marks : — 

(a) Without using logarithms, compute by contracted methods so that four 
significant figures sJia// he correct^ 

5*306 X 0*07632-4-73*15. 
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(^) Using logarithras, compute 

( 22 - 15 - 5 - 4 -i 39 )-^* 

(c) The lengths of a degree of latitude and longitude, in centimetres, in 
latitude /, are — 

(1111*317-5*688 cos l)io* and 
(II 1 1*164 cos / — 0*950 cos 3 /) IO^ 

The length of a sea mile (or 60S2 feet) is 185,380 cm. What are the lengths 
of a minuie of latitude and of a minute of longitude in sea miles in the latitude 52° ? 

( 39 ) 

2 . A telephonic current of frequency ~ becomes of the value 

C = sin {pt — gx) 

in the distance of x miles, where 

v/¥vV^^ 

gives the value of h if the minus sign be taken, and the value of g if the plus 
sign be taken. When'— is very large, what are the values of h and^ approxi- 
mately? If /^ = 0*05 X 10“^, r = 88, and p = 5000, take two cases (i) when 
/ = o, and (ii) when / = 0*3, and in each case find the distance x in which 

the amplitude C is halved. (39) 

8. Find the value of cosh 0*1 (i f), where i means V — i. (33) 

4 . To find the volume of part of a wedge, the frustum of a pyramid or of a cone, 

of part of a railway cutting or embankment, etc , we use the “Prismoidal 
Formula,’’ which is The sum of the areas of the end sections and four times 
the mid section, all divided by 6, is the average section ; this multiplied by 
the total length is the whole volume.” Under what ciruumstances is this rule 
perfectly correct ? Prove its correctness. (33) 

5 . If « = + 2 and if y is as tabulated, find z approximately. Show both y 

and z as functions of x in curves — 


X 

4-0 

4 *x 

4'2 

4*3 

4'4 

4*5 

y 

3*162 

3 ’S 48 

3 ' 98 i 

4-467 

5*012 

5’623 


( 33 ) 


6. A body capable of damped vibration is acted on by simply varying force which 

has a frequency f. If is the displacement of the body at any instant and 
if the motion is defined by 

^ ^ ^ ~ " sm 27r//, 

we wish to study the forced vibration. 

Take = i, ^ = i'5, = 4, find first when /== 0*2547 and second 

w'hen f — 0*3820. (39) 

7 . The following values of x and y being given, tabulate ^ in each interval, 

dy 

also 5 A :=iyZx and A = fydx. Show in curves how the values of and 

A depend on x. 
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X 

0*0 

0*1 

0*2 

0*3 

0*4 

0*5 

0*6 

0*7 

0*8 

y 

6*428 

7*071 

7*660 

8*192 

8*660 

9*063 

9*397 

1 - 1 

S' 6 S 9 



9-848 


( 33 ) 


8 . There Is a table giving values of^ in terms of jp, and another giving values of u 
in terms of y. What is u when = 8’3 ? 


X 

y 

y \ 

\ 

u 

7 

14*914 

^5 

0*8169 

8 

16*128 

16 

0*7118 

9 

17*076 

17 

0*5543 


9 , If ^ = 100/, and p = 3000 when / = 300, find v. \i p^ 3010 and / = 302, 

find the new If the second set of values be called 3000 -f 300 4- 5/, 

and V Hh what is Ivl Now use the formula 

and calculate Bz/ in the new way. "VMiy is there an error in the answer ? (33) 

10 . The value of^, a periodic function of/, is here given for 12 equidistant values 

of / covering the whole period. Express y in a Fourier Series. 

13*602, 18*46$, 20‘67I, 20*182, 17*820, 14*346, 

10*130, S*6i2, 1*877, 0*486, 2*500, 7*506. 

It ought not to be necessary to say that 18*468 is the second value. {39) 

11 . To solve :x:^ — 20:r +9 = 0 graphically, it is evident that we desire the value of 

jx which wall cause to be equal to 20 :p — 9 ; plot therefore the curve y = 

and plot the straight line z = 20x *- 9. Where they intersect we have the 
value of X desired. When the trial is made it will be found that there are 
three answers : what are they ? (33) 

12 . On the indicator diagram of a gas engine the following are some readings of p 

pressure and v volume. The rate of reception of heat (if the gases are sup- 
posed to be receiving heat from an outside source and not from their own 
chemical action) is 

dp\ 


where k and K the important specific heats are such that 


K 


•2 + 


iL, 

300 


V 

2*0 

2*1 

2*2 

2*3 

2*4 

2*5 

2*6 

2*7 

2*8 

2*9 

P 

84-5 

no 

176 

215 

231 

234 

226 

213 

202 

192 
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tf \ 

\ 

3*2 

3*3 

3*4 

3*5 1 

3*6 

p 

I 

!>. 

VO 

159 

152 

146 i 

140 


Find — at three places ; where z / = 2*05, 3*55, and at the place of highest 

pressure. ^ (39) 

13 . When a shaft fails under the combined action of a bending moment M and a 
twisting moment T, according to what is called the internal friction 
hypothesis, 

M + + "P 

ought to be constant where is a constant. Test if this is so, using the 
following numbers which have been published. Considerable errors in the 
observations must be expected. 


M 

0 

0 

0 

1200 

1160 

1240 

2S00 

2S40 

2760 

T 1 

4320 

4360 

4308 

4338 

4326 

4368 

3S36 ' 

3846 

3S04 


M 

4400 

4320 

4600 

5020 

Ss 

0 

1 

5360 

T 

2416 

2438 

2060 

0 

0 

0 


( 39 ) 


1913 - 

Lower Examination. 

You must not attempt more than questions in all, including Nos. i, 2, and 3 ; 
that is to say, although Nos. i, 2, and 3 are not compulsory, you are not allowed to 
take more than five questions in addition to Nos. i, 2, and 3. 

1 . The four parts {a), ( 3 ), (r), and {d) must all be answered to get full marks ; — 

(a) Without using logarithms, compute by contracted methods 
67*09 X 0*2534 - 7 - 102*5, 

{ 3 } Using logarithms, compute the cube root of 
2*315-5-0*1573. 

(r) State the values of the sine, cosine, and tangent of 

- 35 °. 

(d) The Napierian logarithm of a number is 3*1542, what is the number? 

(24) 

2 , The three parts (a), (^), and (c) must all be answered to get full marks : — 

{a) A copper plate, 3 feet in diameter, has a square hole in it whose side is 
10 inches ; it weighs 30 lbs. : what is its thickness if i cubic inch of 
copper w'eighs 0*32 lb. ? 

{i) The end areas of a prismoid are 62*8 and 20*5 square feet ; the perpendicular 
distance betw'een them is 15 feet; the midseclional area is 36*7 square 
feet : what is the average section, and what is the volume ? 


2 G 
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{c) An equilateral triangle, whose side is 4 inches, revolves about a line in its 
own plane, thus generating a ring. The centre of the triangle is 6 inches 
from the line. What is the area of the surface of the ring ? (24) 

3 . The two parts (a) and (^) must both be answered to get full marks : — 

{a) An arc of 3 feet subtends an angle of 43° at the centre of the circle, what is 
the radius of the circle ? 

{ 6 ) If s = ; if 2 is 81 when x = 3*4 and^)' = 1*2, find a, (24) 

4 . What are the factors of x® — 2*5ar — 4*44? (24) 

6. In a thick cylinder subjected to fluid pressure, at any point whose distance from 
the axis is r, the radial compressive stress / and the hoop tensile stress f are such 
that 



/= 7 + a, 


where a and h are constants. If ^ is 5 tons per square inch at the inside, where 
r = 4, and if / is o at the outside, where r = 10, find a and b. Find / for 
^ = 4j 6 ’5, and 10, and show f for various values of r on a curve. {24) 

6. In a price-list of a certain type of machine I find the following : — 


Diameter of cylinder 

. . . . 

8 

10*5 

12 

Price 

44 

60 

84 


What is the probable price of a machine whose cylinder diameter is 9 5 ? (20) 

7 . To find the cross-section of a river 90 feet in breadth the following depths, y feet, 
were taken across the river ; x feet is the distance from one bank : — 


X 

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

y 

3*00 

4*5 

5-6 

6 

5*7 

4-8 

47 

4*5 

4 

3 


What is the area of the cross-section ? The average velocity of the water 
normal to the cross-section is 3*4 feet per second. Find the flow of the river in 
cubic feet per second. (24) 


8. If the z and the r, 4 co-ordinates of a point are related in this way ; — 

r® = jr® 4 -f s®, X — r sin 6 cos (p, 

y •=■ r sin 0 sin z — r cos 6 . 

If = 4, = 2, 2 = 5, find r, 6, and <p, (24) 

9 . If ^ = P A 4 — ^ j if ^ -f- P is I ‘2 and if n is 8, find r. 


10 . It is thought that the following observed values of x and y follow the law 
y =1 A. There are errors of observation. Test if such a law is probably 
true, and, if so, find the values of A and b : — 



1*0 

1*5 

2*0 

2-5 

3*0 

3*5 

4*0 

4*5 


13-28 

15*04 

17*53 

19-80 

23-11 

26 'OO 

30 'S 0 

34*40 


(24) 
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11 . State exactly what we mean by Illustrate your meaning by the speed of a 

point. 

Show that if ^ = zax, (28) 

dy 

12 . There is a curve ; J = 5 - 3^; + a‘, find “. What is its value at the point F 


on the curve whose x = 2 ? The tangent at this point being y = a -i- dx, what 
is the value of ^ ? Calculate a from the knowledge that the tangent passes 
through the point F. (28) 

13 . The plan of part of a roof which is a plane is 600 square feet in area ; the real 
area is Soo square feet ; what is its inclination to the horizontal ? Prove your 
method of calculation to be correct. (24) 


Higher Examination. 

You must not attempt more than questions in all, including No. 21 ; that is 
to say, although No. 21 is not compulsory, you are not allowed to take more than 
seven questions in addition to No. 21. 

1 . The three parts (^), {d)^ and {c) must all be answered to get full marks: — 

(a) Without using logarithms, compute by contracted methods so that four 
significant figures skaF be correct — 

0*6709 X 25*34-- 0*1025. 

(^) Using logarit hms , compute cosh x which is J (f* -h where x is 0*3154. 
[c) If i means V ““ i express 3 — 4/ in the form t (cos 0 + ^ sin 0). Express 
— 5 -b 6f also in this form. Divide the first of these by the second, and 
write the answer in the form a + bi, (44) 

2 . Express sin at cos bt as the sum of two terms and integrate with regard to t. If 

is ^ and b is 3a, what is the value of the integral between the limits 0 

and T I ^ (42) 

3 . In a geometrical progression where r is the ratio of any term to the previous one, 

prove the rules for finding the last term and the sum of n terms. The sum of 
a geometric series of 6 terms is 1020, ris 2*4, find the first and last terms. (42) 

4 . The lengths of the intercepts of a plane on the axes are OA = 4, OB = 7, 

6? 6*=: 6. Find the length of OF^ the perpendicular from the origin on the 
plane. Find the angles which OF makes with the axes. (42) 

6, The curve j passes through the points x = i^y = 3*5 and x =: lo,/ = 12*6 : 

find a and b. This curve rotates about the axis of x describing a surface of 
revolution. Find the volume between the cross-sections at x = i and = 10. 

( 44 ) 

6^ If 4 is the moment of inertia of an area about a straight line in the same plane 
passing through its centre, and I is its moment of inertia about a parallel line 
in the plane, there is a rule which enables us to calculate I if we know 4 ; 

prove the rule. If for a circle 4 is what is 1 about a tangent to the 

4 

circle ? (42) 

7 . The following values of x and were observed in a laboratory and theory sug- 

gested that there might be a law 

y - ax^ b y. 10*. 

There are errors of observation. Using squared paper, try if th«ie Is such 
a law and, if so, find the most probable values of a and b* 
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i 

X j 

0*1 

0*2 1 

0*3 

0*4 

0*5 

1 

0*6 


I -61 

1 1 

2*26 

1 

3*20 



4'47 

6’2I 

8*07 

(44) 


. 8 . 


^ L + 7i‘^x = a sin qi 
df + dt 


^ X J •■k.ofmn of a system. Imagine the natural vibrations to 
expresses forced vibration ot y ^ ^ e . find (44) 

have been damped out. Take - 49 ,/ - 3 > ^ ^ 

0 . Show by a graphic construction . 

rf cin (fit -L 4- Sin («/ + <?2) — ^ sin \ni -r £)• 

^ 'cnven show on your figure the values of a and e, (42) 

If fln <20, ^1, ^2 ^ ’ and i being independent variables. 

10 If, in partial differentiation, x ana tog 

ePv ^ dv 

j — o when x " ^ j find v* For what 
if z; = sin qt, where x = o, and if o when 

value of X is the amplitude of v ha ^0 • ^ ^ ^ d their vector pro- 

“■ lar lu .u. 

aVbc = bVca = cVab. V 44 i 

12 . The following table of values of x and y is given. Find 

^ when .flf = 3, 

To fret the most correct answer the whole 
trreat accuracv as possible, io get uic 


table is necessary. — — ^ 


— 

X 1 

i ^ ^ 

I 

2 

1 ^ 

4 

5 

i 

1 ^ 

y 

6*98970 

7-40363 

1 778151 

8*12913 

8-45098 

8-75061 

9*03090 

(44) 


angle between the curve and the straight line at p 


Find the 

(44) 



answers to the examples 


1 . 2, 3, 2, 3, 12, 3I1 J* 
3 . tV? 


Examples.— I. (Page 2.) 

2 8 <>12, 27, 8x> 10,000,000. 

I; 0-3162, I. s-isa. 10. 3>-62. 1°^ 

Examples.— II. (Page 2.) 


1. 

7. ”1. 


2 . i. 

8. a 


3 . h 

9 . 0*5. 


4. 2*25. 

10. 1-5* 


5 . 3 ' 5 - 

11. -0*5. 


6. -2. 


Examples.— III. (P^S^ 5.) 


l Zt. 

6 . 1433 ; 200 ; 30 : 3-657 ; 0-1887 ; 0-002316 ; O 05b2a 
6. 0*8372; 1*2726; 1*5304; 2*1815. 


Examples.— IV. (Page 7.) 


2. 2*090. 

6. 269100. 
10. 0*002468. 
14 . 0 * 5944 . 
18 . 0*4872. 
22. 6*310. 
26 . 0*01902. 
80 . 1*005. 
34 . 1135. 
38 . 0*5338. 
42 . 0*8228. 
46 . 0*7025. 
60 . 4*000. 


3 . 40430* 

7. 0*003856. 

11. 1 1880. 

15 . 15-35* 

19 . 4*658. 

23 . 2*929. 

27 . 1*017. 

81 . 1*838 X lO^L 
35 . 0*1370. 

39 . 1*079. 

43 . 0*2133. 

47 . 0*5504. 

61 . 837-1. 


1. 918*1. 

6. 581-5. 

9 . 8*076. 

13 . 15-84* 

17 . 0*3307* 

21 . 13*59. 

25 . 57530. 

29 . 54-8. 

33 . 10810. 

37. 0*01176. 

41 . 1*035. 

45 . i6*88. 

49. 3220. 

63 . 37390. 

Examples. — ^V. (Page 10.) 

' 77 *c 6 '^* 74 * 5 °’ 

1 . 2*65; 3*58; -4*7; 5*245 -14*05; 35 • g 0*000072; 1522, 

5; rsUl »• ‘"■’"•To”:..,.-; - S--0 -««“■ 

9 . 57-6 ft. per sec. ” 7 °’ ’ 

U. 308-5°; 235°; 232 ‘S °5 2*7-5 • 


4 . 34 ' i8- 

8. 410-7- 

12. 601300. 

16. 3-307- 
20 . 1 - 473 - 
24 . 1-359- 
28 . 6056. 
32 . 0-01645. 
36 . 0 - 7945 - 
40 . 13-75- 
44 . 0-9833. 
48 . 31780. 

62. 3542- 
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Examples. — VI. (Page ii.) 

3. (3-6o6. 56-3'^; (5-38, arS"); (3-16, 18-4°); (3-606, 113-7°); (S-83, 211°)! 

(5, 143*1°). 

4 . (0*966, 0*259); (1*732, I) ; (0*877, i‘So); (-0*684, 1*88); (-i* 53 i -r 29 ); 

(I, -1732). 


2. See tables, p. 4S6. 


Examples. — VII. (Page 12.) 

S. 23°, 62*9°, 53 * 1 ^ 21*8% 35 °. 6 o°* 7 S 7 ° 


Examples.— VIII. 

2. 0*643; -0*766; -0*839. 

4. -0*766; 0*643; -1*192. 

0. _o*8 ; -0*75. 7 . -o*8 ; 0*75. 


(Page 14.) 

a -0*643; -0*766 ; 0*839. 
6. 0*8 ; 0*75 
8. 0*8; -0*75. 


Examples . — 1 

1 .- 6 . The numerical values are given 
verified from the figures. 

9 . 0*4493 > 0*8934 ; 0*5029. 

11. -0*6613; -0*7501 ; 0*8816. 
la 0*8554; -o*53S8; -0*9903. 

15 . -0*5774; 0*574; 0*284; -0*961 

16 . -0*4162 ; 0*1357. 

18 . —0*9191. 10* 0*909 ; — ( 


(Page 18.) 

in the tables, p. 486 ; the signs may be 

10 . 0*7278; —0*6858; -I'o6i2. 

12. -0*7524; 0*6587; -1*1423. 

14 . 12*4°; 597 ®; 67*3®; 52 * 4 ®* 

; — I ; 0*966. 

17 . -0*1392. 

)*4i6; -2*184; 0*141; -0*990; -0*142. 


Examples.— X. (Page 23.) 


0* 0*954 ; 0*314- 
9 . 0*8454 ; 0*6318. 
12 . 0*6 ; 0 * 8 . 

15 - f§ ; M- 

18 . M ; A- 


21. sin d = 


+ r 

V + s- ’ 


7. 0*968 ; 3*871. 
10 . o*S8o2 ; 1*855 
13 . 0*937 ; 0*374. 

16 . Sf ; : ft- 


19 . i A. 


tan 6 = 


__ V 4- 


8, 0*894; 0*447. 

11. 0*9920; 0*1256; 7*897. 
14- H ; A. 

17 . I? ; ff. 

20. -^=. 


Examples.— XI. (Page 26.) 


1 . 5 = 2*72; ^ = 3*2i; B = 58®. 

3 . A = 41® ; = 1 * 77 ; ^ - 2*04, 

6. = 158 ; A = 70*8° ; B = 1:9*2' 


2 . B = 34°; a = 5*635 ; ^ = 6*79. 

4 . ^r = 4‘34; A = 38*4®; B = 51*6° 
8. 5 = 92*6 ; A = 19*05° ; B = 70*95°. 


Examples.— XII. (Page 30.) 

1 . a = 3-161 ; b = 3*863 ; C = 117°. 2 . C = 49° ; a = 3*03 ; c = 2*70. 

3 . ^ = 7736 yds. ; r = 7073 yds. ; C = 62° 4 . C = 53° ; b = 3*123 ; r = 3*727. 

5 . C = 37*92°. 6. A = 110*25° i C = 30*75°. 

7 . B = 24*25° or 155*75® ; C = 132*75° or 1*25°. 

8. C = 126*94° or I *06°; B = 27*06° or 152*94°* 
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9. B = 56*15® or 123-85® ; C = 84*85® or 17*15®, 

10. B = l6*i® ; C = 142*9® ; = 5*84. 

11. A = 38*6° or 141*4® ; C = 110-4° or 7*6° ; c — 4*82 or 0*672. 

12. b = 146*7 ft. ; ^ = 283*7 

13 . B = 44*95® or 135*05® ; C = 103-05° or 12*95° i ^ = 5*514 or 1-27, 

14. C = 56*7® or 123*3° ; B = 82*3° or 15*7® ; b = 3*869 or 1*054. 

15. B = 31® ; r = 237*2 yds. ; a = 423*7 yds. 

16. A = 38*2° ; C = 86*8® ; c = 57*5. 17 . b = 3*70 ; A = 40*5°. 

18. B = 59*1® or 120-9® ; C = 88*9® or 27*1®. 19. A = 54® ; B = 85°. 


Examples. — XIII. (Page 32.) 

2 . c - 3*421 ; A = 35 * 95 ''; B = 102-05® 

4 . = 2-903. 5 . ^ = 3*877. 

7 . ^ = 5*307. 8. ^ = 300*9. 

10. r = 5*265. 11. a = 264 yds. 

13 . B =49*4®; A = 71*6°. 

14 . C ='^io 5 V ; A = 45-1® > B = 29*5®. 15 . A = 33*6®, 

18 . ^ = 67 yds. 17 . A = 29® ; B = 46*6® ; C = 104*4®. 

18 . A = 8i*S° ; B = 44*2° J C = 54°. 19 . ^ = 38*75 ft. 


1. 4 = 3*65. 

3 . A = 5®; ^= 5 * 72 . 
6 . c = 4*iS. 

9 . a = 2*84. 

12. a = 583 yds. 


Examples.— XIV. (Page 34.) 

1. 7074000 sq. ft. 2. ^* 92 * 5 ^ ^ 9 * 

4 . 91050 sq. yds. 5 . 87340 sq. ft, 6, 1504 sq. yds. 

7 . 17*4. 9 . 4*7iS. 

8. B = 104*5 ; = ^‘ 7^3 sq. ft 10 . C = 113*6° ; area = 13*28, 

11 . C = 51*3® ; A = i8-2® ; B = 110*5® ; = ^’^ 70 * 

12 . A = 44*4° ; area = 14*7. 


Examples. — XV. (Page 36.) 

1. 34-4 ft. 2. 1390 ft. 3- 33S ft- 3° ft. 6. SS'S ft- 

6. 89-6 ft. 7 . 381-7 ft. 8. 5863 ft. e. 3962 yds. ! 4023 yds. 

10. 27-6®. 


Examples. — XVI. (Page 38.) 


1. 1680 yds. 5 1248 yds. ; 175*8 ft. 
4 . 1944 ft. 

7 . 5599 ft. 

10 . I 22’5 miles; 113 miles, 

13 . 0-922 sq. inch. 


2 . 349*9 ft 
6. 3753 ft- 
8. 1321 ft. 
11. 141*4 yds. 


a 54*73 ft- 
6, 518911. 

e. 144 yds.; 194*2 yds, 
12. 3*005 miles. 


Examples.— XVII. (Page 43.) 


e, 0-75. 

8- m- 

12. m- 

16 . S3 sin ( 27 r«/ - 1 - 0-557. 


7 . 0-981. 

10. 

13 . 3*6 sin {2t *4' 0*983). 

/27^^ " 

16 . 37 sin( y ~ 0*330^ 


a* imj 

11 . 0-673 ; 0 * 909 * 

14 . 3*6 sin (2/ — 0*588). 

17 . 17°. la* 0*25, 
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Examples 



Examples. — ^XVIII. 

(Page 

44 -) 

s. 

— 0*679. 

4 . 0-574. 

5 . 

If ; A ; ¥• 

6, 

^ = 0777 - 

7. A = °'S 33 - 

9 . 

—0*446 ; 0*895, 

10. 

0*994 JO'iii;S‘944. 

11. 

0*999 > ~~ 0*019. 

12. 

23 cos® + <2 

COS 2vnt — b. 

14 . 

0*8. 

15 . 

0*4. 


16 . 

0*274 ; 0-962. 



Examples, — XX. 

(Page 47.) 

11. 

— — cos ( 2^t 4”r 

2 V ' 

> 

12 

. i{cos^- cos (477«/-}-^)}. 



Examples. — XXI. 

(Page 

51 *) 

1. 

81 lbs. 

2. 7*3 ins. 


3 . 3*34 ohms. 

4 . 

1*225 dynes. 

6. 22050; 0*417. 


6. 17. 

7 . 

2*43 lbs» 

8. H.P. =0-00091. 

9 . 1*04 ins. 

10. 

14 X 10*. 

11. 356 cub. ft. 


12. 2*5 ins. of water. 

13 . 

0 * 9982 . 

14 . 6-756. 


15 . 1*712, 

16 . 

1*946. 

17 . —0-274. 


18 . i'o6o. 

19 . 

- 0*097 j 2 * 57 . 

20, 373-1 lbs. ; 5553 

lbs. 

21. 2*54. 

22. 

3 nr. 

23 . 55-158. 


24 . 3215 ; 2232 ; 1723. 

25 . 

45*7; 28 * 9 ; 20*9. 

20 . 19-72 ; 4-356 ; I 

' 55 - 


27 . 

96 * 5 ; 937 ; 70-0; 

38*5 ; 20‘0. 28 . 97 ; 

94 ’ 3 ; 72; 41*4; 22*5. 

29 . 

2*i6 ; 2 ; I‘S5 ; i* 

66. 30 . 96*4 

; 93*4; 68*7; 36-9; 18*6. 

31 . 

199 * 2 . 

32 . 31*13. 


83 . 8847*3. 

34 . 

8 ' 3 - 

35 . 0*00000750. 


36 . 0*233. 

37 . 

0 ; 0*104 ; 0*199 ; 

0*285. 


88. 1*644. 

39 . 

0 - 2345 - 

40 . 0*0208. 





Examples. — XXII. 

(Page 55.) 

1. 

^37 14 ^- 

2. £l^ 22 . 


3 . £21 8r. 

4 . 

I • r per cent. 

6. 16*48 yrs. 


6. 1*6 per cent. 

7 . 

2 yrs. (1*96). 

8. A loss, ;^ 5294 . 



10 

loor 

OA'nT 

-l-i r>_ "'•A 


13 >VA . 

Xv* 

IJCr wvllL« 

n 

1200 4- 

(1200 4- 1200 

13 . 

£T] 2 . 14 . £20^. 15 . £^yi. 

16 . ^1096. 17 . .£549. 



Examples XXIII. 

(Page 

58 .) 

1. 

136 yds. 

2. 6484 sq. yds. 


8. 4*4 sq. ft 

4 . 

5-37 sq. ft. 

5 . 20 cub. ins. 


6. 194 cub. ft. 

7 . 

5*17 ins. 

8. 50266 sq. ft. 


9 . 772 cu. ins. ’ 

10. 

0*029 in. 

11 . Cross-section. = 

0 -O 3 S 3 

sq. in. ; diameter = 0*212 iiu 

12. 

4-936 lbs. 

18 . J in. 


14 . 0* 19 in. 

15 . 

1588 lbs. 

16 . 0*26 lb. 


17 . 555 lbs. 

^ Q 

me 

19 . 1224. 


20. 3010 lbs* 
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21 . 2010. 22 . 245 lbs. ; 3 ins. 23 . 1*59 mm. 

24 . I *004 in. ; 2*56 lbs. 25 . 198*1 lbs. 26 . S‘8 ins. 

27 . lO'l ins. ; 6*67 ins. 28 . 207*359. ins. 29 . 76*33. 

30 3*67 ins. 31 . 62400 cub. ft. 

Examples. —XXIV. (Page 61.) 

3 . 0*9998. 4 . 0*994. 5 . r*oo6. 6. 0*988. 7 . 0*9991. 

8. 0*9933. 0. 1*01. 10. 10*099. 11. 15*937. 12. 27*019. 

13 . 14*967. 14 . 6*0092. 15 . 8*9959. 16 . 0*0102. 17 . 0*00198. 

18 . 0*9911. 19 . 0*3 per cent, deficit. 20. 0*35 per cent, 

21 . 43 secs, 22 . 15*7 cub. ins. 23 . 2 per cent 

24 . {a) the ratio is diminished by 15 per cent. ; ( 5 ) it is diminished by 25 per cent. 

nearly. 

25 . 4 per cent. ; i per cent, j — i per cent. 28 . 2 per cent, deficit. 

Examples. — XXV. (Page 64.) 

1 . 1*356 X 10’. 2 , 445000 dynes. 3 . 5240. 4 . 981 cm. per sec. per sec. 


Examples.— XXVI. (Page 66.) 


1. 

1 

; 0 * 5 . 

2. 

- 3*121 

— 0*21. 

3 . I 

•566; 

— 0*766. 

4 . 

I 


5 . 

-- ris; 

0*65. 

6. 0 

‘3 ± 0 

•843/. 

7 . 

I 

1 6*86/ 

8. 

~ i 3 ± 

29*03/ 

9 . - 

*5 ±4 

^ 945 !. 



6 


46 


2*6 


10. 

- 

- 0*55 X icP 

; ~ 0*29 X 

10*. 11. — 0*4 

X 10* equal. 

12. 

— 1*9 ± 0*622^^3 




Examples.— 

■XXVII. 

(Page 67.) 



1. 


.2; ~ I. 

2. - 

3; I. 

3 . 

- l; - I. 


4. - 3 ; - 2 . 

5 . 

2 

; -5. 

6. 6; 

h 

7 . 

z'S ; - 3 - 


8. 2; 0*4. 

9 . 

A ; — 

10. 2; 

4. 

11. 

± k- 


12. ± j i im. 


13 . The roots are real and unequal, equal or imaginary according as L is less than 

equal to or greater than J;R"K. 

14 . (a) “ ijio-*, - 8Jio^ ; {d) - (i ± Oio*; - 2 X lo^ 

15 . + — L =. 10. 17 _ P29+ 1375?. 

A^mk < 


1. 1 ; 2; -4. 

4 _2. - 3 ± 4 - 8 a 
4 . 2. ^ . 


Examples.— XXVIII. (Page 69.) 
a. 3 : S ; - »• 

8. I : - I ; 2 ; 3. 


— i ±2*65/. 


1 . 2-2S3. 
S. 47 ‘ 5 - 


Examples, — XXIX, (Page 69.) 

а. 1*77. 3 . 0*750. 4 . 0*0702. 

б. 2*5. 7 . i 8 * 3 . 8. o; 0*527. 
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Examples. — ^XXX. (Page 72.) 

3 . - 19 - 5 . 


4. J' == 9 - 3r. 


1- 3‘6 ; 3'8. 2. j» = 1-2 ; e = 2-2. 

5 . i: = 8;/ = 5 ;* = ”• 

Q . - 1-843, or 0-648 ;y - - 3 'S 44 . or 3 ' 944 - 

7 . ,» = 2-396, or 0-046 ; y = 6-lSS, or — o'SSz. 

8 . e --. 8. 2; 5- 10- S'44- 11. 82-4. 

ttl 

12 . = 21 ; 3 =: 36 ; ^ = I’a. 13 . y = 

14. y = K 15. 42 - 66 . 

16 . P = I2S 4 - 1*3^3. 17 . :^ = 1*25 ; C = 7550. 

18 . « = 1-37 ; C = sso. 19 . 0*55. 20 . - 1-483. 

21 - 3 = 36 ; = 3-102 X 10*“^®. 22 . 23-62. 

23 . ffpi-y = 24 . 262-5. 

25 . 4> = K loge7 - R log,x > 4 > ='^ logfiT + — 

26 . a = 3-8 ; 3 = 0-15. 27 . ^ = 56*5 ; 3 = - 0*23. 

28 . 0-308. 29 . a = 0-0455 ; ^ - 0*01856. 30 . 9-03 x 10®. 

31 . A = 6*101 ; B = 1520 ; C = 123000. 32 . 0*0947. 

33 . 0-08265, 34 . a = 1*552 ; b = 0*0105 ; c = 0*0319. 


Examples. — XXXI. (Page 75.) 


12 Q io,y^ ~ 22^ — 6 

^ - 4* ' {x- - 9)(.r — 2)* 

17^^ + 25;>: + 348 
^ (2jt; 4- 9)(3;«r - i]{x 4 7)* 

-4^4 15^ ““41 

®* - 4j; 4 9)(^ ““ 2)* 

Q 13^ ’¥74^'^ ^32 . 

(4:4S)‘-^(-=*^ + 2) 

2a: 5 

(^r+ii){2x — 1)‘ 


2:^?^ 4 210? 4 13 

(:c 4 1)(^ 

R 5^ + + 16 

' (j ?2 4 - 20 : 4 5)('^ “ 3)* 
»7 5-^ - 13-y + 10 
{x- 2 Y{x - ij* 

So?^ 4 22 a: 4 19 
• {x 4 2)"(x 4 i)* 

{x - i)ix 4 2 ){x - 5 ). 


Examples.— XXXII. (Page 77-) 


1. 

4. 

7. 

9. 

IL 

12 . 

13. 


or 4 2 




0 ? 4 3 0 ? 4 2 

I I 


2 . 


6. 


4 3 ^45 

p* 

. 4: 


3. 


^ 4-: " 


9(x - 5) 9(0: 4 4) 

I 


6 . 


a: 4 I ^ 4 6 


3 a: 4 2 20? 4 I 


15(0: - 2) ^ 5(ar 4 3) 3(^ + 

■ 5_ . __i 4 

6(0? — i) ^ 2(0? 4 i) 3(^ + 2) 

I . I I 


8 . 


10 . 


or-I 0:42 o?43 

I . 2 


j: j I — :l_ , 

4 I ^ (jc 4 i)* ^ “ 2 

1.8 I 


9(0? - 4) ^ 45(2^ + I) 5{-^ + 3) 


7 o(x - 4 ) So{x 4 i) 3o(*^ ““ 2 ) 70 ( 0 : 4 3 ) 


J{x - 4) “ 6{x - 3) ~ 42(^ + 3)' 


5(a: + 4) x + 3^ 5(j; - i)' 
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15. 

18. 

17 

19. 


— :: 1 : _ ^ . 

49(^ - 3) 49(^ 4- 4) 49(2x + i) 

2 , 3 . I 4 

(x ~ I) (:r - Ip (.V ~ 4) + X 4- 3 
2^+3 . 3 

^' + 3-^ 4* 4 2x — r 

I I^~23 _ II 4 . 7 

64(x- 4 * ■*■ 4- 2) 64(x — 2) S(x ~ 2)*' 


18. _i_ 

X — 2 x'4*^4-3 

20. j-L E_\ 

5 — d 4 * <2 0 4 " ^ y 


Examples. — XXXIII . 


h 0*4609 ; 0*4664 ; 27*47® ; 27*2®. 
3. 0-3358; 0-3314; 3775°; S7'2° 

5. 0*00785 ; 0*0253 ; 0*04275. 

7 . 68 * 47 ®; ^37'S°- 

8. 1*030810. 


(Page 81.) 

2. 0-9483 ; 0-9473 ; 7I'8'’; 7I'48°. 
4. 0-6644; 0-6536; 33-1:°; 33-43°. 

6. 0-397S ; 0-6056 ; 34-38°. 

8. 1*1x0162. 

10. -0*7146 ; 135*78° 


Examples.— XXXIV. (Page 82.) 

1. 6214*2; 6290*1. 2. 0*00247x3; 0*002462x4. 3. 5*076; 14*907. 

4. 0*9871 ; 0*8873. 5. 82*9; 188*3. 8. 1*8420; 2*0x08. 

7. 2*7386 ; 2*8723. 


Examples.— XXXV. (Page 85.) 


1. £uS-S7 ; /i8o-87. 

2. 135 yds. ; 275 yds. 

3. 7400 lbs. steam per hour ; 540 H.P. 

4. 21364; 20895 ; 19871. 

5. 32*8 ; 40. 

6. 4*5 ins. ; 2450 lbs. 

7. 2880; 121*2°. 

8. 6*17 cub.i't.; 5*45 cub. ft.; 4*83 cub. ft. 

9. 186 ; 198. 

10. 4 - 3 ; 4 - 25. 

11. 4977 ; 44*26 ; 42-58 ; 23*35' 

12. 665000; 870. 

13. 117 ; 161 ; 213. 

14. ^loi, about. 

15. 1450. 

16. 29X. 10^. 


Examples. — XXXVI. (Page 90.) 

8. >7 = §x 4- 7 }- 10. = 2x - 7. 11. ^ - 5.r 4* 3. 

22. 3/ + 4X 4“ I = o. 13. ^ = - a*6x 4- 2*2. 14. 5>' 4- Sx + l = o. 

15. I 4- — 39 = o* 1®* y — —3^ + 8. 17. y = o*ix — 2*3. 


Examples. — XXXIX. (Page 102.) 

6. 2*6o ; 3*45- 1^* ^^^9 5^* 5^- J ^1^2 19^. 9|,/. ; 5^ years. 

16. 8*2 ft. per second. 18. 0*71. 

19. 86 amps ; 126 amps. 20. o*X4. 

81. 20*1 ins. ; I2‘2 ins. ; iio lbs. 


Examples. — XLIII. (Page 118.) 

8. / = sin (1*2043/) ; values of / are taken as abscissae. 

7. j = sin (— 1*2043/). 

8. / = 6 sin (0*5236/ 4- 0*7854) ins. ; j = 6 sin (0*7854 — 0*5236/). 

9. ^ = 9 (I-0472X + 0*2269). 10. / = 1*8 cos (240ir/- 0*733). 
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Examples.— XLV. (Page 121.) 

14 . = 3 sin + 07854) + 2 sin (4Tr/ + 2-356). 


6 . -1-3. 

9. -0-763. 
13 . 0-384. 
16 . 4 ‘ 49 - 


Examples.— XLVI. (Page 126.) 


2. 0*31 ; 0-52. 

6. 3; -2; -I. 
10. 2-506. 

14 . 0*13. 

17 . 363*7. 


3 . 2. 4 . I ; 2 ; 3. 

7 . 1-2 ; 4*1. 8. 0-649. 

11. 2-1. 12. 1-31. 

15 . 0-31 ; 0-86 ; 1-429. 


Examples.— XLVII. (Page 12S.) 

\ y = 2 .:y = i-4x + 7 ' 6 . 3 . >• = - o-o8* + irs. 

4 L = 6o6'S - 0-6950. 5 . H = 606-5 + 0-3050. 6. V = 100 + 0-367/. 

/ = 10 + 0-00534W. 8. V = 100 + 0-0x80. 9. .r = 1-00664-0-0005570 

10. S = 0-033266 - 0-0000092/. 11. S - 73 + 0-73/. 

12. S = 54-2 + 0-5/. 13 . A = 29s + n-8». £ nT ^. 

14. P = 2-75H + 10-04 : C = ^-^ + 15. ^95 : P = 3-32<^ + 

16. p = o-844«. 17. W = 60 + 23-751. 18. W = 43 -P 16I. 

19. -W = 62 + 13I. 20. X33 amps. : A = 0-0423P + 48-5. 

21. Torque = 7*3 X current. ^ 

22. P = o'laV/ + 2*4 ; efficiency = ^ 


Examples.— XLVIII. (Page 135) 


1 . ^ = 21 + 0'2X^, 

4. xy = 1-5^ - 2-2;^. 

10. >/ = 6*32 4- 0-326;^“. 
13 . V = 

16 . P = 5-iS'* + 2*2. 


19 . V=4r5-f 


22 . D = 


144 


144 - 


; 1*26. 


2. y- 103 + S^*- 
5. ;/ = 47 - o ‘ o>jxK 

8. 47 = i2-6;tr - iS’gy- 

11. = 31 4 - 0-0065:9'. 

14 . R = 6 4- 0-009 V*. 


17 . AT = 0-7 + 


20. V = 42 4- 




23 . V 


o‘oi 57 

I + 0-0350' 


3 . ^ = 20 - 3:9/. 

6. ;/ = 5-6 4 - o-3^j/. 

9 . xy = o -6' jx + i*33>'. 

12 . H.P.= I- 26 V 34 -I 25 . 


15. P=: 2-8824- 3*1- 
18. V = 45 -f 


21 . 


D = 


144 

134 - 4 - 5 ^ 


24 . E = 2-86/ 4 - o-ooi/^ 


Examples. — XLIX, (Page 141.) 

1. V = 5 + 0-6^ - O-IA^. 2 . 0 = 132 + 0 - 875 * + 0-01125^. 

8. E =21483 - 0 295/ - 0-02415/’. 4 . 7 = io-»(i82,ooo 4 - 0-175/ + o' 035 '’). 


1, y 2X + 0-05. 

4 . jv = 4'3Jp - 4 - 12-7. 


Examples.— L. (Page 143.) 

2. ^ = 3-2JP 4-9. 3 . = 2:c 4 " i8'3. 
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1. J?' = Jc2*6. 

4 . 

7 . = 3004 r“'*. 

10. n = 113. 

13 . n = 1*37. 

16 . F = 

19 . V = 1400/^1-5. 
22 . P = o* 5 zr 3 - 2 ^ 
25 . C = 75 oA°* 82 . 


Examples.— LI. (Page 148.) 


% y=i jri'e2. 

6. >»= r3jr^. 

8 . y = ;r~i- 37 . 

11. n = 0 9. 

14. « = 1 - 41 . 

17. D = o-ggni 

20. I = 4-i7D0'67^ 
23. E = o- 02B1'«. 
26. = 0‘oooi4V® w 


5 , y = o*0447jr^'®®. 

6. 7 = 2*50:*^ X 10“^. 

9.7=1 

12. «= 1-3. 

15 . 2f = 237 /»®' 29 . 

18. D = i4-SN~i 

21. \V = 2350^/3 M 

24. C 420 A®*^, 

27. jj. = o'I5L“^‘^®. 


2 o^- 0 - 026 a:^ 

^■1^. 

0*185. 


4.7 = 

7.7 = 

10. /i = 

13. A = 

15 . e = 

17 . log 

18 . .f = 

19 . jx = 0 ' 028 <r-®‘®i 3 ^, 


Examples.— LII. (Page 156.) 


2 . 7 = o*34 />'3^ 

5 . 7 = 325ir«. 

8. 7 = 

11. /I = 0*172. 


: 29*9, K = —0*000039. 

^9*3 ' 0053 i ^ 


a = 2*07548 — 00006135/ 4- 0*000001745/2. 

6o^oo4f . iQg 3 — j.yg 4. 0*17— 0*044/ — \ 

'100 ^^looy 


3 . 7 = 2 ’ jOir ^. 

6 . 7 = 275o<r“*. 

8. 7 = 3^0 O-Ka:. 

12. ^ =r 53500 ^-®'*^. 

14 . W = iqo^~^" 000032 A^ 

16 . 6 =z 


20. fi = o‘043tf” 


Examples. — LIII. (Page 166.) 


1. 

2 * 33 ' ’ 

2. 

24*9. 

3 . 27*65. 

4 . 

1005 lbs. 

5 . 

1041 lbs. 

6. 

9*3 ft. per sec. 7 . 1 52 ft. 

8. 

3*14 ins. 

9 . 

o* 333 * 

10, 

0*637. 

11. 0*5. 

12. 

20*11. 

13 . 

22*5 ft. -lbs. 

14 . 

11*8. 

15 . 34*75. 

16 . 

8150. 

17 . 

10*8 sq. ins. 

18 . 

i8*S. 

19 . 674 sq. ft. 



20. 

1820, 2305, 2740, 3150, 3310. 

21. 10*7. 

23 . 

i6*oi. 




Examples.- 

-LIV. (Page 171.) 



1. 

2*5. 2. 

15 ft, 

. per sec. 

3 . 32*2 ft. per sec. per 

sec. 

4 . —60. 

5 . 

— 12*5. 6. 

1*187. 

7 . 0*222. 


8. 0*0000049. 

9 . 

01795. 10. 

0*010. 11. 0*925. 

12. —0*799. 




Examples.- 

-LV. (Page 181.) 



1. 

3*5. 

2. 0*0435. 

5. 2005 ft. per sec. 

7 . 

3*2. a 0*15. 

9 . 

1 1 ft. per sec. per sec 

:. ; 136*7 lbs. 

10. 59 ft. per sec. per sec 


21. 

1*00383; 1*00283. 


25 . About 290. 


26 . 3*Si. 


Examples. — LVI. (Page 190.) 


4. -0*75. 

a -o-is. 


1. 3. 

6. 4. 


2. 0*5. 

7 . -3. 


3 . -2. 

8 . - 0 * 6 . 


6. 3. 

10. 0*253, 



Ansivers to the Examples 
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11. a. 

10. 2. 


12. -3- ^' 5 - 

17 . 0*00366 Vq. 


14. “1*2. 


18. —• 20. 2*6; o. 

R 


15. -3. 

21. ,4. 22. 2'8i. 

AE 


Examples. — LVII. (Page 194.) 


1. 2X, 

2 . 4o4. 

3. 3i^. 

2 

4. -^. 

or- 

5. 

— 2 

or^‘ 

6 . i*32o:'i'^. 

7 

8 . i*25z^°'^. 

9. -i. 
2V« 

10. 

8*33/:^® 

11 . o*3J-«^ 

12. -ii?. 

IS. -i. 

14. 2£?if. 




1 . 

3 . 

5. 

7. 

9. 

11 . 

12 . 

13. 

15. 

17. 

19. 

21 . 

23. 

25. 

42. 

44. 

45. 

46. 

47. 

48. 

51. 

52. 


Examples.— LVIII. (Page 195.) 

6a: -2. 2. -5-120:. 

- 15^* + 280:^ - 30:^ + 4^ - I. 4. 21X^ - 84^:’ + 300^-1. 

90:= - 40: 4- 5^" - 6. 5 + 12/'. 

2/r 

i 4“ 2<fif. ®* 3 ®* + j^ 2 ’ 

273 _ I 


1.57^0-21 .. 4.6;^1‘3 4- i3*8a^-8 - i. 10. 375^’^* 

2-5a:^'5 - r36o:0'38 4 - 8 * 70:1 9 - o*oi3a:-o®87, 

";, 4 -i. 


I __ 5.^ 


2 .\/u ^ 

I 

4 ^- ^ 

60: — 3 — 4 "P “ ' 

^ 30:1? 50:^ 

. 6 _4 L_ 

2 , 10 
510 


14. r5««'+ ^ 
16. V7x°'^ + ^ + 


26. - 


Ip- * f‘ 


IQ 4 2 - 4 - 

20. Sf‘ — gr + 

2 * 7 ‘ 2 I 

22. - 2*364^'-^'®^ - -^sW “ 

24. o'2or-<»'® 4- r6x~0'2 _ s _ 22*So:~’‘^'5 
27. - 3 o 8'5/”1®^. 28. 30:®, 6x, 6, o, o. 


55 ft. per sec. ; 12 ft. per sec. per sec. 43 . — lis f‘S* J f*s*s. 

32*2 f.s. ; 64*4 f.s. ; 96*6 f.s. ; 128*8 f.s. ; 32*2 f.s.s. 

Velocity = 32*2^ - 200 ft. per sec. ; acceleration = 32*2 ft. per sec. per sec. 
Velocity = 2<r/ 4 - ^ ; acceleration = 2^r. 

Momentum = 500 4 - i68ojf ; kinetic energy = 625 4 - 4200^ 4 - 705 ^^* 

^9 50. J = I 4- 4‘io-® e + 9*10“^ < 93 , 

s = 0*0947 + 0*0009940 - 0*000000360®. 

'£ ■* ~ ^ ’ flic* El' 
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S3. 

64. 

55 . 


+ K) ; Ji(^ - + -) ; - /) ; 

w ffx __ £’ \ . ^ 2 \ , __ ou: ^ ___ 7t» 

2E1\^4 3j’2EI\4 J* If’ EI‘ 

/ = I + i6x^. 56 . y — 2{x -}• i)". 


a 33'S<r'-®^ 

7. i‘ 3 «s^*®“. 

10 . 

13. 

16. 

20 . 

25. 


Examples.~LIX. (Page 200.) 

:_ 4 S 

, 1 - 5 ^ • 


4. — I 3 * 02 r~®‘^*. 
8 . i- 3 £i- 3 «+ 5 . 


5. 


6 . 


1*571 X 4*8i^ 
0-839 X 2 'S‘- 
o. 

7 = 24 * 3 ^* 


9 . i 6 'i.a 4 - - io- 45 ®' 2 *. 

11. I*3j' 0‘3 — IO*92.i*3‘" — IO*2ir~^'» 
14 . 1*666 X 2*32^;. 15 . I ‘047 X 2*85^ 

17 . 9^3^; a ^ e <^. 19 . o. 

21. C = iZi 4- fjg ; D = fljiZg* 24. V^. 


1 . 

4. 

7 . 

10 . 

13. 

15. 

17 . 

19. 

21 . 

28. 

29. 

31. 

86 . 

36. 

88 . 

89 . 

42. 


Examples.— LX. (Page 205.) 

3 cos yc, 2.-2 sin 2x. B. ^ cos jx. 

— Jsing. 6. 3 sin (~ 3jr). 6. -cos(--Jx). 

9-4 sin {— 2'35jr). 8. 4 cos {2x — 4). 9 . 9 sin (2 4- 3^:). 

15-5 cos (2*5 4 * 31^). 11 . - 6 sin (i - 3x). 12. ~ 30 cos (2 - 5.r). 

0*01 sin (J -- ^x). 14 , 0-3517 cos (o*35Ijc 4 - 0*273), 

3*89 sin (3-71 — i’52x). 16 . an cos {nt + e). 

A/ cos {// 4* a). 18 . — A/ sin 4- a), 

Ac cos (c,^ 4r a) 4“ Be cos {ci ~ a). 20 , A cos {$ 4 “ c). 

3-09 cos (1*03/ 4 “ 2’5i)- 22. 2ii/cos (2ir/^ 4 -,r)‘ 

cos X, — sin X, — cos x, sin x, cos x, and so on ; 

— sin X, — cos X, sin x, cos x, ~ sin x . . . 

— sin {^i 4 -.?). BO. — 12 sin (2x 4 4). 

— 21*1 cos (2-6 x — 4*1). 33 . o. 34 . 0. 


^ =z ap cos pt — ip sin pt = 4 - sin (// — «), where tan a =-f. 

dt 0 

Velocity = ZT^na cos {zirni 4-^) ; acceleration = — sin ( 2 t«/ 4 ^), 

Kinetic energy = cos* qt j momentum = Mery cos qt\ 

force = — sin qt. 
lO'-^AHy cos qt volts. 

cos ^ 4 zb cos zt 4 3 e cos 3 ;? ; — a sin / — 4 ^ sin 2 / — ge sin 3 if. 


43. Velocity = rq cos qt sin zqt ; 


zl 


44. 


rV* 

acceleration = rq‘ sin qt j— cos zqt • ^ ; — rq" 4 ; 

Velocity = Zv/a cos {ziift 4 4 - cos {3%^ + b) > 

acceleration = — 4^1^^ sin {zx/t 4 ^) — 9 ^V^b sin {^Tv/t 4 b). 


. 


1. i. 


5. 


5^ 4 4 ‘ 


2 . 


Examples. — LXL (Page 208.) 

3 . 


4 x 4 3 

r8*2 

7 *^ + 3 ' 


7 , 


I 

X* 

04343 ^ 

u 


4. 


a - 


I — 2 X 
I 
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Answers to the Examples 


5* 

.r® 

17 . + 5 ‘ 7 S- 


10 . 

10-'./- 3150 -lO" 


11 . 


16 . i - 2g. 


Examples.— LXII. (Page 209.) 

, L 2 I la:’* — 4- + 2 sin 2x, 

I. S^t' - + cos ar. ^ 

3 _ i,-¥ + 3 cos (3;e + 2). 4 . - 2 - 3 S ^-^-^‘+3 ( 2 a-i). 

s’. + 0-6a:-»'' - 15 cos ( 3 ar + 4 ) - »2 “n (24: - I). 

6 -2-3^« - + S'"' - “ 3 ')- 

7. 2-6^» + 2-la:-« + fi''" + 

8. ii-fo” + ^°4 + 2‘S3«““- 

9 . 2r4«''» + 6-3 cos (i - 3 «) - ^rs sin (2 - 4-3“) - 
10 . 3/* - I - ^ - I' 3 '°'’ + 2 - 6 r^'^. 

II. s«' - 6^- + 

12 . 2^-6 cos (2/ + I) - 12 sin (3/ - 2) - 4 cos (i - 4 ') - 2 s'" U “ ')• 


Examples. — LXIII. (Pageail.) 


1. ~^-2* (sin 4: + 2 cos x). 

3. -r-'‘{2cos(3-24:) + Ssin(3-2j)}. 


2. {cos (* - 1) - 3 sin (* - i)}. 

4. + 2 cos 24r log, {x + l). 


■* + ' . . , 
6. 28 cos 4^ cos 6x — • 42 sin sin ojc. 

8. -75cosdarsinS;<r - 90sin6j:cos5r. 


6. 3 cos 3x cos 5 j? - 5 sin 3 ^ sin Sx. 

7. 70 sin 7^ + 30 cos sin 7^?. ; " / i «\ 

9.-3 sin (24: + I) sin (34; + 2) + 2 cos { 2 x + i) cos 344 + 2). 

10 . - 3 sin (3^ + I) cos (44: - 5 ) - 4 cos (34; + i) sin - Si- 
ll. 2 sin ( 24 : -f I) cos (24: + 3) + 2 cos (24: + I sin 24: + 

12 . a sin (a* -f 3 ) cos (04: + :/ ) -f a cos [ax + i) sin [ax + ‘0- 

IS. - 3 cos [ax + 3) sin {6x + c) - x sin [ax + 3 ) cos 3 x + c). 

14 - r sin lax 4- sin [ex + d) + a cos {ax + B) cos {cx + a). 

ift. c sin J \ 4 - i) + r3l,r0 3 i gm { 2X + l). 

15 . ;r® cos 4 - 3 ^ sin 16 . cos (2^ 4 - i) ^ | 21 . a 

17. x^^ (24: + 3). 18. aa-i (34: 4- «)■ I®- ®- 


Examples.— LXIV. (Page 213.) 


8 . - 


, 2 cos 3* 3 sin 3J 

?— - 

3/^ 

2;cV 3r 

cos :r ^ sin .r ^ 

log^ x{\ogxf 

7. 


sin (I - 3 -*) _ 3 cos (I - 3 J) . 

“• 2: 

, 24:l-» I- 5*0-6 

4. - • 


6 . - 


sin X 4- cos x 


cos* J? 


^ cosx 

®- -si^ 


9. 


I 

- -T-m — • 

Sin® X 


10 . 


(T (log X)^ 


11 . 


cosh* X 


„ 2 cos (24; - 3i - 3 sin (24: - 3) 



4^5 


16 

16. 

18. 

20 . 

21 . 


Answers to the Examples 

3 cos { 2 x + 3) CQS (3^ -1)4-2 sin {2x + 3) sin (3-y — i) 
cos® {2x 4- 3) 


^_„. sin (2jr + 3) - cos (zx 4^, 3) _ 


2^ 


COS® {2x 4- 3) 


19. 


II — JC 
(x + 5)® * 

^ ^,sin {2x — I) 4- cos {2x — i) 

D 

COS ( 3 l.r 4- 7) + 3^ 4) sin ( 31 ^ + 7) » log - 4) 

{x — 4) cos® {Z'^x 4* 7) 


log, (.r - I) * (:r - I) {log,(jt - I)}® 
2 cos 2 x sin 2x 

log {x - 3) (or - 3) {log {x - 3)P * 


Examples.— LXV. (Page 216.) 


1. 

1 

1 

2. 

I 

(I ~ X)®* 

3. 

-3 

(2 + yf 

4, 

3 

5, 

“3 

6. 

I 


(2 - 3x).' 


2^4-5* 


^2x 4- I 

*7 

I 

8. 

2x4-2 

8. 

X 

1 . 

(5 - 2X)I‘ 


a/2X® +4X — 1 


V^®4-x® 

1 n 

2X “ 3 

11. 

2ax 4- ^ 

12. 

2 

AW. 

2a/x- - 3X 4- 5 


2js/ <2x® bx c 


2X 4“ I* 

13 

-4 

14. 

— I 

15. 

2X — 2 


3-4*' 


I — x' 


X® — 2X 4- 5 


4* - 3 

17. 

2AX 4- ^ 

19. 

3 sin® X cos , 

lo. 

2x® 3-^ 4- 4* 


ax® 4- 4- 



20. 

3x* cos X®. 

21. 

3^ 

X* 

22. 

|(log.ar)’. 

23. 


24. 

3^- 

25. 

5 sin* X cos . 

26. 

— tan X. 

27. 

2 cos 2X. ^-31“ 22. 

28. 

— <f* sin {f). 

29. 

I. 

30. 

—6 cos® (2x — i) sin {2x - 

-I). 


3 cos (3X 4- 2) 

32. 

I 



OX. 

sin (3x 4- 2) 


sin X cos X* 



33. 

2 sin X cos* X — 

3 cos® X sin’ . 

jp. 

84. 

3 sin X 
cos* X * 


35. m sin"”^ x cos”'*’^ x — ?z sin«*^*’ x cos"'^ x. 


38. i. 

X 


89. 

42. 

45. 

1 . 

3. 

4. 

6 . 


tj X? d 

Tx 


40. 


X®-tf3* 


41. 


(x + 2)(zr4-3)' 


*+» 44 ^ 2 L.4._L.\ 

— 4 )( 2 X— 3)* ' (i + 3^)(i — I — 2 X 14-3^ I“4xj 


48. ±- 


(I - X^)\l + 3^)*' ' Vl - 

Examples.— LXVL (Page 219.) 

15*71 cub. ins. 2. 0*00175 cos 0*00175 j 0*0000306. 

8^ = ^1!!L4 ff a, 5a = 5.. 


31*56. 

5*43 ; 3*49 ; 5*43- 


6. iSoV^ ; A = iSooa//^ . sq. ft. 
7. 3*85 ft. 8. 12 miles per hour. 

2 H 
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Answers to the Examples 


Examples. — LXIX. (Page 230.) 

1. I, 2. 3. S, 0*7071. 4. 3*58; 6*42. 5. 0*466. 

6. 2 ; 5. 7. - I ; 3* S' C)*7 j 6. 9. 6 = ~ . 

10. AYidlh = 2 ft. *, depth = i ft. 11. Height = 3*175 cms. ; volume = 67*1 cc. 
12. I ; 2. 13. 3*4 ins. 15. 8*66 knots. 

16. Breadth = 0*577 ft. 17. Breadth = 6 ins. 

18. 16 in series ; current = 0*7 amperes. 19. 1*5 ohms. 

20, 5*55 amperes. 23. 3^^* 3^* 4^- 

Examples. — LXX. (Page 235.) 

1. 3 minimum, § maximum. 2. 4 minimum, -- i maximum. 

3. 2 maximum, 7, o minima. 4. i maximum, i, 4 minima. 


1. JC" 


2 . -. 

3 


Examples.— LXXI. (Page 236.) 


3. 


5* 


4. 


« 4* I * 


6. 

9. 

12 , 

15. 
18. 
21 . 
24. 

1 . 

6 . 

11 . 

16. 
20 . 
24. 

27. 

30. 

33. 

36. 

88. 


sin X, 

I sin (3Jr+ i). 

— cos X . 

— I cos { 2 X “ 3). 

log, (at + 5)« 

2 _ 

2 X -f 5* 


0. 


7. 


10. sin ( 3 jr 4* i). 

13, f- sin (^JT 4- c). 

0 

16. - cos { 2 X — 3). 

19. - f-cos (3;r + i*). 

22. logej;. 

25. ^ log^(2^ + 5)* 

Examples. — LXXII. (Page 238.) 


2 . 




2-6' 

cx. 

2 

Jy 

A 

“■ 2^‘ 

A 

2V2' 
V ' 


II 

7. loxO'h 

12 . 

17. - 


3. - 


4. 


4^* 


8 . 

0 

11. J sin (3xr 4- l). 
14. cos x. 

17. — cos (2X - 3), 

20. -4-. 

23. A log, (;c + ^). 


6. 


8 . - 

13. ~ 


o*i3a-®’^3* 

3_ 

2jK*’ 


9. 3 :p. 


' 0*064:/®“°^* 

21. 5 loge V , 


25. 

28. — cos {x — 3). 
2 sin (I - x). 31. “ 2 cos u. 


14. log# u, 
18. 2^/u. 
22. 

^ 4- 1 
26. - 


10. or. 
16. - 


3«3 


19. 


o*i4z/®'i^’ 
23. 


I sin isx 4- 2). 34. - | cos (2xr - l). 

— 0*52 cos (2*5^ 4- 6). 

A 


2Tr/ 


.COS { 2 w/i 4" 4* 


29. sin {x — 2). 

32. 3 sin y. 

35. — 0*482 cos (2*7^ — 1*5708). 
37. — 0*76 sin (i — 30). 

89. - sin (rj?/ 4- 4. 

9 
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41 . 


kpy^ 


44. 

3 2 


40 ^ ; 2vax^. 

3 

43. - - 

{i-y)vy-^ 

46 . = 

(I - 7) ^ y 

48 . \x. 49 . x" X + C, 50 . — cos 2x + 4 jc C. 

51 . 4* 5-^ 4- C. 52 . loga (i -i- a') 4 - o'3-v^ — ^ cos (3^: 4 - 1) 4 - 2’6x + C, 

53 . - .r= -f 4x. 54 . ~ 

55 . /^ + 2/^ - 5/. 56 . 0-33^4 4 - I'S^ - - 2x, 

= rT . 


4^ — _ ^ — cos (^/ 4* 

^4-53 

45 . ^ 4 - 
4 3 

^7. - loga V ; 5/&. 


68. o* 435 .y 2-3 _ ^ 4- ^ H- r.-. 


69. 4- ^ cos (^- 4- dii\ 4- ~ sin [a 4- cu) 4-.2*3i<4’3“ — <4»«. 


60 . “^COS {b — Z^l) + logajf — I . 

02. = 32^* — 6« 4 4* I 

•'4 

63. g = J^“ + S^ + Cs ^=jLx' + f^ + C^ + D. 


61 




dx 

64 . /z^ = C. 

w 


e 5 ., = g(i/^-f). 


67 . ^ == — 4- C where C is any constant. 


66. > = - El 

68. tan x, 69 . — cot x, ’ a 

71 . >/ = X- 4- 3^ - 2. 72 . f - f cos 2U 

Examples LXXIII. (Page 242.) 

Note. — T he accuracy attained in graphic integration varies with the character of 
the data and the scale used. 


1. 

17*45- 

2. 

2418, 860. 

3 . 8, 

80, ; 

360, 105c 

1, 2550. 


4 . ; 

5 . 

142*9. 

6. 

1528. 

7 . 660*4. 





8. . 




Examples LXXIV. 

(Page 246.) 





1 . 

10,800 ft, 

,-lbs. 

2. 

221. 



3 . 

199. 



4 . 

235 - 


5 . 

337 ft. -lbs. 



6. 

12*3 ft. per sec. 

7 . 

280 ft. ; ] 

[00 ft. 

8. 

24*2 ft. per sec 

; 18*25 sec. 



9 . 

194*5 

; 265 lbs, 10. 

20*0406. 



11. 

27*0238. 





Examples LXXV. 

(Page 253.) 





1 . 

48-4. 


2. 2*303. 


3 . 

I. 



4 . 

5*16. 

6 . 

07854 


6. 3*1416. 


7 . 

303- 



8. 

9 - 

9 . 

0-3927. 


10. 0*0737. 


11. 

1 * 571 . 



12. 

0667, 

18 . 

0-848. 


14 . 20,720. 


15 . 

12,300. 



16 . 

0. 


3 . 24. 

1. 6-09; 4*40. 


Examples.^LXXVI. (Page 257.) 

Examples.— LXXVII. (Page 263.) 
7 . 100 ft. 



18. 79*5 

21. 1*45 X 10*"® in. 
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Answers to the Examples 


10 . 1 3 ’9 ft* ; 7S ft* 5 HO ft* 

19. 3000 lbs. 


18 . 79 'Slbs. 

20. 20 , OCX) in. -lbs. 


Examples.-LXXVIII. (Page 272.) 


1 . 

6. 

11 . 

16. 

21 . 

26. 

31. 

36. 

41. 

46. 

61. 

56. 

60. 

63. 

69. 

72. 

76, 

77. 

78. 

79, 


21*33* 

Si* 

13-22. 

4-671. 

1*656. 

-0-4323 

-0-134* 

h ■ 

1*382. 

o. 

0-6931. 
0-5110. 
7812-5 ; 

-i 

0*375 


3. -7*5* 

8. 6-583. 

13. 4-05. 

18. 0-4295. 
23. 1-298. 

28. 0-6847. 
33 . - 1 - 8192 . 
38. 0*402. 
43 . I. 

48. 20*794* 
63 . 

68. 452-5. 


2. 156. 

7. 7*98. 

12. 396* 

17. 0-468. 

22. 12-778. 

27. 1-62. 

32. 0*6628. 

37. 0-5858. 

42. 0. 

47. o. 

62. 0-1256. 

57. 0-599- 

mean value = 1562*5* 

64. 9*6. 35 

70. 1612 ft.-lbs. 

uSSoft-lbs. 73 . 2-67 ft. 74 . Velocity = O'l - /’) ! 0'0625 : o'l 

Bending moment = looo* + loo^^ 

<t=o- 


4. 3. 

9. 0-48. 

14. 0-81. 

19. 3*1945- 
24. 0-4323. 
29. 0*0000221. 
34. 0-5. 

39. 0. 

44. 0-0784. 
49. 51-0. 

64. -0*223. 


6. -3- 
10 . I 
15 . 1718. 
20. 5-154. 
25. -3-1945 
30. 1*7071. 
36. 0*2929. 
40. 0*5402. 
45. 0-3817. 
50. 60*825. 
55. 0*0835. 


61. 

67. 26S-2. 


62. 4-5. 
68. 0-5. 


71. 7730 ft.-lbs. 


>-25. 


■t 




_ S 2 £ 2 ? + 7222 °') ; 1 - 45 . 10 -'. 

_y= 0-25.10 1^^+^ 6 ^ 12 r 

797 log. - (/, - + 797 ) log. 7 .-(‘~ 




Examples. — LXXIX . 

(Page 278,) 



1. 

J‘33* 

2. 1-15. 

3. 0-5. 

4. 

0*945- 

6. 

0-632. 

6. 1-175- 

7. ri75* 

8. 

1-718. 

2 

9. 

2 A^ 

10. 16*1 ft. per sec. ; 96*6 ft. per sec. 

11. 

TT 

12. 

0. 

13.^. 

2 

14. 0. 

16. 

0. 

16. 

54‘9* 

17. 85 lbs. per sq. inch. 

18. 884 lbs. per sq. 

foot. 


19. 

1*27 lbs. 

20 . -• 

21. 0, 0, 2-545. 

22. 

100, 70*71,0. 

24. 

1 - 41 . 

26. 3-53. 

26. 2-12. 

27. 

0 

’o 

28. 

0*707. 

A 

29. -7=* 

30. 70*7. 



31. 

V 2 
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Examples.—LXXX. (Page 2S6.) 

1, 5*2, 18® E. of N. 2. 3‘4, 26° N. of W. 8. 5-6, 31° S. of W. 

4. 2 ’3, 10° E. of S. 5. 3*4, 39° S. of E. 


Examples LXXXL (Page 287.) 


1. S*I2l00°. 2. 8-0976‘B®. 

S. 0*2337“. 6 . o. 

9 . 5270°. 10 . 7*945, 35*6'=» N. of E. 

13 » 51*7° vrith AB ; 83*9 units. 


3. 13*96°. 

7 . 10*2531-8°. 

11. 3272 i 93-4°. 

14 . 1400, ,0°. 


4 . 10 * 560 °. 

8. 4*375120° 

12. 4*577&“. 


Examples. — LXXXIII. (Page 292.) 

1. 0*2337°. 2. 13*96°. 3. 10*560°. 4. 1*195131-7°, ^•S2333-S°, 

5 . 4*o8i4-5°, 6 •89104-5°. 6. 259049°. 7 . 21*3285°. 

8. 125*2 ft. per sec. at an angle of 46° with BA. 


Examples. — LXXXV. (Page 295.) 

1. (0*376, 3iS*5®). a- (12*5, 40®). 


Examples.-LXXXVI. (Page 29S.) 


2. -4*33- 
6. 2*5. 

10. o. 

14. -7*1. 

18. 14S, — 148, ■ 
21. 0*824 H.P. 
24. 12*96. 


3. “4*33 
7 . ^ 2 * 5 . 

11. 5*29. 

15. a 

148, 148 19. —106*1 ; ■ 


22. 7*23 H.P. ; o. 


4. 4*33* 

8. —2*5. 

12. -8*11. 
16. 12*47. 
-46-6 ; o ; —118*6. 


Examples.— LXXXVII. (Page 300.) 


1. 4*33* 

6. 2*5. 

9. I4’09. 

13. -9*36. 

17. 29*343. 

20. 33506 ft. -lbs. 
23. 3*17. 


1. 19*35 5 S*2. 

4. o; 19. 

7. -19*65; -13*77. 

10. -263; 12*25. 

13 . 4 *S 5 i 3 »- 6 °. 


- 2. 8*2 ; 19*35. 

6. —13*1; 61 *6. 

8. 12*66 ; - 34*79. 
11. 2*9222-2°. 

14 . 5 *69214*2°. 


8. 22*62. 

6. — 6i*6j 13*1. 

3479; - 12 * 66 . 

12. 3‘05a96‘28°- 

15. 6*88aio-0°. 


Examples.— LXXXVIIL (Page 301.) 


1. 27*9 lbs., 2 I'o 6 lbs. 

3. -33*45 -10*23 lbs. 

5 . 42*434-46° lbs. 

8. 10*6 miles an hour. 

10, 1739 ft. per sec. ; 466 ft. per sec. 


2. —31*7 lbs., 14*8 lbs. 
4. 23*85 lbs., —25*6 lbs. 
6. 210*943-3° lbs. 

9. 0*5 ft, per sec. 

11. 523 lbs. 


7 . 448 lbs. 
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Examples.— LXXXIX. (Page 303.) 

1. a = 6*46 ; c(a + 6) = 247. 


Examples.— XC. (Page 304.) 

11. 575109° lbs. 12. 87359-4°. 13. 500209°. 

14 . Length, 390 links ; angle So° ; distance from F = 3S0. 15 . 560 links ; 90°. 


Examples. — XCII. (Page 310.) 

1 . («) 7970 ; (^) 5657 ; (^) 697 ' 6 . 2 . (a) 17,540 ; ( 3 ) 15740 ; (r) 12,280 ; 628*2. 

3 . 10S45. 4 . 63*77. 6 . 19272. 6 . I : 0*77. 


Examples. — XCIII. (Page 313.) 

1. 6*237. 2 . 34*25. 3 - 4 . 32*2. 5 - 8 . 7-22. 

9. 0*0652 volt. 10. 2003 dynes. 


(Page 320.) 


1. 2*36 ; 2*28 ; 2*29. 

4 . 1*705,* 1*53; 3 ‘28 
7. 0*719 ; ro6; 1*53. 

10 . 0*533 ; 0*682 ; — 0*500, 

12. -*• 1*40 f 2*25 ! 14^- 


Examples. — XCV, 

2. ris ; T‘40 ; 2*40. 
5 . 2*42 ; 0*695 ; 1*97. 
8. 1*06; I *06; 2*60. 


3. — r*o6 ; 1*84 ; 2*12. 
6. 0*530 ; 0*883 J 171- 
9 . 0*758 j 0*970 ; 1*58. 
11 . o ; - I ; o. 


Examples. — XCVL (Page 321.) 


1. 10*247 ; 6o'8° ; 26*5°. 

4 . 9*^4 5 58 8*^ ; 14*1°. 

7 . 374 ; 74*5 ? - 337 ° 
10, 8775 ; 70'= ; ~ 14°. 


2 . 11*88; 70*3®; 26*5°. 

5 . 1077; 42°; 33*7®. 
8. 7*8i; 67*1^"; 33*7°. 
11 . 13 ; ioS° ; - 14°. 


3 . 4*9; 114^; 26*5® 
6. 173; 54*7°; 45®. 
25*475 ; 54° ; 29® 


Examples. — XGVII. (Page 324.) 

1 . /= 0*912, m — 0*342, n = 0*228 ; a — 24*2°, $ = 70®, y = 76*8®, 

2 . 54*2° with Oj/z ; 18*9° with Ozx ; 29° with O47/ ; 3*61. 

3 . 0*384; 0*512 ; 0*768. 4 . 8'6o ins. ; 69*5°; 62*3® ; 35*5®. 

5 . / = 0*652 ; m = 0*528 ; « = 0*545. 6. a = 40*7° ; 0 = 77*5® ; y = 52®, 

7 . a = 74*6® ; 0 = 63*8°; y = 31®. 8. 3*83. 9 . 1*85 ; 1*99 ; P27, 

10 . 1*812; 1*375 ; 2*685. 11- 66*2®. 12. 36*3®. 

13 . 48-3°. 14 :- 40 - 3 °- 16 . 49 °. 



Answers the Examples 


Examples.— XCVIII. (Page 325*) 


1. 4*12 j 0*485; 0728; 0*485. 

3. 2*45 ; 0*817 ; 0*408 ; ~ 0*408. 
5. 3 ; 0*667 ; 0*333 ; 0*667. 

7. 3*97; 2*17 ; 3*4^- 


2. 5*38; 0*744; 0*372; 0*558. 

4. 4*36 ; o*6SS ; 0*229 ; 0*688. 
e. 73® ; 2*97 ; ri7; 2*41. 

8. 11*51; 5 * 57 ; 7 * 47 . 


Examples.— XCIX. (Page 327.) 

1. ei”; 43-25'’: 6 I»; 41 - 9 °: 6 S-i 5 ° : 57 - 45 °: 35 - 2 °: 65-9°: 65 - 9 °: 46-5: 

^2.\-6oS; 4-54: 2-237: 3-161. 3 . 3-742: 53 °. 5 . $. 

e. 3743. 7 . 46-7° ; 29-0°. 8. 29-0 j 3-603. 

9 . 3*54 on Oj^s ; 4*55 on Ozx ; 4*10 on Oxy, 


Examples.— C. (Page 329.) 

1. 21®. 2 . 35®. 36® ; 0*620. 4 . 25®. 6. 32*3®. 

6.627®. 7. 33-3°; 2-o8 ! 98-3° 5 16-25°; 76-1°. 8.72. 9 . 31 - 7 °. 

11. 69-3°. 

Examples.— Cl. (Page 333.) 

8 . 1-537 : 31° ; 50° : 59 ° : 4 °°. ^ 2-45 : 72-2“ j 60-7° j 35-2° : 54 - 8 ° : 60-7° 


Examples. — CII. (Page 334.) 

2. In Oxy x = i’36, = 2*19 ; in Oyz ;/ = 6, «=— 3;m O&r 2 = 171 j x = 2*14. 


Examples.— CIII. (Page 335*) 


1 . I2'3® 


Examples. — CIV, (Page 337,) 

1* 23,570 cub. ft. 2. 1656 lbs. 3 . 28,250,000 ; 17,200,000. 

4 . 2*12 X io» ft. lbs. 5 . 4,900,000 gallons. 

6. 38,500 cub. ft, j 430 tons. 7 . 38,100 cub. ft. 

Examples.*— CV. (Page 342.) 

1. 37*7 cub. ins. 2. 88 cub. ins. 8. 109*1 

5. 498 ; 67. 6. 245*1 cnh , ins. 8. 15 1. 

IQ l}. 11. 6*28, 


4 . 100*5. 
9. ir6. 
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Answers to the Examples 


1. 470 cub. ins. 
4 . 15*4. 


Examples.— C VI, (Page 344.) 

2. 6230 cub. ins. 8. 13*3 cub. ina. 

6. 16*3 cub. ft. 6. 3110 lbs. 


Examples. — CVII. (Page 350.) 

X. in. from base. 2 . x 0‘6 ; 0*375. 3 . 4: = 2*657 ; y = 1*607. 

4 . X = f ; 3 ^ = |. 6. I = 1*518 ; J = 0*565. 6. I = 15*43 ; y = 0*4 

„ ~ a { k ^ 4 - 2.^1) + + h ) . . 7 — ^1“ + ^1^2 + 

3 (^ 1 + > 5 *) 

8. 0-628. 9 . 1-875. 

10 . On the middle radius at distance f “ from the centre. 

11. jr = 1*8755 J = 1*25. 


Examples.— CVIII. (Page 353.) 

1 . ^ = 3*23. 2 . 3*425. 3 . 32*15. 4 . 4*039; 8*36. 

5 . 2*95 ; 2*88. 6. 1*7 ins. from bounding radii. 7 . = o ; y = ~ , 

3ir 

8. On the line joining mid points of BC and AD, and distant 0*192 ft. from AD. 


Examples.— CIX. (Page 355.) 

1 . 2*62; 5*13. 2 . 40*9*; 28*9. 3 . 44*3; 28*9. 

4 . On the middle radius at distance 2*55 ins, from the centre. 6. o'li in. 


Examples.— CX. (Page 359.) 

1 , 4*5 from vertex. 2 . 4*821 from vertex. 4 . 5*64 in. 5 . 3*44 in, 

8. :r = 2*249. 7 . loj. 8. = 6*82. 


Examples. — CXI. (Page 361.) 

1. jr = 5*28. 2 . x = 4*56 ; 1*875 ^rom centre. 4. 133 ft, 

5 . 91 ft. from water level. 


1. 3175 lbs. 
6. 107*8 lbs. 


Examples.— CXII. (Page 363.) 

2 . 200 cub. ins. 4 . 359 sq. ins. ; 116*5 cub. ins. 

8. 3*43 lbs. 


Examples. — CXIII, (Page 366.) 


+ ^ 


2. M 

2 

4 . 0 * 994 . 


1. 85*2 ft. -lbs. ; 4*59 ins. 

3 . 0*326, taking engineering unit of mass ; 17*88 ft. -lbs. 
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Answers to the Examples 

Examples— CXIV. (Page 36 S.) 

1 . 2* 1 2 ins. 2 . ~-^a. 3 . 5 * 55 * 4 ^* 33 * 6130 ft. -lbs. ; 

6 i 5 oft.-lbs. 7 . 0 - 0203 . 


1 . 702 . 
4. o*77£f. 


Examples.— CXV. (Page 371 .) 

2 . 330 . 3 . 2*55 ft. ; 4 per cent. 

5. o-2S8j. 6. o'ssr. 


Examples. — CXVI. (Page 374.) 

1. anx^'^^y^ ; 2. aby^=^v - abxt^^ ; 

3. ab cos (^:f + O') 5 ^ + O') 5 ““ sin (3x 4- O') # “ ^ sin (3 j: -f o')* 

. , 3s 

4. = 

6 ^ CO. cos sin sin + a). 


. RT . R . R . 

7 • ““ — ^ t — > ~I > 'u* 
V . p K 


a 

r r r 

Examples.— CXVII. (Page 377.) 

2. -4-4i°. ®- °'070S cub. ft. 


1. 38-08 lbs. per sq. ft. 2. -4-4i°. 3- °‘°7°S f'' 

4. Sx = r cos S cos (pSS — r sin 0 sin (pS4>. 

Examples.-CXVIII. (Page 379.) 

1 . S»‘-94:y-6x^; -6**/-34^ + 4/; sox' - iS^y’ - 6^ ; -6x» + 12/ j 

2. 6 cosily flS - ; 9 cos (2x + 3J') - « sm (« + 3>) - z/c** 5 

-27 sin ( 2 x 4 - 3>) - 2x^ir^ ; -18 sm ( 2 X + 37) “ 

Examples.-CXIX. (Page 382.) 

I X - a 

, X. , sin 2x 2. 39-09. 3. -Tftan-' ,/- • 


1. f+=iLH. 2 . 39 - 09 . 3- :7|‘“ 

4. i!g?£±3^. 6. i tan-^.^ 6. J log^ 

2V29 2 X + 3 + V29 


1. — log cos jr. 

4. log (x- -f -a? + S)‘ 
e. I log {x- + x-\^ S 
8, I sin® X. 


14. -Lsin-i^. 

a/2 v'S 


8. - |x - J# log (2x - 3). 8. - jr - 3 log 


Examples. — CXX. 

(Page 

385 .) 

/ sy* TT*\ 


2. log sin X, 


3. log tan 

(i+i) 




4 . 

, 20 :+ I 


6 . 3 log {jc^ ■ 

■f ^ + 

5) + 7!5‘“ 

■ 

■ ^4= tan 
V 19 

_^2X+ l 

V 19 


7 ' 

3 COS* . 

r* 

8 . 

J tan* Xs 


10 . ’ 1 ^’. 

4 


2 

13. 3 log [x^ 

+ 4 Jt: 


,__X+2 -aJu 

JC + 2 -f V II* 

16. 

- n/5 - 


16. sin- 1 ' 

fXi - 3 V 2 - 

2 
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Answers to the Examples 


17. -4r tan-^s/2 sin x). 18. f. 

J2 


22. log (:t - I + n/a" - 2 a - S). 


19. log cosh X. 

X + I 


20. 63-33. 


23. sin-^ 


J6 


ExampLES.-CXXI. (Page 387.) 


2. log, 


a 4-3 


3. log. {X + i)(A + 6)*. 


1. o-sii. + 

4. log (A- I) -flog (A 4- 2) -2 log (A -1-3). J 

6. log (^ - 3 )(A -f 2 ) - 2 log (2^ + I). 6. log -f I) -f 2 log (a: - 2 ) - — . 

7. 2 log (a; - I) + log (a; - 4 ) + 4 log (a 4- 3) “ i ' 

8. I'S log { 2 a; — i) 4- log (a:’ 4- 3 ^ 4- 4)- ^ 2 X + I 

9. 3log(A;-2)-|log(A;^4-A;4-3)4-;^tan-i-^. 


1. a: sin a: 4 - cos x. 
4. 0-675. 


EXAMPLES.-CXXII. (Page 389.) 
2. -r-*(i4-A:). 


A^log X 


7. 


27’ 


(^’ + 4 ?^ 


( kTT-\ _ 

l-r,). 8 .a; = 


s 

= I. 


3. -log a;--. 

6. — 2X + 2)<?®. 


25 

2 COS 3;c + 3 sin sx ^ 

13 ‘ ’ '16 


Examples.— CXXIII. (Page 393.) 

2. ^ = A", 8. 0*69 secs. 

5. 0 = 


1. Jj/ = 0*25^^. 

4. ;^ii2-49; ;^n2-6i6; £u 2 - 6 ';S; /ii2-7S. 

8. T = 25i“’““‘‘. 7. ? = where is the initial charge ; in 1$ . 10-* secs. 

8 . i = v' ? , where is the current when r = o. 

Examples.— CXXIV. (Page 394.) 

3. v = Ap** - 3 . ■4- 7' = - |. 

E / _S\ 

6. * = irVi J •> 14 amps. 


2. ;/ = Ae^ - 3- 
5. ;p = Aa“4- Ij 
EL? 

7. C = — - 


a/'r- + LY 


Examples.-CXXV. (Page 399 -) 


1. 8*6 secs. 

Examples.-CXXVI. (Page 405.) 

1. jy = Air-* 4- A,a-“. 2. .y = A, a* 4- A, <4*. 3. .J* = 

“ ■ ■ 6. jy = A.-»‘ sin (a: 4- B). 8, jy = A sm (4A: 4- B). 

8. A- = A/-J'®' sin (15-75^ 4- B). 


4 . .y = (A 4- Ba;);;-*'. 


7. ;p = sin --= ; 0*39 sec, 

V ^ * 


9, = 


( 2 ) 0 « 
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Examples.— CXXVII. (Page 409.) 

1.7 = + B) + 4- % y - ~|^ 2 x - I 4 - A ,r-3* 4- A^A. 

3 . jr = cos {o*S66^ 4 * B) -f 0*066 sin (3/ 4- I‘43S). 

4 . ^ = 0*0005 4 7*25 . ro~ 5 ^s 7 fi. 57*25 . io- 5 ^~i*i 25 .io<^ coulombs. 
q = 0*0005 — 0*000 707<r"io^^ sin (10 V 4 B) coulombs. 


Examples.— CXXVIII. (Page 41 1.) 


1. 

IlSoO* 

2. 9 isoo. 

3 . 230O. 4 . 3270 ° ■ 

“ 3 - 00 ®* 

5 . 1*414^0. 

6. 


= 1*41 -450. 

7 * 536 * 90 * ^ 45 °* 

9 . 

r_450. 10. 1 1353. 

11. 

I 2210. 

12. 224C. 

13 . 2 — 240 ~ 233^0. 

14 . 

SlOOC* 1^* 3 s 70 * 

16 . 

I + 1-732/. 

17 . 2*1242*12/. 

18 . 

2*12 - 2*12/. 

19 . 

2*12 — S 

I'liL 

20, —0*68 — 1*88/, 

21. 

“ 3‘94 + o* 69 *’* 



Examples.— CXXIX. (Page 414.) 


1. 

^ 1050 * 

2, 2gQO — 2/ 

, 8. 2 i 05 O« 4 . 

I. 

5 . I. e. 6/. 

7 . 

— I. 

8. -I. 

9 . /. 10 . 

4/. 

11. -3+7/. 

12. 

~33 + 

56/. 13 . 13 

14 . 2/. 15 , 

— 2/. 

16 . - 1 - 5/, 

17 . 


18 . - 

5*59 4 8*29/. 19 . 

2400. 

20. o* 57 oo» 

21. 

2800. 

22. 4i2o°‘ 

23 . 5i9oo» 24 . 

1 - 45 ®* 

25 . 2—4^0, 

26 . 

Iso^* 

27. 0*2^350. 

28 . /. 29 . 

0*683 - 

- 0*183/. 

SO. 

0 * 154 - 

0*231/, 

31 . 0*5 — 0*5/. 

32 . 0*5 4 0*5/. 

S 3 . 

0*071 4 

0*030/, 

84 . 0*92 — 0*8 1/. 

85 . 0*5 4 0*866/, 

36 . 

2*52 4 c 

?* 64 /. 

37 . 0*08 4 0*44/. 





Examples.— CXXX. (Page 416.) 


1. 

—0*25/. 

2 . -I. 

3 . —0*2540*25/. 


4 . 2 i 50 , 5 . 330 ©^ 

6. 

12/. 

7 . 12/. 

3 . 345 °* 3450 * 

10. 3/. 11. 243c. 

12. 

1-450, 

13 . 2 — 450, 

14 . 1*098 4 0*455^- 


15 . 1*098 — 0*455/. 

16 . 

474 + ^ 

[•58/. 

17 . 4-47 - 2-23/. 


18 . 3 — 2/. 

19 . 

2*47 4 o* 95 ^'* 

20. 0*1175 4 0*1175/. 

21. 0*46 4 o'Sg/. 



Examples.— CXXXI. (Page 417.) 


1. 

3-63/, 

2. 10*07. 

3 . 0*997/. 4 . 

—0*666 

. 5. —0*142/. 

6. 

0*964/. 

7 . 0*196 — 

0*203/. 8. —6*97 - 

■ 7 * 75 ^* 

9 . 0*203 — 0*196/. 

10. 

— 27*0 

- 3 ' 85 *- 

11. 0*302 4 2*152/. 


12. — 2*01 4 I'lou 

13 . 

0*1584 

O' 1 1 3/. 

14 . 0*516-0*379/. 




Examples. — CXXXII. (Page 421.) 

2. j = 5 sin (12*566/4 2’6) ; ^ = 10 sin (12*566/ - 0*54). 

3. 18 sin (12*566/ 4 2*01). 4 . 200 sin (3000/ 4 0*7854). 

5. 6 cos (5/ - ro47). 6. 4*24 sin (2/ 4 0*7854). 7 . 6 sin (4/ 4 4 * 5 S)* 
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10. y = -o' 02S6 era 3.V - 0-128 sin 3.r - 0-385 cos 2x + 0-077 sin 2r. 

11. Ac-'^sin fc;/ + IS)* 

E 

TO-- — cos (*/ — (p), where 6' = 6 + ; tan (j) 

V Lji) 

jL3. c == — : sin [pt - e), where tan 0 = 

VR” + L>‘ 




Examination Papers. 
1901. (Page 422.) 


1. 7*44; 0-01255; 5*68; 1546. 

3 . See p. 127. 

5. 10,360 cub. ins. ; 6 cub. ft. 

9. 1*35;^ = 3*70; s = 3'oS; a 

11. Seep. 174 ; 57*5 

14 

zb 

16 . T = 4oA'^'^ ; V = 1400/^'^. 

18 . « = 260 ; R = 0-882. 


2. 1*69; —0*299; —1*43.10"®, 
4. « = 0*87. 

8. 329*8 sq. ins. ; 0*1 per cent. 

74 * 4 ^ ; $ = 47*2° ; 7 = 5 ^° 

13. 5Cz/<>'2 . c log* V. 



17 . A = 2044/^0-46 . 5 V = 


1902. (Page 424.) 

1. 3-1235 1704 5 1-722 ; 0-0198. 3 . -1-2 + 0-4.T. 4 . 367s 5 2810 5 2S70. 

6. U = 0-19C - 0-22 ; c = 5-265 + 0-0833J.. e. P = 3IIA-77. 

7. 3i per cent. 8. 8-15 ins. ; 4-65 ins. ; 3-68 per cent. ; 44-5 cub. ins. 

0 . 7 ‘ 477 ; 5-98; S '0 5 4 ' 3 I 9 - 

11. r = 3-904 5 e = sg-S® ; <f> = 36 ‘ 8 ° ; a = 59-1° ; 3 = 67-4° ; y = 39-8°. 

12 . See p. 234. 13 . V = 3 sin (600/) + 2-4 cos (600/) ; +105 + 3-84. 

14 . See p. 142. 


1903. (Page 426.) 

1. 284-65; 2817; 4-3710; 1-5710; 2-5710; 3-339; »‘ 93 o; 1768000; iro3. 

2. W359S ; W - 9-8o8 ; W 32. 3 - ^'^ 4 : 0-604 ; 2-348 ; 3-579. 

4 . 33600 cub. ins. ; 30$ sq. ins, 6. 1-221. 6. Yes; 14-8 x I0«. 

7. 4-35 ins. per annum ; loi- 8. Anything up to /16. 

9 . = 4S0 ; 22-4. 10. 3-94 cnb. ft. ; 1687 sq. ins. 

11 . OP = 3-09, OQ = 2-47, PQ = l-»S ; angle POQ = 20-1°. 

12. See Chapter XXVI. 14 . 106-2. 
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1904. 

(Stage 2.) (Page 430.; 

1, 0*3106; 37*32; 1-558; 1*694; 0*5900. 

2, 17*2 ; 0*2960; 1*7465 X lo'**; 8*41. 

3 , 3*531 ; 8*454 ; 4*546 ; 8*67 ; 4-61 ; 101*8. 4 . 2*13. 

5 . D = 29860 ; C = 7526 ; V = 24 ; P = 716S0. 6, 27*6*^. 

7 . T = ; D = i40oii-«. 8. o*S66. 

9. W = i6K + 4300 ; w = 4 - 16 ; 20*3 ; 30*3. 

11, 138S0; 38*568; 6*428. 


(Stage 3,) (Page 432.) 

1. 0*03106 ; 373*2 ; 1*521 ; 0*5900 ; 0*9563 ; -0*8480 ; 2*7475. 

2. 0*1774 ; 0*1777 ; 0*2 per cent. 3 . 223*3 ? 12 yrs. 

6. 2*91 ; 4*535 ; 3*067 ; 60*3®; 57*3® 7 . A = i 8 oo>^ 0 ‘ 5 . 

8. W = 5070 + 7*2Y. 

+ 1 

10. am 4 - 5 O’oyiS; 5*72. 11. U ; |c. 


12. / T = * 

13 . A = 0*32850 when jp = I 




1905. 

(Stage 2.) (Page 435.) 

1. (tf) 0*06225; 40*55. { b ) 0*5105 ; 39 83; 0*02511. 

2. { a ) 1*221 ; 1*221 ; 4 terms. (^) ^ 

(f) 5*06 ; 7*48. (^) 25® ; 13-69 ft. ; 5*78 ft. 

3 . At I and 3*05 miles respectively. 4 . 36*8®; 75 * 7 ° 5 56 * 3 °. 

6. 670,000. 6. 2*696 ; 1*387 ; iriS ; 14*83 ; 2173 ; 5604. 

7. 6*248 sq. ins. 10. 16 ins. ; 366*5 cub. ins. 

12 . 2*35. 13 . 4 - 3 ^^ ; 12*6 knots. 

14 . 2*3 ; 2*8 ; 500 ft. per minute. 


(Stage 3.) (Page 437 *) 

1 . { a ) 0*006225; 0*002466; ( 3 ) 3*857; 0*8753; (ef) -0*9613; -0*5592; 0*2308; 

13°; U5°; I04°* 

4 . 15*7 knots relative to the water, 6. 1*0914 ; 0*5286 ; 112*3. 

7. 50*26 sq. ins, 8. o'Soi (see p. 181). 

10. 360*6 sin (600/4- 0*983) ; S^'3°* 

11 . = 10 - ; 'n-{25 - - 2 ^ 5 .^ 4 “ J •Jr{ 2 S^ “ 

12 . A = C 5. 13 . 2*2 for first four observations ; 4*3 for last three. 

2gr^ 

14 . 654; 3180; 14270; 7*85; 14*4; 20*9. 
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1908. 


(Stage 2.) (Page 441.) 


1. { a ) 0’I9I7 ; 453*5 ; { b ) 8*212 ; { c ) 27*49 ; 5*923 : 0'2749 J 0'1276 ; ( d ) 116-5 

2. {a) 9*78 ; 6*64 ; {b) 4*04 inches; 0*41 inches ; [c) 6*74 inches ; 14*83 inches 

{d) {x - “ 3*23)- 

3 - («) -33*6; 39*9; {b) 6 lbs.; (c) 2*116; 1896; 896. 


4 . V. Question 13, Stage 3. 

2 3 


6. 0-45. 


6. ri8. 


10. a =^5 ; 


3 = 


ZldZh . 
zh ’ 




11 . 2*6 ; 30*2. 12 . F = 26or — 20 ; Error o‘5» 

13 , 5(20 + A ) ; . 180 - 9^. 

h 


(Stage 3.) (Page 443.) 

1 . W 49 ' 8 S; (f) -o‘ 454 o; -0-5446 ; -07002; [d) 

2 . 0 - 977 . 


t 4. ^ 

4-32 *4-S-7o‘ 


20,800 

3 . W = iS*3K + 20,800 ; w = 15*3 + — — * 


/'wP' \ 

6. S = WJT +¥»'■- w/; M = w - + (W — wl)x *f / — - W/ j 

t-? ^ * S-'+ 


Ity tfc'.v , I 

-J- 1"! — P 5 J' T 2 *T I .T ^ I— , 

dx 6c 2c 2 Jc 24c 6c y 2 Jzc 

7 . , where k and A are constant ; t = ^^-^k + 

8. 15*2 knots. 9 . a - 10*24; b = 16*38 ; c = 1*554 ; area = 73*05. 

11. — cos 
2 

13 . (z/ p. 225) ~ I ; + I ; i ; 5'07 + 2*95; ; 0*707 -h 0*707/ ; 0*707 - 0*707/5 

5-87 sin + 0*528) ; {v. Ex. I, p. 42) sin {jgl -f 0*7854) ; sin - 0*7854). 

14.0*001292^0 sin (^/ + 0*1108). Multiply numerator and denominator by 
sir — ilq and proceed as in Ex, 13. 


1910, 

(Stage 2.) (Page 445.) 

1 . {a) 0-005536; [h) 4*232; (c) 981-25; («0 4*5 %• 

2 . (a) ir/(D — /)/; 3*64, (b) 48,00039. ft ; 12,000 tons, (r) (d) 1*880. 

4 

8. (a) 3*53; 9*1; 17,000. (b) 0*0089. (c) 15,460 miles; 644 m.p.h. 

4 . 520 X 10^ sq. ft. ; 535 X 10^ sq. ft ; 535 10^ cub. ft. 

5 . = 0*0005 j (d) 7*76 ft. 6. 1*510. 7 . 14*73 f.s. ; towards 29® S. of R 

S. y = 22 + 0‘94x, 10. 0*042 ; 0*42. 11. 67*78. 

12 . 4i; 10. 13 . 2*5; -x. 
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(Stage 3.) (Page 446.) 

1 . {a) 0-005536 ; Ji) 0-2363; (;:) 0-996; O-526. 

2 . ; 6-6 ; 36-4. 3 . I + o-oii 

6. Forced vibrations are ;c=0'357 sin {r6/-I -029), and j-=:0-2So sin (24/- fli6) 
8. 0-65. 8- 0 ' 033 - 

10. = iri - 0-87 cos t + 0-34 cos 2/ 4 - 9 ‘ 9 S sin t + 0-94 sin 2/. 

11. -4-68; 0-4SS; 4 - 22 - 12. 1748; -115-3; “SS- 


Lower Exam ination. 1 9 1 3 . 

1 . {a) 0-1659. W 2-4506. W 0*5736; 0-8192; -0*7002. {d) 23-43. 

2 . {a) 0-I02I inch, {d) 38-35 sq. ft.; 57 S '25 cu. ft. (c) 452*4 sq. inches. 

3 . {a) 3-996 ft. (^) 10-46. 4 . 3 * 7 )(<^+ 1*2). 

5. d = 0-9524 ; b = 95*24 ; 6-9048 ; 3*207 ; 1*9048. 

0, C2, 7. 430 sq. ft. ; 1462 cu. ft. per sec. 

8. r = 6*708 ; e = 41 8° ; <p = 26-6®. 9 . 2*3. 

10. y = 12. 3a;2 - 3 5 9j - IS* 4i*4®* 


Higher Examination, 1913 * 

1. (a) 165*9. W 1*050. (4 5(cos 306-85° 4- f sin 306*85°) ; 

7*8(cos 129-8° 4 * i sin 129*8°) j — 0*639 4 - 0*328/. 

2. o. S. 7-51 j 598. 4 . 3*0 ; 41*4°; 64-6°; 60°. 

6. firr*. 


5 . ;/ = 3*03^<^’^‘^ ; 1700. 
7 . = 1*24; J = S‘ 5 * 


^ 4 a sin 5 / - 5 fz cos 5 / 
^* 2 a6 


10 . V = 




l0ge2 _ 

a 


11. aVbc means the scalar product of a and Vbc. 
of a parallelepiped whose edges are a, b and c. 

12 . 0*33407. 18 » ( 34 * 23 , 58*5) j 32 * 


It is equal 


to the volume 




MATHEMATICAL TABLES 


(A copy of these Tables is stipplied to each candidate at the Examinations of the 
Board of Education in Practical Mathematics^ Applied Mechanics, and Steam.) 


USEFUL CONSTANTS, 

I inch = 25*4 millimetres. 

I gallon = 0*1604 cubic foot = 10 lbs. of water at 62® F, 
i knot = 60S0 feet per hour. 

Weight of I lb. in London = 445,000 dynes. 

One pound avoirdupois = 7000 grains = 453*6 grammes. 

I cubic foot of water weighs 62*3 lbs. 

I cubic foot of air at 0° C. and i atmosphere, weighs 0*0807 
I cubic foot of hydrogen at 0° C. and i atmosphere, weighs 0*00559 Ib. 

! foot-pound = 1*3562 X 10^ ergs. 

I horse-power-hour = 33,000 x 60 foot-pounds. 

I electrical unit = 1000 watt-hours. 

Joule’s equivalent to suit Regnault’s H, is = i ghr. unit. 

I horse-power = 33,000 foot-pounds per minute = 746 watts. 

Volts X amperes = watts. 

I atmosphere = 14*7 lbs. per sq. inch = 2116 lbs. per sq. foot = 760 mms, of 
mercury = 10® dynes per sq. cm. nearly. 

A column of water 2*3 feet high corresponds to a pressure of i lb. per sq. inch. 
Absolute temp., t — B°C. + 273*7° 

Regnault’s H = 606*5 -f 0*305 ©° C. = 1082 + 0*305 9 ° F, 

^I’Hm - 

B C 

logi, = 6*1007 - - 

where logjo B = 3*1812, logjo C = 5*0882. 
p is in pounds per sq. inch, t is absolute temperature Centigrade, 
u is the volume in cubic feet per pound of steam. 

2r = 3*1416. 
i radian = 57 ‘3®* 

To convert common into Napierian logarithms, multiply by 2*3026. 

The base of the Napierian logarithms is ^ = 2*7183. 

The value of^at London = 32' 182 feet per sec. per sec. 
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Mathematical Tables — Logarithms 
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Mathematical Tables — Aatllogarithms 
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Mathematical Tables — Antilogarithms 


4S5 



0 

1 

2 

3 

4 

5 

6 

7 i 

! 


9 

1 2 3 

4 5 6 

7 

8 

9 

•60 

3162 

3170 

3177 

3184 

3192 

3199 

1 

3206 

32X4 

1 

3221 1 

1 

3223 

1 

1 

! 

3 

4 

4 

5 

6 

7 

•61 

3236 

3248 

3251 

3258 

3266 

3273! 

3281 

3289 

3296 

3304 

1 

2 

2 1 

3 

4 

3 

3 

6 

7 

•62 

3311 

33 19 

3327 

3334 

3342 


3357 

3365 

3373 

3381 

1 

2 

2 1 

3 

4 

5 

5 

6 

7 

• S3 

3388 

3396 


3412 

3420 

3428 

3436 

3443 

3451 

3459 

1 

2 

2 1 

3 

4 

3 

6 

6 

7 

'54 

3467 

3475 

3483 

3491 

3499 

3508 

3516 

3524 

3532 

3540 

1 

2 

2 

3 

4 

5 

6 

6 

7 

•65 

3548 

3556 

3565 

3573 

3581 

3589 

3597 

3606 

3614 

3622 

1 

2 

2 1 

3 

4 

5 

6 

7 

7 

•66 

3631 

3639 

3648 

3656 

3664 

3673 

3681 

3690 

3698 

37o7 

1 

2 

3 

3 

4 

5 

6 


8 

•57 

3715 

3724 

3733 

3741 

3750 

375? 

37-^7 

3770 

37? i ■ 

3793 

1 

2 

3 i 

3 

4 

5 

6 

7 

8 

•58 

3802 

3811 

3819 

3828 

3837 





3:'?‘ ; 

1 

2 

3 

4 

4 

5 

G 

7 

8 

'59 

3890 

3S99 

3908 

3917 

3926 

303;! 


jf.;, ; 



1 

2 

® i 

4 

5 

5 

6 

7 

8 

'60 


3990 

3999 


4018 

4027 

4036 

4046 

4055 

4064 

1 

2 

3 

4 

5 

6 

6 

7 

8 

'61 

4074 

IM 


Rlil 

4111 

4121 

4130 

4140 

4150 

4159 

1 

2 

3 

4 

5 

6 

7 

8 

9 

'62 

4169 

4178 

4188 

4198 

4207 

4217 

4227 

4236 

4246 

4256 

1 

2 

3 

4 

5 

6 

7 

8 

9 

•63 

4266 

4276 

4285 

4295 

4305 

4315 

4325 

4335 

4345 

4355 

1 

0 

3 

4 

5 

6 

7 

S 

9 

'64 

4365 

4375 

4385 

4395 

4406 

4416 

4426 

4436 

4446 

4457 

1 

2 

3 

4 

5 

6 

7 

3 

9 

'65 

4467 

4477 

4487 

4498 

4508 

453 9 

4529 

4539 

4550 

4560 

1 

2 

3 

4 

5 

6 

7 

8 

9 

'66 

4571 

4581 

4592 

4603 

4613 

4624 

4634 

4645 

4656 

4667 

1 

2 

3 

4 

5 

6 

*i 

9 

10 

'67 

4677 

4688 

4699 

4710 

4721 

4732 

4742 

4753 

4764 

4775 

1 

2 

3 

4 

5 

7 

8 

9 

10 

'68 

47S6 

4797 

4808 

4819 

4831 

4842 

4853 

4864 

4875 

48S7 

1 

2 

3 

4 

6 

7 

8 

9 

10 

'69 

4898 

4909 

4920 

4932 

4943 

4955 

4966 

4977 

4989 

Bill 

1 

2 

3 

5 

6 

7 

S 

9 

10 

'70 

HQ 

5023 

6035 

5047 

5058 

5070 

5082 

5093 

5105 

5117 

1 

2 

4 

5 

6 

7 

8 

9 

11 

'71 

5129 

5140 

5152 

5164 

6176 

5188 

6200 

6212 

5224 

5236 

1 

2 

4 

5 

6 

7 

S 

10 

11 

'72 

5248 

5260 

6272 

5284 

5297 

5309 

5321 

5333 

5346 

5358 

1 

2 

4 

5 

6 

7 

9 

10 

11 

'73 

5370 

5383 

5395 

5408 

5420 

5433 

5445 

5458 

5470 

54S3 

1 

3 

4 

5 

6 

8 

9 

10 

11 

•74 

5495 

5508 

6521 

5534 

5546 

5559 

5572 

5585 

5598 

5610 

1 

3 

4 

5 

6 

S 

9 

10 

12 

•75 

5623 

5636 

5649 

5662 

5675 

5689 

5702 

5715 

5728- 

-6741 

1 

3 

4 

5 


8 

9 

10 

12 

*76 

5754 

5768 

5781 

5794 

5808 

5821 

6834 

5848 

.5861 

5875 

1 

-3 

4 

5 


8 

9 

11 

12 

*77 

5888 

5902 

5916 

5929 

5943 

5957 

5970 

5934 

5993 

6012 

1 

3 

4 

5 

7 

S 

10 

11 

12 

'78 

6026 

6039 

6053 

6067 

6081 

6095 

6109 

6124 

6138 

6152 

1 

3 

4 

6 


8 

I lU 

11 

13 

'79 

6166 

6180 

6194 

6209 

6223 

6237 

6252 

6266 

6281 

6295 

1 

3 

4 

i ^ 

7 

9 

10 

11 

13 

•80 


6324 

6339 

6353 

6368 

6383 

^ 6397 

6412 

6427 


D 

3 

Tj 

6 

7 

9 

1“ 

12 

13 

■81 

6457 

6471 

6486 

6501 

6516 

6531 

6546 

6561 

6577 

6592 

2 

3 

5 

6 

8 

9 

11 

12 

14 

'82 

6607 

6622 

6637 

6653 

6668 

6683 

6699 

6714 

6730 i 

6745 


3 

5 i 

6 

8 

9 

11 

12 

14 

•83 

6761 

6776 

6792 

•6808 

6823 

6839 

6855 

6371 

6837 

6902 

2 

3 

3 ! 

6 

8 

9 

11 

13 

14 

'84 1 

6918 

6934 

6950 

6966 

6982 

6998 

iWH 

7031 

7047 

7063 

2 

3 

5 

6 

8 

10 

11 

13 

15 

'85 

7079 

7096 

7112 

7129 

7145 

7161 

7178 

7194 

7211 

7228 

2 

3 

5 

7 

8 

10 

12 

13 

13 

'86 

7244 

7261 

7278 

7295 

7311 

7328 

7345 

7362 

7379 

7396 

2 

3 

3 

7 

8 

10 

12 

13 

15 

'87 

7413 

7430 

7447 

7464 

7482 

7499 

7516 

7534 

7551 

7568 

2 

3 

5 

7 

9 

10 

12 

14 

16 

'88 

7586 

7603 

7621 

7638 

7656 

7674 

7691 


7727 

7745 

2 

4 

5 

7 

9 

11 

12 

14 

16 

'89 

7762 

7780 

7798 

7816 

7834 

7852 


78a9 


7925 


4 

5 


9 

11 

13 

14 

16 

'90 


7962 

7980 

7998 

IQHi 

8035 

s 

8072 

8091 

8110 

2 

4 

6 

1 

9 

11 i 

13 

15 

17 

‘91 

3128 

8147 

8166 

8185 

8204 

8222 

8241 

8260 

8279 

8299 

2 

4 

6 

1 ^ 

9 

11 

13 

16 

17 

*92 

8318 

8337 

8356 

8375 

8395 

8414 

8433 

8453 

8472 

8492 

2 

4 

6 

S 

10 

12 

14 

15 

17 

'93 

8511 

8531 

8551 

8570 



8630 

8650 

8670 

8G90 


4 

6 

1 8 10 

12 

14 

16 

18 

*94 

8710 

8730 

8750 

8770 

8790 

8810 

8831 

8851 

8872 

8892 

2 

4 

6 

8 

10 

12 

14 

16 

18 

*95 

8913 

8933 

8954 

8974 

8995 

9016 

9036 

9057 

9078 

9099 


4 

6 

8 

10 

12 

15 

17 

19 

•96 

9120 

1 9141 

9162 

918^ 

9204 

9226 

9247 

9268 

9290 

9311 

m 

4 

6 

3 

11 

13 

15 

17 

13 

•97 

933? 

! 9354 

9376 

9397 

9419 

9441 

9462 

9484 

9506 

9528 

1 

4 

7 

9 

11 

13 

15 

17 

20 

*98 

9n5f 

1 9572 

9594 

. 9616 

9638 

9661 

9683 

9705 

9727 

9750 


4 

7 

9 

11 

13 

16 

IS 

20 

'99 

9772 

! 9795 

9817 

9840 

9863 

9886 

9908 

9931 

9954 

9977 

1 

5 

7 

9 

11 

14 

16 

IS 

20 





































































486 


Matbematical Tables 


Degrees. 

Eadi&DiS. 

Chord. 

Sine. 

Tangent. 

Cotangent. 

Cosine. 
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Cosine. 

Cotangent. 

Tangent. 

Sine. 

Chord. 

Radians. 

j Degrees, 
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